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PREFACE 


The  numbers  that  constitute  what  is  known  as  the  real  number  system  are 
basic  to  all  of  mathematics  and  hence  to  all  of  science.  These  are  the 
numbers  of  the  everyday  world  as  well,  some  being  used  by  the  nursery  child 
in  counting  piles  of  blocks,  some  by  the  carpenter  in  measuring  lengths  and 
areas,  and  some  by  the  banker  in  reckoning  profits,  losses,  and  percentages. 
Properties  of  the  real  numbers  permeate  our  culture  and  are  used  almost 
universally,  to  a  varying  extent  and  with  a  varying  degree  of  explicit  aware- 
ness on  the  part  of  the  user.  Questions  naturally  formulate  themselves. 
"Why  are  these  properties  true?"  "Where  do  they  come  from?"  "What 
other  properties  do  the  real  numbers  have?"  "Just  what  is  a  real  number 
anyway?" 

The  present  volume  tells  about  real  numbers  by  investigating  the  kind  of 
structure  that  is  formed  by  the  totality  of  all  real  numbers.  The  real  number 
system  is  described  categorically  in  the  book  by  a  set  of  axioms,  stated 
briefly :  the  real  number  system  is  a  complete  ordered  field.  These  axioms  are 
presented  and  studied  step  by  step,  with  numerous  examples  used  to  illustrate 
the  new  concepts  as  they  are  introduced.  Examples  of  ordered  fields  that 
are  not  complete,  fields  that  are  not  ordered,  and  systems  that  are  similar  to 
fields  but  are  not  fields  are  all  examined  with  a  view  to  an  increased  under- 
standing of  the  real  number  system  itself.  The  discussion  is  extensive  and 
multiple-leveled,  and  is  designed  for  more  than  one  particular  audience. 
As  a  monograph  the  book  attempts  to  tell  a  fairly  full  story,  including  much 
about  induction  and  going  all  the  way  to  the  laws  of  exponents  for  arbitrary 
positive  bases  and  real  exponents.  An  appendix  shows  how  the  property  of 
completeness  can  be  described  in  a  large  number  of  equivalent  fashions. 

A  continuous  effort  is  made  to  communicate  to  educated  laymen  as  much 
of  the  spirit  and  content  of  the  particular  axiomatic  system  to  which  the  book 
is  dedicated  as  is  consistent  with  the  readers'  mathematical  backgrounds  and 
tastes.  The  discussion  and  proofs  throughout  the  book  are  kept  on  as 
elementary  a  level  as  possible.  Logical  ideas  are  discussed  in  context  as  they 
arise.     For  example,  the  precise  meaning  of  the  implication  p  implies  q  and 
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its  relation  to  the  "contrapositive"  not  q  implies  not  p  are  explained  carefully 
in  the  first  chapter  with  the  aid  of  examples.  The  general  reader  should  find 
things  going  pretty  smoothly  for  at  least  the  first  two  chapters.  Although 
very  little  specific  background  is  required  in  the  main  part  of  the  text,  the 
reader  who  has  had  little  contact  with  mathematical  ideas  and  abstractions 
will  probably  begin  to  encounter  occasional  rough  spots  beginning  in  Chapter 
3  and  becoming  more  frequent  as  he  progresses.  With  effort  and  concen- 
tration, however,  anyone  with  a  year  or  so  of  high  school  mathematics  and  a 
healthy  ambition  should  be  able  to  work  his  way  steadily  through  to  the 
Appendix.  (The  Appendix  is  another  matter,  demanding  a  considerable 
background  of  college  mathematical  analysis.) 

The  book  may  be  used  as  a  text  on  any  of  several  levels.  The  first  two 
chapters  are  at  an  Elementary  level  (high  school  seniors  and  up).  With  the 
exception  of  the  last  part  of  Chapter  7  (§§711-714),  the  most  advanced 
material  to  be  encountered  in  the  first  eight  chapters  is  at  an  Intermediate 
level  (advanced  high  school  seniors,  college  freshmen  and  up).  Chapters  9 
and  12  should  be  accessible  to  college  sophomores.  The  remaining  parts  of 
the  main  text  (§§71 1-714  and  Chapters  10  and  1 1)  are  Advanced  level  (college 
juniors  and  up).  The  entire  text  of  twelve  chapters  is  thus  suitable  for  college 
courses  at  different  levels,  from  the  freshmen  year  through  the  senior  or  first 
graduate  year.  The  Appendix  is  at  the  Graduate  (or  advanced  under- 
graduate) level.  The  entire  book  should  be  quite  appropriate  for  a  beginning 
graduate  student,  who  could  absorb  the  first  few  chapters  in  short  order, 
slowing  down  as  the  material  increases  in  difficulty. 

Most  of  the  revised  curricula  that  have  been  introduced  recently  into  high 
schools  and  colleges  place  heavy  emphasis  on  at  least  some  aspects  of  the 
real  number  system.  As  a  general  principle  it  is  important  that  anybody  who 
is  planning  on  teaching  a  particular  body  of  material  be  familiar  with  relevant 
subject  matter  well  beyond  the  extent  to  which  he  expects  to  teach  it.  It  is 
in  part  to  future  teachers  of  high  school  mathematics  that  this  book  is 
addressed.  High  school  teachers  returning  to  the  classroom  as  students — in 
summer  schools,  institutes,  workshops,  and  the  like — may  also  profit  from  a 
study  of  the  book.  The  author  has  kept  in  mind  recommendations  of  the 
Committee  on  the  Undergraduate  Program  in  Mathematics  of  the  Mathe- 
matical Association  of  America.  Such  items  as  the  following  are  introduced 
as  needed,  explained  carefully  with  illustrations,  and  developed  and  applied 
toward  an  integrated  and  unified  goal  with  a  modern  flavor:  sets,  Cartesian 
products,  relations,  functions,  the  Euclidean  algorithm,  greatest  common 
divisors,  equivalence  relations,  congruences,  polynomials,  rational  functions, 
intervals,  absolute  values,  inequalities,  set-builder  notation,  powers  of  num- 
bers, logarithms,  decimal  expansions,  and  representations  of  numbers  with 
bases  other  than  ten. 

A  high  level  of  precision  and  completeness  characterizes  the  text.  Proofs 
are  given  in  full  and  rigorous  detail,  except  for  those  that  are  parallel  to 
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proofs  already  given.  In  many  such  instances  proofs  are  requested  in  the 
exercises.  In  general,  the  exercises  are  ample  (there  are  371  of  them)  and 
well-graded,  permitting  the  reader  to  test  and  develop  his  knowledge. 
Answers  are  given  in  the  back  of  the  book.  Illustrative  examples  are 
generously  provided. 

A  system  of  starring  (•)  permits  considerable  flexibility  in  the  selection  of 
material.  Whereas  in  some  books  starring  is  used  to  indicate  sections  or 
exercises  that  are  more  difficult  or  advanced  than  others,  this  is  not  the  case  in 
the  present  volume,  where  the  role  of  starring  is  simply  that  of  route-marking. 
A  star  attached  to  a  portion  of  this  book  has  the  following  single  significance: 
that  particular  starred  portion  is  not  required  in  any  unstarred  portion.  In 
other  words,  prerequisite  to  any  unstarred  section  are  the  preceding  unstarred 
sections,  while  prerequisite  to  any  starred  section  are  all  preceding  sections. 
Thus,  the  following  two  routes  (and  combinations  thereof)  are  possible:  (1) 
straight  through  the  book  to  whatever  extent  time,  preparation,  and 
ability  permit;  (2)  straight  through  the  unstarred  sections  of  the  book  to 
whatever  extent  time,  preparation,  and  ability  permit.  The  second  route 
leads  more  directly  to  the  completeness  property,  and  hence  to  the  full  set  of 
axioms  for  the  real  number  system.  Each  of  these  two  routes  is  logically 
self-contained  if  followed  without  gaps. 

As  a  kind  of  recapitulation  of  some  of  the  comments  made  above,  the 
following  seven  courses  typify  what  is  possible  with  this  book  as  text,  where 
Route  1  places  emphasis  on  congruences,  finite  fields,  and  polynomials,  and 
Route  2  places  emphasis  on  a  direct  path  to  the  completeness  axiom,  which  is 
of  basic  importance  in  calculus  and  advanced  mathematical  analysis : 

TABLE   OF   POSSIBLE   COURSES 

Route  1.  Starred  and  Unstarred  Sections 
Route  2.  Unstarred  Sections 

Course       Academic  Level  of  Students       Route  Portions  of  Book 

I     High  School  Students  2     Chapters  1  and  2 

II    Advanced  High  School  Students        1     Chapters  1-8,  omitting  §§  711-714 
or  College  Freshmen 

III  College  Sophomores  1     Chapters  1-9,  12,  omitting  §§  711-714 

IV  College  Sophomores  2     Chapters  1-5,  8,  9,  12,  omitting  §§  407-409 

V     College  Juniors  and  up,  or  1     All  chapters  except  Appendix 

Institutes  for  High  School  Teachers  (as  time  permits) 

VI     College  Juniors  and  up,  or  2     Chapters  1-5,  8-12,  omitting  §§  407-409 

Institutes  for  High  School  Teachers  (as  time  permits) 

VII     Graduates  and  1     Chapters  1-8  (review),  9-11,  12  optional 

Advanced  Undergraduates  Appendix  emphasized 

A  few  words  regarding  notation  should  be  given.  The  equal  sign  =  is  used 
for  equations,  both  conditional  and  identical,  and  the  triple  bar  =  is  reserved 
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for  definitions.  For  simplicity,  if  the  meaning  is  clear  from  the  context, 
neither  symbol  is  restricted  to  the  indicative  mood  as  in  "(a  +  b)2  =  a2  +  lab 
+  62,"  or  "where  f(x)  =  x2  +  5."  Examples  of  subjunctive  uses  are 
"let  x  =  n"  and  "let  m  =  1,"  which  would  be  read  "let  x  be  equal  to  «," 
and  "let  m  be  defined  to  be  1 ,"  respectively.  A  similar  freedom  is  granted  the 
inequality  symbols.  For  instance,  the  symbol  >  in  the  following  construc- 
tions "if  x  >  0,  then  •  •  • ,"  "let  x  >  0,"  and  "let  x  >  0  be  given,"  could  be 
translated  "is  greater  than,"  "be  greater  than,"  and  "greater  than,"  respec- 
tively. 

The  author  wishes  to  express  his  appreciation  of  the  aid  and  suggestions 
given  by  Professor  R.  W.  Brink  of  the  University  of  Minnesota  in  the  prepara- 
tion of  the  manuscript.  He  is  also  indebted  to  many  others  for  their  helpful 
comments. 

J.M.H.O. 
Carbondale,  Illinois 
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101.  INTRODUCTION 

Any  mathematical  discipline  must  rest  ultimately  on  certain  undefined 
objects  and  unproved  statements — in  short,  on  an  axiomatic  system.  The 
basis  upon  which  that  part  of  mathematics  known  as  analysis  rests  is  the 
system  of  real  numbers,  numbers  like  1 ,  2,  Vl,  V5,  tt,  and  their  negatives, 
used  in  quantitative  measurement.  There  are  two  principal  ways  of  studying 
the  real  number  system.  One  method  is  to  start  with  a  more  primitive 
system — such  as  the  set  of  natural  numbers  (positive  integers)  1,  2,  3,  •  •  •  — 
and  from  this  system,  by  a  sequence  of  definitions  and  theorems,  to  build  or 
construct  the  more  elaborate  system  of  real  numbers.!  The  question  of 
existence  of  the  real  number  system,  then,  is  replaced  by  the  question  of 
existence  of  the  natural  numbers  and  acceptance  of  the  laws  of  logic  involved 
in  the  constructive  process.  The  second  method  is  to  give  a  formal  descrip- 
tion of  the  real  number  system  (assumed  to  exist)  by  means  of  a.  fundamental 
set  of  properties  from  which  all  other  properties  can  be  derived.  It  is  this 
latter  descriptive  approach  that  has  been  chosen  for  this  book.  The  funda- 
mental set  of  properties,  known  as  the  axioms  of  the  real  numbers,  will  be 
presented  in  parts  and  explored  gradually.  It  is  our  ultimate  purpose  to 
learn  precisely  what  is  meant  when  it  is  said  that  "the  real  number  system  is 
a  complete  ordered  field."  We  start  with  a  field.  (Ordering  is  discussed  in 
Chapter  2,  and  completeness  in  Chapter  9.) 

t  The  Italian  mathematician  G.  Peano  (1858-1932)  presented  in  1889  a  set  of  five  axioms 
for  the  natural  numbers.  For  a  detailed  discussion  of  the  development  of  the  real  numbers 
from  the  Peano  axioms,  see  F.  Landau,  Foundations  of  Analysis  (New  York,  Chelsea 
Publishing  Co.,  1951).  Other  books  that  treat  the  real  number  system  are  G.  Birkhoff  and 
S.  MacLane,  A  Survey  of  Modern  Algebra  (New  York,  The  Macmillan  Company,  1953); 
N.  T.  Hamilton  and  J.  Landin,  Set  Theory,  the  Structure  of  Arithmetic  (Boston,  Allyn  and 
Bacon,  Inc.,  1961);  R.  B.  Kershner  and  L.  R.  Wilcox,  The  Anatomy  of  Mathematics  (New 
York,  Ronald  Press  Co.,  1950);  H.  Levi,  Elements  of  Algebra  (New  York,  Chelsea  Pub- 
lishing Co.,  1953);  M.  H.  Maria,  The  Structure  of  Arithmetic  and  Algebra  (New  York, 
John  Wiley  &  Sons,  Inc.,  1958);  I.  Niven,  Numbers:  Rational  and  Irrational  (New  York, 
Random  House,  1961);  J.  B.  Roberts,  The  Real  Number  System  in  an  Algebraic  Setting  (San 
Francisco,  W.  H.  Freeman  and  Co.,  1962);  M.  H.  Stone,  The  Theory  of  Real  Functions 
(Cambridge,  Mass.,  Harvard  University  Mathematics  Department,  4940);  and  H.  A. 
Thurston,  The  Number-System  (New  York,  Interscience  Publishers  Inc.,  1956). 
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2  FIELDS  [§102 

102.  AXIOMS  OF  A  FIELD 

The  basic  operations  of  the  number  system  are  addition  and  multiplication. 
As  shown  below,  subtraction  and  division  can  be  defined  in  terms  of  these  two. 
The  axioms  of  the  basic  operations  are  divided  into  three  categories :  addition, 
multiplication,  and  addition  and  multiplication. 

The  following  sets  of  axioms,  I,  II,  and  III,  define  what  is  known  as  a  field. 
That  is,  any  set  of  objects  (herein  referred  to  simply  as  numbers)  with  two 
operations  satisfying  these  axioms  is  by  definition  a  field.  The  symbol  & 
will  be  used  to  designate  the  real  number  system  or,  for  purposes  of  this 
chapter,  any  field. 

I.  Addition 

(/)  Any  two  numbers,  x  and  y,  have  a  unique  sum,  x  +  y. 
(ii)  The  associative  law  holds.     That  is,  if  x,  y,  and  z  are  any  numbers, 

x  +  (y  +  z)  =  (x  +  y)  +  z. 

(Hi)  There  exists  a  number  0  such  that  for  any  number  x,  x  +  0  =  x. 

(iv)  Corresponding  to  any  number  x  there  exists  a  number  —x  such  that 

x  +  (-x)  =  0. 

(v)  The  commutative  law  holds.     That  is,  if  x  and  y  are  any  numbers, 

x  +  y  =  y  +  x- 

The  number  0  of  axiom  (in)  is  called  zero. 

The  number  —  x  of  axiom  (iv)  is  called  the  negative  of  the  number  x.  The 
difference  between  x  and  y  is  defined : 

x-y  =  x-Y  (-y). 

The  resulting  operation  is  called  subtraction. 

Some  of  the  properties  that  can  be  derived  from  Axioms  I  alone  are  given 
in  Examples  1  and  2,  §  103,  and  Exercises  1-5,  §  104. 

II.  Multiplication 

(i)  Any  two  numbers,  x  andy,  have  a  unique  product,  xy,  also  denoted  x  •  y. 
(ii)  The  associative  law  holds.     That  is,  if  x,  y,  and  z  are  any  numbers, 

x(yz)  =  (xy)z. 

(Hi)  There  exists  a  number  1  ^  0  such  that  for  any  number  x,  x  •  1  =  x. 
(iv)  Corresponding  to  any  number  x  ^  0  there  exists  a  number  x~x  such  that 

x-x~1=l. 
(v)  The  commutative  law  holds.     That  is,  if  x  and  y  are  any  numbers, 

xy  =  yx. 

The  number  1  of  axiom  (in)  is  called  one  or  unity. 
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The  number  x~x  of  axiom  (iv)  is  called  the  reciprocal  of  the  number  x.  The 
quotient  of  x  and  y  (y  ^  0)  is  defined : 

x  .  _! 

-  =  x/y  =  x  •  y    . 

y 

The  resulting  operation  is  called  division. 

Some  of  the  properties  that  can  be  derived  from  Axioms  II  alone  are  given 
in  Exercises  6-9,  §  104. 

III.  Addition  and  Multiplication 

The  distributive  law]  holds.     That  is,  if  x,  y,  and  z  are  any  numbers, 

x(y  +  z)  =  xy  +  xz. 

The  distributive  law,  together  with  Axioms  I  and  II,  yields  further  familiar 
relations,  some  of  which  are  given  in  Examples  3-7,  §  103,  and  Exercises 
10-29,  §  104.  The  reader  should  notice  in  particular  Exercises  15  and  16, 
§  104,  in  which  the  standard  procedures  for  multiplying  and  adding  fractions 
are  established. 

Note.  The  operations  of  addition  and  multiplication  are  called  binary  opera- 
tions because  each  is  applied  to  a  pair  of  numbers. 

103.  SOME  SIMPLE  CONSEQUENCES 

In  the  examples  given  below,  we  shall  demonstrate  how  some  of  the  most 
familiar  properties  of  numbers  are  direct  consequences  of  the  fact  that  the 
real  number  system  is  afield.  In  the  Exercises  of  §  104  the  reader  has  the 
opportunity  to  work  out  proofs  of  several  more  statements.  Many  of  these 
proofs  involve  techniques  illustrated  in  the  following  examples.  Scattered 
hints  are  provided. 

In  the  Exercises  of  §  104,  as  well  as  in  subsequent  sets  of  exercises,  all 
statements  will  be  considered  available  for  later  use,  even  though  their  proofs 
are  the  responsibility  of  the  reader. 

Example  1.  Prove  the  uniqueness  of  zero.  That  is,  prove  that  there  is  only  one 
number  having  the  property  of  the  number  0  of  Axiom  I(iii). 

Solution.  Assume  that  the  numbers  0  and  0'  both  have  the  pronerty  specified. 
Then,  since  x  +  0  =  x  for  every  number  x,  this  equality  is  true  in  particular  when 
x=0'\ 

(1)  0'  +  0  =  0'. 
Similarly,  since  x  +  0'  =  x  for  every  x, 

(2)  0  +  0'  =  0. 

t  In  more  precise  technical  language:  "Multiplication  is  distributive  with  respect  to 
addition."     (Cf.  the  Birkhoff  and  MacLane  book  cited  in  the  footnote  of  §  101.) 
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By  the  commutative  law  for  addition,  the  left-hand  members  of  (1)  and  (2)  are  equal. 
Since  each  of  these  equations  expresses  an  equality  between  two  numbers,  that  is, 
states  that  the  numbers  on  the  two  sides  of  that  equation  are  the  same  number,  we 
can  conclude  that  the  right-hand  members  of  (1)  and  (2)  are  the  same  number. 
(Things  equal  to  the  same  thing  are  equal  to  each  other.)  This  is  the  desired 
conclusion. 

Example  2.    Prove  the  law  of  cancellation  for  addition: 

x  +  y  =  x  +  z  implies  y  =  z. 

Solution.  We  start  by  assuming  that  x  +  y  =  x  +  z;  in  other  words,  we  assume 
that  x  +  y  and  x  +  z  are  merely  two  symbols  for  the  same  number.  Let  (  —  x)  be  a 
number  satisfying  Axiom  \{iv).  Then,  since  x  +  y  and  x  +  z  are  the  same  number, 
the  sum  of  (—  x)  and  this  number  can  be  written  in  either  of  the  following  two 
equivalent  ways: 

(3)  (-x)  +  (x+y)=(-x)  +  (x  +  z) 

(if  the  same  quantity  is  added  to  equal  quantities  the  sums  are  equal).  By  the 
associative  law  for  addition,  the  two  members  of  (3)  can  be  rewritten  to  give  the 
equation 

(4)  [(-*)  +  x]  +  y  =  [(-x)  +  x]  +  z. 

By  the  commutative  law  the  quantity  in  square  brackets,  on  each  side  of  (4),  is  equal 
to  x  +  (— x),  and  therefore  to  0,  and  equation  (4)  becomes 

(5)  0  +  y  =  0  +  z. 
Again,  by  the  commutative  law  for  addition, 

(6)  y  +  0  =  z  +  0, 
and  we  have  the  desired  conclusion :  y  =  z. 

Example  3.     Prove  that  for  any  number  x: 

(7)  x  •  0  =  0. 
Solution.    We  start  with  the  equation 

(8)  0  +  0=0, 

and  multiply  the  number  x  by  the  number  0  using  each  of  its  two  representations  in 

(8)  (if  the  same  quantity  is  multiplied  by  equal  quantities  the  products  are  equal) : 

(9)  x(0  +  0)  =  x  •  0. 
By  the  distributive  law : 

(10)  x  •  0  +  x  -  0  =  x  •  0. 
On  the  other  hand,  by  the  defining  property  l(iii)  of  0, 

(11)  jc-0  +  0  =*■<). 

Since  the  right-hand  members  in  (10)  and  (11)  are  the  same,  so  are  their  left-hand 
members : 

(12)  jc0  +  jc0=x-0  +  0. 
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Finally,  by  the  law  of  cancellation  for  addition,  established  in  Example  2,  we  have 
the  desired  conclusion,  equation  (7). 

Example  4.  Prove  that  the  product  of  two  nonzero  numbers  is  nonzero.  That 
is,  if  x  is  not  equal  to  0  and  if  y  is  not  equal  to  0,  then  xy  is  not  equal  to  0  or, 
expressed  slightly  differently,  x  #  0  and  y  ^  0  together  imply  xy  #  0. 

Solution.  An  implication  of  the  form  if  p  then  q,  or  p  implies  q,  in  mathematics 
means  that  it  is  impossible  for/?  to  be  true  and  q  to  be  false  simultaneously.  In  the 
present  example  the  letter  p  stands  for  the  compound  statement  x  =£  0  and  y  ^  0, 
and  the  letter  q  stands  for  the  statement  xy  ■=£  0.  As  is  often  expedient  in  establishing 
an  implication,  we  shall  show  in  this  case  that/?  does  imply  q  by  assuming  that/?  does 
not  imply  q;  that  is,  that  it  is  possible  for/?  to  be  true  and  q  to  be  false  at  the  same 
time,  and  then  obtain  a  contradiction.  To  be  precise,  we  assume  that  there  are  two 
numbers  x  and  y  such  that  x  #  0  and  y  #  0  and  xy  =  0.  By  multiplying  both 
members  of  this  last  equation  by  x~\  and  using  Example  3,  we  have: 

x~\xy)  =  x-1  •  0  =  0. 

On  the  other  hand,  by  the  associative  and  commutative  laws  for  multiplication : 

x~\xy)  =  (x~1x)y  =  {xx"x)y  =  1  •  y  =  y  •  1  —  y. 

Consequently  y  =  0,  in  contradiction  to  one  of  the  hypotheses.     This  means  that  in 
the  presence  of  the  assumptions  x  #  0  and  j>  ^  0  the  equation  xy  =  0  is  impossible. 

Example  5.  Prove  that  if  xy  =  0,  then  either  x  =  0  or  y  =  0  (or  both  x  =  0 
and  j  =  0). 

Solution.  This  implication  is  logically  equivalent  to  that  of  Example  4.  In  order 
to  see  this,  let  us  express  the  present  implication  in  the  form  A  implies  B,  where  A  is 
the  statement  xy  =  0  and  B  is  the  statement  that  either  x  =  0  or  y  =  0  (or  both 
*  =  0  and  y  =  0).  Our  objective,  then,  is  to  show  that  it  is  impossible  for  A  to  be 
true  and  B  to  be  false  simultaneously  or,  in  other  words,  that  it  is  impossible  for  two 
numbers  x  and  y  to  exist  such  that  their  product  xy  is  equal  to  0  and  such  that  it  is 
false  that  at  least  one  of  them  is  equal  to  0.  In  still  different  language,  we  are  to 
establish  the  impossibility  of  having  two  numbers  x  and  y  whose  product  xy  is  equal 
to  0  at  the  same  time  that  neither  one  of  them  is  equal  to  0 :  x  ^  0  and  j^0.  But 
this  impossibility  is  precisely  the  one  established  in  Example  4.  The  reason  for  this 
situation  can  be  described  logically  as  follows:  The  statements/?  of  Example  4  and 
B  of  this  example  are  negations  of  each  other — each  is  the  direct  denial  of  the  other, 
written  /?  =  not  B  or  B  =  not  p — and  the  statements  q  of  Example  4  and  A  of  this 
example  are  negations  of  each  other,  q  =  not  A  or  A  =  not  q.  The  implication  of 
the  present  example  can  therefore  be  expressed  in  the  form  not  q  implies  not  p;  it 
takes  the  form  of  the  impossibility  that  not  q  is  true  and  not  p  is  false  simultaneously 
or,  in  other  words,  of  the  impossibility  that  p  is  true  and  q  is  false  simultaneously, 
and  we  have  the  implication  p  implies  q  of  Example  4.  The  implication  not  q 
implies  not p  is  called  in  logic  the  contrapositive  of  the  implication/?  implies  q,  and  is 
logically  equivalent  to  it,  for  reasons  outlined  above.  In  summary,  then,  the 
statement  to  be  established  in  the  present  example  is  true  since  it  is  the  contrapositive 
of  the  statement  already  established  in  Example  4. 
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Example  6.     Prove  that  if  x  #  0,  then  x"1  #  0. 

Solution.     We  seek  a  contradiction  to  the  assumption  that  there  exists  a  number 

x  such  that  x  ^  0  and  x_1  =  0.    By  assumption,  then,  the  product  jcjc-1  is  equal  to 

x  •  0  which,  by  Example  3,  is  equal  to  0.     On  the  other  hand,  by  definition  of  x~x, 

this  same  product  is  equal  to  unity:   xx~x  =  1.     But  this  means  that  1  =  0,  in 

contradiction  to  Axiom  ll(iii)l    With  this  contradiction  the  implication  x  #  0 

implies  x_1  ^  0  is  established. 

x 
Example  7.     Prove  that  if  y  ^  0,  then  —  =  0  if  and  only  if  x  =0. 

Solution.  The  words  "if  and  only  if"  indicate  a  two-way  implication.  We  prove 
the  "if"  part  first  by  assuming  x  =  0  and  proving  that  as  a  consequence  xjy  =  xy-1 
=  0.  This  last  equality  is  true  since,  by  assumption,  xy~x  =  0y_1,  and  this  is  equal 
to  0  by  Example  3 :  0y_1  =  j-10  =  0.  For  the  "only  if"  part  of  the  proof  we 
reverse  the  implication  and  assume  that  xy~x  =  0,  and  wish  to  conclude  that  x  =  0. 
By  Example  5,  we  know  that  either  x  =  0  or  y1  =  0,  and  by  Example  6,  j_1  ^  0. 
Therefore,  we  are  forced  to  the  conclusion  x  =  0,  as  desired. 

104.  EXERCISES 

In  Exercises  1-29,  prove  the  given  statement  or  establish  the  given  equation  for  an 
arbitrary  field. 

1.  The  negative  of  a  number  is  unique.  Hint:  If  y  has  the  property  of  —  x  in 
Axiom  IQv),  §  102,  x  +  y  =  x  +  ( —x)  =  0.  Use  the  law  of  cancellation,  given  in 
Example  2,  §  102. 

2.  -0  =  0.     Hint:  0  +  0=0  +  (-0)  =  0. 

3.  -(-*)  =  x.     Hint:  (-*)+■£=(-*)  +  [-(-*)]  =  0. 

4.  0  -  x  =  -x. 

5.  —  (x  +  y)  —  —x  —  y;  —(x  —  y)  =  y  —  x.  Hint:  By  the  uniqueness  of 
the  negative  it  is  sufficient  for  the  first  part  to  prove  that 

(x  +  y)  +  H-x)  +  i-y)]  =0. 

Use  the  commutative  and  associative  laws. 

6.  There  is  only  one  number  having  the  property  of  the  number  1  of  Axiom 
II(//7),  §  102. 

7.  The  law  of  cancellation  for  multiplication  holds:    xy  =  xz  implies  y  =  z  if 

8.  The  reciprocal  of  a  number  (^0)  is  unique. 

9.  I-1  =  1. 

10.  Zero  has  no  reciprocal. 

11.  If  x  +  0,  Or"1)-1  =  x. 

12.  -  =  x-1  (x  ^  0). 

x 

1         1     1 

13.  If  x  +  0  and  y  =£  0,  then  (xy)-1  =  jrV"1,  or  —  = . 

J  J  J  xy      x   y 
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14.  If  b  ^  0   and   d  #  0,    then 
H//f/:     (ad){bd)-1  =  {ad){d-lb 


l)  = 


15.  If  6  #  0  and  rf  #  0,  then 


a 


a       ad 

b=bd' 

alidd-^b-1] 
c       ac 
d^bd' 


ab~ 


16.  If  b  #  0   and   d  #  0,    then  -  +  - 


fld  +  6c 


6d 
Hint:    (bdjrHfld  +  Ac)  =  (brht+Xad)  +  (b^d^Kbc). 

17.  (  — 1)(  — 1)  =  1.     Hint:    (-1)0  +  (-1))  =0.    The  distributive  law  gives 


1) 


0.    Add  1  to  each  member. 
Hint:  Multiply  each  member  of  the  equation  1  +  ( 


1) 


x  =  (— l)x  and  —  y  =  (  —  \)y. 


(-l)  +  (-l)( 

18.  {-\)x  =  -x. 
by  x. 

19.  (-x)(-j)  =  *y.     Hint:  Write 

20.  -(*y)  =  (-x)y  =x(-y). 

x        —x         X 

21.  -  -  = =  —     (y  #  0). 

7        J         -J 

22.  x(y  —  z)  =  xy  —  xz. 

23.  (x  -  j)  +  (y  -  z)  =  x  -  z. 

24.  (a  -  b)  -  (c  -  d)  =  (a  +  J)  -  {b  +  c). 

25.  {a  +  6)(c  +  J)  =  (ac  +  bd)  +  (ac?  +  be). 

26.  (a  -  6)(c  -  d)  =  (ac  +  W)  -  («/  +  6c). 

27.  a  —  6  =  c  —  d  if  and  only  if  a  +  d  =  b  +  c. 

28.  If  jc2  =  x  •  x,  x2  -  y2  =  (x  -  y)(x  +  y). 

29.  The  general  linear  equation  ax  +  b  =  0,  a  7^  0,  has  a  unique  solution 
x  =  —  b\a. 

30.  Axioms  I(i),  (//),  (Hi),  and  (11;),  §  102,  define  a  group.  That  is,  any  set  of 
objects  with  one  operation  (in  this  case  addition)  satisfying  these  axioms  is  by 
definition  a  group.  Show  that  the  set  of  all  nonzero  members  of  a  field  with  the 
operation  of  multiplication  (instead  of  addition)  is  a  group. 

31.  A  commutative  group  is  a  group  for  which  the  commutative  law  holds.  Show 
that  a  field  can  be  defined  as  an  additive  commutative  group  whose  nonzero  members 
form  a  multiplicative  commutative  group  and  for  which  the  distributive  law  holds. 
(Cf.  Ex.  30.) 

32.  Show  that  the  set  consisting  of  the  distinct  numbers  0  and  1  only,  with  the 
following  addition  and  multiplication  tables,  is  a  field: 


0 

1 

0 

0 

1 

1 

1 

0 

0 

1 

0 

0 

0 

1 

0 

1 

Addition 


Multiplication 
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Note  1 .  In  an  abstract  group  G  (cf.  Ex.  30)  the  member  postulated  by  Axiom 
I(«7)  is  called  the  identity  member  of  G,  or  the  identity  element  of  G,  or,  in  brief,  the 
identity  of  G.  In  a  general  field  &  the  member  0  of  Axiom  I(iii)  is  called  the  additive 
identity  of  3?  (as  well  as  zero)  and  the  member  1  of  Axiom  II(ki)  is  called  the 
multiplicative  identity  of  ^(as  well  as  one  or  unity). 

Note  2.  In  an  abstract  group  G  (cf.  Ex.  30)  the  member  postulated  by  Axiom 
I(jv)  is  called  the  inverse  of  x.  In  a  general  field  the  member  —  x  of  Axiom  \{iv)  is 
called  the  additive  inverse  of  x  (as  well  as  the  negative  of  x)  and  the  member  *-1  of 
Axiom  1I(iv)  is  called  the  multiplicative  inverse  of  x  (as  well  as  the  reciprocal  of  x). 
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201.  INTRODUCTION.    POINT  SET  NOTATION 

The  axioms  of  a  field,  given  in  Chapter  1,  yield  only  a  relatively  small 
portion  of  the  properties  of  real  numbers.  In  terms  of  these  axioms  alone, 
for  example,  it  is  impossible  to  infer  that  there  are  infinitely  many  numbers 
(cf.  Theorems  V  and  VII,  §  312).  The  next  set  of  axioms  puts  further  restric- 
tions on  the  number  system  and  permits  the  introduction  of  an  order  relation. 
Since  the  language  and  terminology  of  sets  will  be  important  in  the  sequel, 
we  introduce  at  this  stage  a  few  symbols  from  set  theory.  For  simplicity, 
members  of  sets  will  frequently  be  called  points',  when  this  is  done  no 
geometrical  connotation  should  be  attached  to  the  word  point. 

Definition  I.  If  a  set  or  collection  of  objects  is  denoted  by  a  letter,  say  A, 
the  symbolic  statement 

(1)  aeA 

means  that  a  is  one  of  the  objects  of  the  set  A.     This  object  a  is  called  a 
member  or  element  or  point  of  A. 

Example.  If  ^  denotes  the  real  number  system  or,  for  that  matter,  any  field, 
then  0  e  &  and  lej. 

The  equal  sign  =  between  two  sets,  thus :  A  =  B,  means  that  the  two  sets 
A  and  B  are  identical  collections  of  objects.  The  statement  A  ^  B,  then, 
means  that  at  least  one  of  the  two  sets  contains  a  point  that  is  not  a  member  of 
the  other  set. 

Definition  II.  The  empty  set,  denoted  0,  is  the  set  that  has  no  members. 
That  is,  the  statement  a  e  0  is  never  true.  A  nonempty  set  is  any  set  A  con- 
taining at  least  one  member;  in  symbols:  A  ^  0. 

Definition  III.  If  A  and  B  are  sets,  A  is  said  to  be  a  subset  of  B  if  and  only 
if  every  member  of  A  is  a  member  of B.     This  relationship  is  written: 

(2)  A  c  B. 
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In  other  words,  A  is  a  subset  of  B  if  and  only  if: 

(3)  x  e  A     implies    x  e  B. 

The  statement  that  A  is  a  subset  of  B  does  not  preclude  the  possibility 
that  A  may  be  empty,  nor  does  it  preclude  the  possibility  that  A  may  be 
identical  with  B.     In  fact,  the  following  two  relations  are  universally  valid : 

(4)  0  ^  B,  5c  B. 

In  a  similar  way,  equality  between  two  sets  is  equivalent  to  two  inclusions: 

(5)  A  =  B  if  and  only  if  A  c  B  and  B  a  A. 

The  statement  that  A  is  a  proper  subset  of  B  means  that  A  is  a  subset  of  B 
and  that  A  is  not  equal  to  B:  A  <=  B  and  A  ^  B;  in  other  words,  that  every 
point  of  A  is  a  member  of  B  and  that  there  is  at  least  one  point  of  B  that  is 
not  a  member  of  A.  In  particular,  the  empty  set  is  a  proper  subset  of  every 
nonempty  set. 

Two  sets,  A  and  B,  are  said  to  be  disjoint  if  and  only  if  they  have  no  member 
in  common ;  that  is,  the  two  statements  x  e  A  and  y  e  B  imply  x^j. 

202.  AXIOMS  OF  ORDER 

The  axioms  of  the  real  number  system  &  that  are  given  in  this  chapter 
are  expressed  in  terms  of  a  certain  special  subset  0  of  01  (this  subset  0  will 
soon  be  identified  with  the  set  of  positive  numbers).  In  general,  any  field 
having  a  subset  0  with  the  properties  specified  below  is  called  an  ordered 
field.  The  axioms  of  this  chapter,  then,  state  that  the  real  number  system  is 
an  ordered  field.  An  arbitrary  ordered  field  will  be  denoted  ^  and,  for  sim- 
plicity, its  members  will  be  referred  to  as  numbers. 

IV.  Order 

There  exists  a  set  0  of  numbers  such  that: 
(/)  Ifx  g  0  and  ify  e  0,  then  x  +  y  6  0. 
(ii)  Ifxe0  and  ify  e  0,  then  xy  e  0. 
(Hi)  For  every  number  x  exactly  one  of  the  following  three  statements  is  true: 

x  e  0;  x  =  0:   —  x  e  0. 
In  terms  of  the  set  0  we  now  define  the  symbols  of  ordering : 

Definition  I.  The  symbols  <  and  >  (read  "is  less  than"  and  "is  greater 
than,"  respectively)  are  defined  by  the  statements 

x  <  y  if  and  only  ify  —  x  e  0*. 

x  >  y  if  and  only  if  x  —  y  e  0. 

Each  of  the  statements  x  <  y  and  x  >  y  is  called  an  inequality.  | 

t  Three  books  devoted  to  the  general  subject  of  inequalities  are  E.  Beckenbach  and  R. 
Bellman,  An  Introduction  to  Inequalities  (New  York,  Random  House,  1961);  G.  H.  Hardy, 
J.  E.  Littlewood,  and  G.  Polya,  Inequalities,  Second  edition  (Cambridge  University  Press, 
1952);  and  N.  D.  Kazarinoff,  Geometric  Inequalities  (New  York,  Random  House,  1961). 


§203]  SOME  SIMPLE  CONSEQUENCES  II 

Definition  II.  The  symbols  ^  and  ^  (read  "is  less  than  or  equal  to"  and 
4 'is  greater  than  or  equal  to,"  respectively)  are  defined  by  the  statements 

x  ^  y  if  and  only  if  either  x  <  y  or  x  =  y; 

x  ^  y  if  and  only  if  either  x  >  y  or  x  =  y. 

Each  of  the  statements  x  ^  y  and  x  ^  y  is  called  an  inequality. 

It  follows  immediately  from  these  definitions  that  the  two  statements  (or 
inequalities)  x  <  y  and  y  >  x  are  equivalent,  and  that  the  two  statements 
(or  inequalities)  x  <  y  and  y  ^  x  are  equivalent. 

The  sense  of  an  inequality  of  the  form  x  <  y  or  x  <  y  is  said  to  be  the 
reverse  of  that  of  an  inequality  of  the  form  x  >  y  or  x  ^  y. 

The  simultaneous  inequalities  x  <  y,  y  <  z  (that  is,  x  is  less  than  y  and  y 
is  less  than  z)  are  usually  written  together,  thus :  x  <  y  <  z,  and  the 
simultaneous  inequalities  x  >  y,  y  >  z  are  usually  written  x  >  y  >  z. 
Similar  interpretations  are  given  the  compound  inequalities  x  ^  y  <  z  and 
x  ^  y  2>  z.     In  case  x  <  y  <  z  or  x  >  y  >  z,  y  is  said  to  be  between  x  and  z. 

Definition  III.  A  number  x  is  positive  if  and  only  ifx  is  a  member  of  SP.  A 
number  x  is  negative  if  and  only  if  —x  is  positive. 

From  Axiom  IV(hi)  we  can  infer  that  0  is  neither  positive  nor  negative, 
and  that  0  is  the  only  number  that  is  neither  positive  nor  negative. 

Note.  A  subset  A  of  an  algebraic  system  S  in  which  an  operation  of  addition  is 
defined  is  said  to  be  closed  with  respect  to  addition  if  and  only  if  whenever  x  e  A  and 
y  e  Ait  must  follow  that  x  +  y  e  A.  A  similar  definition  applies  to  the  concept  of 
closure  with  respect  to  multiplication,  subtraction,  or  division.  In  terms  of  closure 
the  first  two  axioms  of  this  section  can  be  reformulated : 

IV(/):    &  is  closed  with  respect  to  addition. 

TV(ii):  &  is  closed  with  respect  to  multiplication. 

203.  SOME  SIMPLE  CONSEQUENCES 

In  the  following  examples  we  illustrate  a  few  properties  of  numbers  that 
follow  from  the  fact  that  the  real  number  system  is  an  ordered  field.  The 
Exercises  of  §  204  contain  several  more  properties  for  the  reader  to  establish. 

Example  1.     Prove  that  x  >  0  if  and  only  if  x  is  positive. 

Solution.  We  start  by  using  the  definition  of  ordering  (Definition  I,  §  202)  in 
order  to  observe  that  the  inequality  x  >  0  holds  if  and  only  if  x  —  0  e  &.  By  the 
definition  of  subtraction  (§  102),  x  -  0  =  x  +  (-0)  and,  by  Exercise  2,  §  104, 
-0  =  0,  so  that 

x  -  0  =  x  +  (-0)  =  x  +  0  =  x. 

Thus  the  inequality  x  >  0  holds  if  and  only  if  x  e  &  or,  in  other  words,  if  and  only  if 
x  is  positive. 
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Example  2.     Establish  the  transitive  law  for  both  <  and  > : 

x  <  y,  y  <  z  imply  x  <  z, 

x  >  y,  y  >  z  imply  x  >  z. 

Solution.  We  establish  the  first  implication  by  assuming  that  both  inequalities  on 
the  left  hold  or,  in  other  words,  that  both  y  —  x  and  z  —  y  are  members  of  &.  As  a 
consequence,  by  Axiom  IV(i)  the  sum  of  these  two  members  of  &  must  also  be  a 
member  of  &.    By  the  formula  of  Exercise  23,  §  104,  this  sum  can  be  written: 

(z  -  y)  +  (y  -  x)  =  z  -  x. 

We  are  forced  to  conclude,  since  z  —  x  e  &,  that  x  <  z,  as  desired. 

The  second  implication  can  be  proved  in  a  similar  manner  by  assuming  that  both 
x  —  y  and  y  —  z  are  members  of  &.  An  alternative  proof  is  given  by  simply 
relabeling  the  first  implication,  with  the  letters  x  and  z  interchanged.  The  resulting 
implication : 

z  <  y,  y  <  x  imply  z  <  x 
is  equivalent  to  the  second. 

Example  3.  Establish  the  law  of  trichotomy:  For  any  x  and y  exactly  one  of  the 
following  three  statements  holds: 

(1)  x  <  y,  x  =  y,  x  >  y. 

Solution.  Consider  the  number  z  =  y  —  x.  The  first  inequality  of  (1),  x  <  y, 
holds  if  and  only  if  z  =  y  —  x  is  a  member  of  0*.  The  equality  x  =  y  holds  if  and 
only  if  z  =y  —  x  is  equal  to  0,  by  elementary  properties  from  Chapter  1 .  Finally, 
the  second  inequality  of  (1),  x  >  y,  holds  if  and  only  if  —  z  =  —(y  —  x)  =  x  —  y  is 
a  member  of  0.  By  Axiom  IV (Hi),  as  applied  to  the  number  z  =  y  —  x,  exactly  one 
of  the  three  statements  listed  in  (1)  holds. 

Example  4.  Prove  that  addition  of  any  number  to  both  members  of  an  inequality 
or  subtraction  of  any  number  from  both  members  of  an  inequality  preserves  the 
order  relation : 

x  <  y  implies  x  +  z  <  y  +  z  and  x  —  z  <  y  —  z, 

x  >  y  implies  x  +  z  >  y  +  z  and  x  —  z  >  y  —  z, 

x  ^  y  implies  x  +  z  <  y  +  z  and  x  —  z  <  y  —  z, 

x  ^  y  implies  x  +  z  ^  y  +  z  and  x  —  z  ^  y  —  z. 

Solution.  The  first  two  implications  follow  from  elementary  properties  of 
Chapter  1,  since 

0  +  z)  -  (x  +  z)  =  (y  -  z)  -  (x  -  z)  =  y  -  x, 

(x  +  z)  -  (y  +  z)  =  (x  -  z)  -  (y  -  z)  =  x  -  y. 

The  last  two  implications  are  direct  consequences  of  the  first  two  by  the  definition  of 
the  symbols  ^  and  ^. 
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Example  5.  Prove  that  the  product  of  two  negative  numbers  is  positive  and  that 
the  square  of  any  nonzero  number  (that  is,  the  product  of  the  number  and  itself)  is 
positive.  Therefore  the  inequality  x2  ^  0  (where  x2  =  x  •  x)  is  true  for  all  x. 
Conclude  that  unity  is  positive:   1  >  0. 

Solution.  Let  x  and y  be  any  two  negative  numbers.  Then  —  x  and  — y  are  both 
positive,  and  so  is  their  product  (—  x)(— y).  On  the  other  hand,  by  Exercise  19, 
§  104,  xy  =  ( —  x)(  —y),  and  the  product  xy  of  the  two  given  negative  numbers  must 
also  be  positive.  Since  the  square  of  any  nonzero  number  is  either  the  product  of 
two  positive  numbers  (the  number  and  itself)  or  the  product  of  two  negative  numbers 
(the  number  and  itself),  the  result  must  be  positive.  Finally,  since  unity  is  its  own 
square,  it  must  be  positive. 

It  follows  from  Example  5  that  the  set  0*  of  positive  numbers  is  nonempty  \ 
that  is,  that  there  is  at  least  one  positive  number.  Furthermore,  since 
1  —  1=0  and  since  0  is  not  positive,  it  follows  that  0*  is  not  closed  with 
respect  to  subtraction. 

Example  6.  Prove  that  the  product  of  a  positive  number  and  a  negative  number 
is  negative. 

Solution.  Let  x  be  a  positive  number  and  y  be  a  negative  number.  Then  x  and 
—y  are  both  positive  numbers,  and  so  is  their  product  which,  by  Exercise  20,  §  104, 
can  be  written : 

x(-y)  =  -(xy). 

Since,  as  a  consequence,  -(xy)  is  a  positive  number,  xy  is  negative,  as  we  wished  to 
show. 

It  follows  from  Examples  5  and  6  that  the  product  of  two  numbers  is 
positive  if  and  only  if  the  two  numbers  are  either  both  positive  or  both  negative, 
and  that  the  product  of  two  numbers  is  negative  if  and  only  if  one  of  the  two 
numbers  is  positive  and  the  other  is  negative. 

Example  7.  Prove  that  the  reciprocal  of  a  positive  number  is  positive  and  that 
the  reciprocal  of  a  negative  number  is  negative. 

Solution.  Let  x  be  a  nonzero  number.  Then  xx~~r  =  1  >  0.  But  we  have  just 
seen  that  the  product  of  two  numbers  is  positive  if  and  only  if  the  two  numbers  are 
either  both  positive  or  both  negative.  Therefore  jc_1,  the  reciprocal  of  x,  is  positive 
if  x  is  positive,  and  it  is  negative  if  x  is  negative. 

It  follows  from  Example  7,  in  conjunction  with  Examples  5  and  6,  that 
the  quotient  of  two  numbers  is  positive  if  and  only  if  the  two  numbers  are  either 
both  positive  or  both  negative,  and  that  the  quotient  of  two  numbers  is  negative 
if  and  only  if  one  of  the  two  numbers  is  positive  and  the  other  is  negative. 
A  portion  of  this  conclusion  can  be  rephrased:  The  set  0  is  closed  with 
respect  to  division.'  - 
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204.  EXERCISES 

Prove  the  given  statement,  for  an  arbitrary  ordered  field. 

1.  x  <  0  if  and  only  if  x  is  negative. 

2.  The  sum  of  two  negative  numbers  is  negative. 

3.  If  2  s  1  +  1,  then  2  >  1  and  2  >  0. 

4.  The  equation  x2  +  1  =0  has  no  real  root;  that  is,  no  member  of  an  ordered 
field  can  satisfy  this  equation.     (Cf.  Ex.  28,  §  104.) 

1       1 

5.  The  inequalities  0  <  x  <  y  imply  the  inequalities  0  <  -  <  -  . 

6.  Multiplication  or  division  of  both  members  of  an  inequality  by  a  positive 
number  preserves  the  order  relation :  If  z  >  0,  then  x  <  y  implies  xz  <  yz  and 
xjz  <  y/z,  and  x  <y  implies  xz  ^  yz  and  x\z  ^  y\z\  similarly  for  >  and  ^. 

7.  Multiplication  or  division  of  both  members  of  an  inequality  by  a  negative 
number  reverses  the  order  relation :  If  z  <  0,  then  x  <  y  implies  xz  >  yz  and 
xjz  >  yjz,  and  x  ^  y  implies  xz  ^  yz  and  x\z  ^  y\z\  similarly  for  >  and  ^. 

8.  The  simultaneous  inequalities  a  <  6andc  <  d  imply  a  +  c  <  b  +  d.  Hint: 
Add  c  to  both  members  of  the  first  inequality  and  b  to  both  members  of  the  second 
inequality,  and  use  Examples  3  and  4,  §  203. 

9.  The  simultaneous  inequalities  0  ^  a  <  b  and  0  <  c  <  d  imply  ac  <  bd. 
Hint:  Consider  the  two  cases :  (i)  a  =  0  or  c  =  0,  and  (//')  a  and  c  are  both  positive. 
(Cf.  Ex.  8.) 

10.  If  x  andy  are  nonnegative  numbers  (that  is,  x  ^  0  and  y  ^  0),  then  x  <  y  if 
and  only  if  x2  <  y2.     Hint:  Cf.  Ex.  28,  §  104. 

11.  The  transitive  law  holds  for  both  ^  and  ^:  x  ^  y,  y  ^  z  imply  x  <  z\ 
x  ^  y,  y  2>  z  imply  x  ^  z. 

12.  The  simultaneous  inequalities  x  ^  y  and  y  ^  x  imply  x  =  y. 

13.  If  x  is  a  fixed  number  satisfying  the  inequality  x  <  e  for  every  positive 
number  e,  then  x  ^  0.  If  x  is  a  fixed  number  satisfying  the  inequality  x  ^  e  for 
every  positive  number  e,  then  x  ^  0.  Then,  show  that  the  inequality  x  <  e  for 
every  positive  number  e  does  not  imply  the  inequality  x  <  0.  /Trnr:  If  x  were 
positive  one  could  choose  e  =  \x.    (Cf.  Ex.  3.) 

14.  If  jc  and  j>  are  distinct  numbers,  their  arithmetic  mean  — - —  is  between  them. 
(Cf.  Ex.  3.) 

15.  If  a  is  an  arbitrary  number  there  exists  a  number  x  such  that  x2  >  a.  Hint: 
Consider  the  number  x  defined  to  be  the  larger  of  the  two  numbers  1  and  a  +  1  if 
a  #  0,  and  equal  to  1  if  a  =  0. 

16.  If  a  and  b  are  nonzero  numbers  of  opposite  sign  {ab  <  0),  the  expression 
ax2  +  b  changes  sign.  That  is,  there  exists  a  number  x  such  that  ax2  +  b  >  0  and 
there  exists  a  number  jc  such  that  ax2  +  b  <  0. 

17.  If  x  and  y  are  any  two  distinct  numbers,  then  every  number  c  between  x  and  y 
is  uniquely  representable  in  the  form 

(1)  c  =  (XX  +  Py,  where  0  <  a  <  1,  0  <  0  <  1,  a  +  ft  =  1. 

Conversely,  every  number  c  of  the  form  (1)  is  between  x  and  j.    Hint  for  existence: 
Let  a  =  ( j  —  c)/(y  —  x)  and  /?  =  (c  —  x)/(y  —  x). 
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301.  INTRODUCTION 

In  any  ordered  field  ^,  the  elements  known  as  the  natural  numbers  can  be 
thought  of  as  corresponding  to  the  "counting  numbers"  of  everyday  usage: 
1,  2,  3,  4,  •  •  •  .  In  slightly  more  precise  terms,  the  number  1  is  postulated 
to  exist  and  to  have  certain  simple  properties,  and  the  other  "natural 
numbers"  are  defined  one  after  the  other,  thus:  2=1  +  1,  3  =  2+1, 
4  =  3+  1,5  =  4+  1,  and  so  forth.  In  Example  5,  §  203,  it  is  proved  that 
1  is  a  positive  number:  1  >  0.  By  Exercise  3,  §204,  2  is  also  a  positive 
number  and  2  >  1.  Similarly,  3  is  a  positive  number  and  3  >  2,  4  is  a 
positive  number  and  4  >  3,  etc.  We  thus  obtain  an  increasing  array  of 
natural  numbers  such  that 

(1)  0<1<2<3<4<5<---. 

These  introductory  remarks  seem  simple  enough — at  least  superficially — 
but  they  leave  many  questions  unanswered.  For  example,  what  is  the 
nature  of  the  collection  of  all  natural  numbers?  Are  there  infinitely  many 
natural  numbers,  and  what  does  this  question  really  mean?  Can  there  be  a 
natural  number  less  than  1,  or  between  2  and  3?  What  do  the  dots  in  (1) 
really  mean?  Suppose  we  subtract  1  from  a  natural  number  greater  than  1 ; 
is  the  difference  again  a  natural  number?  Does  every  nonempty  set  of 
natural  numbers  have  a  least  member?  Before  attempting  to  answer  such 
questions  as  these  it  is  clearly  necessary  to  formulate  with  precision  exactly 
what  the  system  of  natural  numbers,  within  an  ordered  field,  really  is.  We 
continue  to  use  the  word  number  to  mean  an  arbitrary  member  of  a  given 
ordered  field  ^ . 

It  is  important  to  keep  in  mind  that  when  the  real  number  system  is 
described  axiomatically  as  a  complete  ordered  field,  the  familiar  properties 
of  the  natural  numbers — as  set  forth  in  this  chapter — are  all  derivable  from 
the  axioms  and  need  not  be  assumed  independently.     This  is  in  contrast  to 
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the  constructive  approach  based  on  the  Peano  axioms  for  the  natural  numbers, 
as  described  in  the  Landau  book  cited  in  §  101.  With  the  Peano  approach, 
certain  properties  of  the  natural  numbers  are  assumed  as  axioms,  and  the 
statements  assumed  as  axioms  in  the  present  book  are  proved  as  theorems. 

302.  INDUCTIVE  SETS 

The  main  ideas  in  the  crude  description  of  the  natural  numbers  given  in 
the  preceding  section  can  be  described  very  informally;  (i)  we  start  with  1, 
(ii)  we  keep  adding  1  without  stopping,  and  (in)  only  the  numbers  obtained  in 
this  way  are  included  in  the  set  of  natural  numbers.  In  the  first  step  toward 
our  objective  of  a  rigorous  definition  of  the  natural  numbers  we  concentrate 
on  (/)  and  (ii) : 

Definition.  An  inductive  set  of  numbers  is  a  set  A  having  the  two 
properties: 

(i)  The  number  1  is  a  member  of  A:    1  e  A. 

(ii)  Whenever  a  number  x  belongs  to  A,  the  number  x  +  1  also  belongs  to 
A:  x  e  A  implies  x  +  1  6  A. 

Examples  of  inductive  sets  are  easy  to  give,  as  shown  below  where  &  is  an 
arbitrary  ordered  field  and  0*  is  the  subset  of  positive  members  of  ^ : 

Example  1.     Show  that  the  set  <&  is  an  inductive  set. 

Solution.  Certainly  1  is  a  member  of  ^,  and  (if)  follows  from  the  fact  that  &  is 
closed  with  respect  to  addition,  by  Axiom  I(/). 

Example  2.     Show  that  the  set  &  is  an  inductive  set. 

Solution.  By  Example  5,  §  203,  1  £  ^,  and  (ii)  follows  from  the  fact  that  &  is 
closed  with  respect  to  addition,  by  Axiom  IV(/). 

Example  3.     Show  that  the  set  of  all  x  such  that  x  ^  1  is  an  inductive  set. 

Solution.  Clearly,  1  belongs  to  this  set  by  definition.  Assuming  that  x  is  a 
member  of  this  set,  we  can  conclude  from  the  inequalities  x  >  1  >  0,  by  transitivity, 
that  x  >  0.  Hence,  if  1  is  added  to  both  members  of  this  last  inequality,  by 
Example  4,  §  203,  x  +  1  >  1  and  x  4-  1  must  also  be  a  member  of  the  set  under 
consideration. 

Example  4.  Show  that  the  set  consisting  of  the  number  1  together  with  all  x 
such  that  x  ^  2  is  an  inductive  set. 

Solution.  Again,  1  is  a  member  by  definition.  We  now  assume  that  x  is  a 
member  and  seek  to  prove  that  x  +  1  is  too.  There  are  two  cases.  In  the  first 
place,  if  x  =  1,  then  x  +  1  =2,  which  is  a  member  by  definition.  In  the  second 
place,  if  x  ^  2  then,  by  transitivity,  x  >  1  and  (again  by  Example  4,  §  203)  if  1  is 
added  to  each  member  we  obtain  x  +  1  >  2  and  the  desired  conclusion  that  x  +  1 
is  a  member  of  the  set  under  consideration. 
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303.  THE  SET  OF  NATURAL   NUMBERS 

Having  introduced  the  concept  of  inductive  set  by  pursuing  the  first  two 
ideas  of  the  first  paragraph  of  §  302,  we  are  now  in  a  position  to  follow  up  on 
the  third  idea  of  that  paragraph.  The  general  aim  is  to  exclude  from  the  set 
of  natural  numbers  everything  extraneous  to  the  bare  minimum  set  of 
numbers  obtained  by  adding  1  to  itself  repeatedly.  To  be  more  specific,  we 
define  the  set  of  natural  numbers  to  be  the  smallest  of  all  inductive  sets 
according  to  the  following  definition  and  theorem,  all  numbers  under 
consideration  being  members  of  a  single  ordered  field  <& . 

Definition.  A  number  n  is  a  natural  number  if  and  only  ifn  is  a  member 
of  every  inductive  set. 

Theorem  I.  The  set  jV  of  all  natural  numbers  is  an  inductive  set.  If  £f  is 
an  arbitrary  inductive  set  of  numbers,  then  jV*  is  a  subset  of  Sf\ 

(1)  JT  <=■  ST. 

Proof.  In  order  to  show  that  JV  is  an  inductive  set,  we  must  show  first 
that  1  is  a  member.  Equivalently,  by  the  preceding  definition,  we  must  show 
that  1  is  a  member  of  every  inductive  set.  But  this  is  true  by  definition  of  an 
inductive  set.  Next,  we  shall  assume  that  n  is  a  member  of  yT  and  seek  to 
prove  that  n  +  1  must  consequently  also  belong  to  . ,V.  Accordingly,  we 
assume  that  n  belongs  to  every  inductive  set  and  wish  to  conclude  that 
n  +  1  also  belongs  to  every  inductive  set.  This  conclusion  is  valid  since,  if 
Sf  is  an  arbitrary  inductive  set,  we  infer  that  n  +  1  belongs  to  y7  directly 
from  the  hypothesis  that  n  belongs  to  Sf .  Hence  jV*  is  an  inductive  set. 
The  subset  relation  (1)  follows  immediately  from  the  definition  of  Jf\ 
If  n  denotes  an  arbitrary  member  of  jV,  then  n  must  be  a  member  of  every 
inductive  set  and  therefore,  in  particular,  of  Sf . 

A  corollary  of  this  theorem  is  the  fifth  of  the  Peano  axioms  for  the  natural 
numbers  (cf.  §  101),  the  so-called  axiom  of  induction:^ 

Theorem  II.  Axiom  of  Induction.  If  SP  is  a  set  of  natural  numbers  with  the 
two  properties  (/)  Sf  contains  the  number  1,  and  (//)  whenever  Sf  contains  the 
natural  number  n  it  also  contains  the  natural  number  n  +  1,  then  Sf  is  the  set 
of  all  natural  numbers:  Sf  =  jV.  In  other  words,  the  only  inductive  set  of 
natural  numbers  is  *Af  itself. 

Proof.  By  assumption,  Sf  <=  Jf,  and  by  the  preceding  theorem,  jV  <=  <?. 
That  is,  every  member  of  each  of  the  two  sets  is  a  member  of  the  other,  and 

t  This  is  also  known  as  the  Principle  of  Induction,  or  the  Principle  of  Finite  Induction  if  it 
is  important  to  distinguish  it  from  a  similar  principle  in  the  theory  of  infinite  sets  known  as 
the  Principle  of  Transfinite  Induction.  Cf.  E.  J.  McShane  and  T.  A.  Botts,  Real  Analysis 
(Princeton,  D.  Van  Nostrand  Co.,  Inc.,  1959),  Appendix  II. 
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hence  they  consist  of  the  same  objects.  This  is  the  meaning  of  equality 
between  the  two  sets :   Sf  =  Jf . 

From  this  result  we  infer  immediately  the  following  theorem  (also  known 
as  the  Fundamental  Theorem  of  Finite  Induction)'. 

Theorem  III.     Fundamental    Theorem    of   Mathematical    Induction.     For 

every  natural  number  n  let  F(n)  be  a  proposition  that  is  either  true  or  false. 
If{i)  P(\)  is  true  and  (ii)  whenever  the  proposition  F(n)  is  true  for  the  natural 
number  n  the  proposition  F(n  +  1)  is  also  true,  then  P(n)  is  true  for  every 
natural  number  n. 

Proof.  Let  S?  be  the  set  of  natural  numbers  n  for  which  P(n)  is  true,  and 
use  the  Axiom  of  Induction  (Theorem  II). 

Two  variants  of  the  Fundamental  Theorem  of  Mathematical  Induction  are 
stated  in  Exercise  33,  §  308,  and  Exercise  12,  §  506. 

304.  SOME  PROPERTIES  OF  NATURAL  NUMBERS 

It  will  be  our  purpose  in  this  section  to  establish  the  following  seven  basic 
properties  of  the  natural  numbers  in  an  arbitrary  ordered  field  & : 
I.  The  natural  numbers  are  positive. 

II.  If  n  is  a  natural  number,  then  n  ^  1 ;    that  is,  1  is  the  least  natural 
number. 

III.  Ifm  and  n  are  natural  numbers,  then  m  +  n  is  a  natural  number;   that 
is,  *Af  is  closed  with  respect  to  addition. 

IV.  Ifm  and  n  are  natural  numbers,  then  mn  is  a  natural  number;   that  is, 
jV*  is  closed  with  respect  to  multiplication. 

Y.Ifm  and  n  are  natural  numbers  and  ifm<n,  then  n  —  m  is  a  natural 

number. 
VI.  If  m  is  a  natural  number,  there  is  no  natural  number  n  such  that 
m  <  n  <  m  +  1 ;  that  is,  there  is  no  natural  number  between  the 
consecutive  natural  numbers  m  and  m  +  1 . 
VII.  Well-ordering  Principle.!  Every  nonempty  set  of  natural  numbers  (that 
is,  every  set  of  natural  numbers  that  contains  at  least  one  member) 
contains  a  least  or  smallest  member. 

Proof  of  I.  By  Example  2,  §  302,  the  set  0*  is  an  inductive  set,  and  hence 
(Theorem  I,  §  303)  jV  c  0.  But  the  inclusion  statement  JT  c  &  is 
equivalent  to  statement  I. 

Proof  of  II.  Let  Sf  denote  the  set  of  all  numbers  x  such  that  x  ^  1. 
By  Example  3,  §  302,  Sf  is  an  inductive  set,  and  hence  JV  <=  £f. 

Proof  of  III.  For  an  arbitrary  given  natural  number  m,  let  Sf  'm  denote  the 
set  of  all  numbers  x  such  that  m  +  x  is  a  natural  number.     Then,  since 

f  For  a  discussion  of  well-ordered  sets  in  general,  see  the  McShane  and  Botts  book  cited 
in  the  footnote  of  the  preceding  section. 
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m  +  1  is  a  natural  number,  1  is  a  member  of  & 'm.  Furthermore,  if  we 
assume  that  x  is  a  member  of  Sfm  we  can  conclude  that  x  +  1  must  also  be  a 
member  of  £f  m  as  follows:  assuming  that  m  -\-  x  is  a  natural  number  entails 
the  further  assumption  that  (m  +  *)  +  1  is  a  natural  number.  But,  by  the 
associative  law  I(w),  this  means  that  m  +  (x  +  1)  is  a  natural  number  and 
hence  that  x  +  1  is  a  member  of  5fm.  Therefore  Sf  m  is  an  inductive  set, 
and  thus  JV  <=  Sfm.  With  this  inclusion  established  the  proof  of  III  is 
complete. 

Proof  of  IV.  For  an  arbitrary  given  natural  number  m,  let  Sf 'm  denote  the 
set  of  all  numbers  x  such  that  mx  is  a  natural  number.  Clearly,  1  is  a  member 
of  5fm.  Furthermore,  whenever  x  is  a  member  of  Sfm,  x  +  1  must  also  be  a 
member  of  Sf  m  since,  by  the  distributive  law  of  §  102,  m(x  +  1)  =  rnx  +  w, 
and  this  last  number  has  the  form  of  the  sum  of  two  natural  numbers  which, 
by  III,  must  again  be  a  natural  number.  As  with  the  proof  of  III,  therefore, 
6^m  is  an  inductive  set,  Jf  <=  £? 'm9  and  the  proof  is  complete. 

Proof  of  V  for  m  =  I,  (The  proof  for  m  >  1  follows  the  proof  of  VI.) 
Assume  there  exists  a  natural  number  n0  greater  than  1  such  that  n0  —  1  is 
not  a  natural  number.  Let  Sf  denote  the  set  obtained  by  deleting  from  jV 
the  number  n0;  that  is,  Sf  consists  of  all  natural  numbers  except  n0.  We 
shall  now  proceed  to  show  that  SP  is  an  inductive  set.  In  the  first  place,  1  is 
a  member  of  Sf  since  1  is  a  natural  number,  and  1  was  not  deleted  from  JV 
in  the  formation  of  £f  since  n0  ^  1.  Next,  we  assume  that  n  is  a  member  of 
Sf  and  wish  to  conclude  that  n  +  1  is  also  a  member  of  £f.  This  must  be 
true  for  the  following  reason:  since  n  is  a  member  of  Sf,  n  is  a  natural 
number  and  hence  so  is  n  +  1 .  Therefore,  if  n  +  1  were  not  a  member  of  £P, 
this  number  n  +  1  wOuld  necessarily  be  the  number  n0  deleted  from  jV*  in 
the  formation  of  Sf\  n  -\-  1  =  n0.  It  follows  that  n  =  n0  —  1,  and  a 
contradiction  is  obtained,  since  n  is  a  natural  number,  whereas  n0  —  1  is  not. 
This  contradiction  establishes  the  fact  that  whenever  n  is  a  member  of  Sf, 
so  is  n  +  1.  Therefore  S?  is  an  inductive  set,  as  we  wished  to  show.  From 
this  fact,  finally,  we  can  conclude  from  Theorem  I,  §  303,  that  JV  <=  £f. 
But  n0  is  a  member  of  JV  but  not  of  Sf .  With  this  final  contradiction  the 
proof  of  V  for  the  case  m  =  1  is  complete. 

Proof  of  VI  for  m  =  7.  This  follows  from  Example  4,  §  302,  since  the  set 
Sf  of  that  example  is  an  inductive  set  containing  no  numbers  between  1  and  2. 
Since  JV  q  ^,  there  can  be  no  natural  number  between  1  and  2. 

Proof  of  VI.  Let  5^  be  the  set  of  all  natural  numbers  m  such  that  there  is 
no  natural  number  n  between  m  and  m  +  1.  By  the  proof  immediately  pre- 
ceding, 1  is  a  member  of  the  set  Sf  just  defined.  Now  assume  that  m  is  a 
member  of  Sf  (that  is,  that  there  is  no  natural  number  between  m  and 
m  +  1).     We  wish  to  prove  that  m  +  1  is  a  member  of  ^  (that  is,  that  there 
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is  no  natural  number  between  (m  +  1)  and  (m  +  1)  -f  1  =  m  +  (1  +  1)  = 
m  +  2).     Assume  that  there  is  such  a  natural  number,  and  denote  it  by  n : 

(1)  m  +  1  <  n  <  m  +  2. 

Since  m  >  0  (by  I),  m  +  1  >  1  (adding  1  to  each  member — cf.  Example  4, 
§  203)  and  hence,  by  transitivity,  n  >  1 .  Therefore,  by  the  preceding  proof 
of  V  for  m  —  \,n—  1  is  a  natural  number.  Finally,  subtracting  1  from  all 
three  members  of  (1)  (cf.  Example  4,  §  203),  we  obtain  the  inequalities 
m  <  n  —  1  <  m  +  1 .  This  contradicts  the  assumption  that  m  is  a  member 
of  Sf  (since  the  natural  number  n  —  1  is  between  m  and  m  +  1).  Therefore 
y  is  an  inductive  set  of  natural  numbers,  and  hence  £f  =  JV  (cf.  §  303), 
and  the  proof  is  complete. 

Proof  of  V.  Let  Sf  be  the  set  of  all  natural  numbers  m  such  that  for  every 
natural  number  n  greater  than  m  the  number  n  —  m  is  a  natural  number. 
By  the  proof  of  the  special  case  m  =  1  (preceding),  1  is  a  member  of  £f. 
Assuming  that  m  is  a  member  of  y,  we  shall  show  that  m  +  1  is  also  a 
member  of  £f .  That  is,  we  assume  that  whenever  n  is  a  natural  number  such 
that  n  >  m,  then  «  —  m  is  a  natural  number,  and  seek  to  prove  that  whenever 
k  is  a  natural  number  such  that  k  >  m  +  1,  then  fc  —  (m  +  1)  is  a  natural 
number.  Since  m  >  0  (by  I),  m  +  1  >  1  (adding  1  to  each  member — cf. 
Example  4,  §  203)  and  hence,  by  transitivity,  if  k  >  m  +  1 ,  then  k  >  1 . 
Therefore,  by  the  proof  of  V  for  m  =  1  (preceding),  &  —  1  is  a  natural 
number.  From  the  inequality  k  >  m  +  1  we  can  infer  by  subtraction 
of  1  (Example  4,  §  203)  that  k  —  1  >  m.  By  assumption,  then,  since  k  —  1 
is  a  natural  number  greater  than  m,  the  difference,  (fc  —  1)  —  m,  is  a  nat- 
ural number.  But  by  elementary  properties  of  numbers  developed  in 
Chapter  1,  (k  -  1)  -  m  =  [k  +  (-1)]  +  (-m)  =  A:  +  [(-1)  4-  (-w)]  = 
&  +  [— (m  +  1)]  =  k  —  (m  +  1)-  With  the  desired  conclusion  that 
k  —  (m  -\-  1)  is  a  natural  number,  the  proof  is  complete. 

Proof  of  VII.  Assume  that  there  is  a  nonempty  set  A  of  natural  numbers 
that  has  no  least  member.  Let  Sf  be  the  set  of  all  natural  numbers  n  having 
the  property  that  n  <  a  for  every  member  a  of  A.  In  the  first  place,  1  is  a 
member  of  Sf  since  the  inequality  1  ^  a  holds  for  every  member  a  of  A  (by 
II),  and  if  1  were  a  member  of  A,  1  would  be  the  least  member  of  A,  which  is 
assumed  not  to  exist.  That  is,  in  the  inequality  1  ^  a,  equality  cannot  hold, 
and  hence  1  <  a  must  hold  for  every  a  in  A.  Now  assuming  that  n  is  a 
member  of  SP,  we  wish  to  show  that  n  +  1  is  also  a  member  of  Sf .  That  is, 
we  assume  that  the  inequality  n  <  a  holds  for  every  a  of  A.  But  since  no 
member  a  of  A  can  satisfy  the  inequality  n  <  a  <  n  +  1  (by  (VI)  it  follows 
that  every  member  a  of  A  must  satisfy  the  inequality  n  +  1  ^  a.  As  before, 
equality  is  ruled  out  since,  if  any  member  a  of  A  were  equal  to  n  +  1,  then 
this  member  would  be  the  least  member  of  A,  which  does  not  exist.  In  other 
words,  the  inequality  n  +  1  <  a  must  hold  for  all  members  a  of  A,  and  n  +  1 
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is  a  member  of  Sf,  as  was  to  be  shown.  We  can  now  conclude  (cf.  §  303) 
that  Sf  =  jV.  This  means  that  for  every  natural  number  n  and  every 
member  a  of  A  the  inequality  n  <  a  must  hold.  In  particular,  since  A  <=  jV  , 
the  inequality  a  <  a  must  hold  for  every  a  of  A.  With  this  final  contradic- 
tion, since  A  is  not  empty,  the  proof  of  VII  is  complete. 

Note.  The  set  jV  of  natural  numbers  is  not  closed  with  respect  to  division.  This 
means  that,  although  for  some  natural  numbers  m  and  n  the  number  m\n  may  be  a 
natural  number  (as  when  6  is  divided  by  2),  there  exist  natural  numbers  m  and  n 
such  that  m/n  is  not  a  natural  number.  A  single  example  suffices  to  demonstrate 
this  fact,  and  as  simple  an  example  as  any  is  m  =  1  and  n  =  2,  since  the  number  1/2, 
being  less  than  1,  cannot  be  a  natural  number  (cf.  Property  II  of  this  section). 

305.  GENERAL  ASSOCIATIVE,  COMMUTATIVE,  AND 
DISTRIBUTIVE  LAWS 

The  associative  laws  for  addition  and  multiplication,  §  102: 

(1)  x  +  (y  +  z)  =  (x  +  y)  +  z,         x(yz)  =  (xy)z, 

state  that  any  two  sums  or  products  of  three  numbers  x,  y,  and  z  (where  two 
or  more  of  these  numbers  may  be  identical)  in  the  same  order  are  equal 
regardless  of  the  manner  in  which  the  terms  or  factors  are  grouped  by 
parentheses. 

A  similar  formulation  for  four  numbers,  w,  x,  y,  and  z,  for  the  multiplicative 
case  would  take  the  form  of  equating  the  following  five  products : 

(2)  (wx)(yz)  =  ((wx)y)z  =  w(x(yz))  =  (w(xy))z  =  w((xy)z), 

with  increasing  complexity  accompanying  an  increase  in  the  number  of 
factors.  Before  extending  our  study  of  the  associative  laws  to  n  terms  or  n 
factors,  for  an  arbitrary  natural  number  n,  we  must  turn  our  attention  to  some 
essential  preliminaries. 

In  the  first  place,  we  must  agree  on  what  is  meant  by  the  two  expressions 
"the  n  points  x±i  x2,  •  •  • ,  xn"  and  "a  set  of  n  things." 

Definition  I.  If  to  each  natural  number  k  satisfying  the  inequalities 
1  <  k  ^  n,  there  corresponds  exactly  one  object  or  point  xk,  we  speak  of  the 
set  or  collection  of  points,  denoted  {xk},  k  =  1,  2,  •  •  • ,  n,  or  {xl9  x2,  •  •  • ,  xn), 
as  the  set  consisting  of  the  n  points  xv  x2,  •  •  •  ,  xn,  whether  any  two  or 
more  of  these  points  are  the  same  or  not.  If  no  two  are  the  same,  we  shall  call 
the  points  distinct  and  speak  of  the  set  of  points  xv  x2,  •  •  •  ,  xn  as  a  set  of  n 
distinct  points. 

We  shall  now  restrict  the  points  or  objects  under  consideration  to  numbers 
(or,  more  generally,  to  members  of  an  arbitrary  field).  We  wish  to  formulate 
what  is  meant  by  a  sum  or  product  of  the  n  numbers  xl9  x2,  •  •  •  ,  xn,  for  any 
natural  number  n.  For  simplicity  of  notation  we  restrict  consideration  to 
products  only  (the  details  for  sums  being  entirely  similar). 
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Definition  II.  Products  of  the  n  numbers  xl9  x29  •  •  • ,  xn  in  the  given  order 
are  defined  as  follows:  Ifn  =  1,  the  product  is  xl9  and  is  unique.  Ifn  =  2,  the 
product  is  xxx2,  and  is  unique.  Ifn  =  3,  there  are  two  products,  x±(x2x3)  and 
(x1x2)x3  which,  by  the  associative  law  of  §  102,  are  equal.  Assuming  that  all 
possible  products  of  any  n  numbers  xl9  x2,  •  •  •  ,  xn  in  the  given  order  have  been 
defined,  the  products  of  any  n  +  1  numbers  xl9  x2,  •  •  '  ,  xn,  xn+l  are  defined  to 
be  all  possible  products  in  given  order  of  n  numbers  of  the  form  yx,  y2,  •  •  •  yn 
where  yk  =  xkxk+1  for  some  k  such  that  1  ^  k  <  n,  ym  =  xm  for  all  m  such 
that  1  ^  m  <  k,  and  ym  =  xm+1for  all  m  such  that  k  <  m  <  n. 

Example  1.  The  possible  products  of  four  numbers  xl9  x2,  x3,  and  x4  are  the 
products  of  the  three  numbers  x1x2,  x3,  and  x4,  the  products  of  the  three  numbers 
xlt  x2x3,  and  x4,  and  the  products  of  the  three  numbers  xl9  x2,  and  jc3*4.  (These 
total  to  five  distinct  product  forms,  as  shown  in  (2),  instead  of  six  since  one  of  the 
products  of  xxx2,  x3,  and  x4  is  identical  with  one  of  the  products  of  x\,  x2,  and  x3x±.) 

Theorem  I.  If  n  is  any  natural  number  and  if  xl9  x2,  •  •  •  ,  xn  are  any  n 
numbers,  the  sums  and  the  products  of  these  n  numbers  in  the  given  order  exist. 

Proof.  Let  P(n)  be  the  statement  that  for  any  n  numbers  xl9  x2,  •  •  • ,  xn  the 
sums  and  products  exist.  Then  P(\)  is  true  by  definition.  Furthermore,  by 
the  manner  in  which  sums  and  products  are  defined,  whenever  P(n)  is  true, 
P(n  +  1)  is  also  true.  Therefore,  by  the  Fundamental  Theorem  of  Mathe- 
matical Induction  (Theorem  III,  §  303),  P(n)  is  true  for  every  natural 
number  n. 

Theorem  II.  For  any  natural  number  n  ^  2,  any  product  of  the  n  numbers 
xl9  x2,  -  -  -  ,  xn  in  that  order  must  have  the  form  ab,  yjhere  a  is  a  product  {for  some 
k  such  that  1  ^  k  ^  n  —  1)  of  the  k  numbers  xl9  x2,  •  •  •  ,  xk  and  b  is  a  product 
of  the  n  —  k  numbers  xk+1,  •  •  •  ,  xn. 

Proof.  Let  P(l)  be  any  true  proposition  and,  for  n  ^  2,  let  P(n)  be  the 
proposition  asserted  in  the  theorem.  Then  P{2)  is  trivially  true.  For  any 
n  >  2  assume  that  P(n)  is  true,  and  consider  any  product  of  n  +  1  numbers 
xl9  x2,  -  •  •  ,  xn+1.  By  Definition  II,  this  product  must  be  a  product  of  n 
numbers  of  the  form  yl9  y29  • ;  • ,  yn,  where  yk  =  xkxk+1  for  some  k  such  that 
1  <  k  <  n,ym  =  xm  for  all  m  such  that  1  ^  m  <  k,  and  ym  =  xm+l  for  all  m 
such  that  k  <  m  <  n.  By  the  induction  assumption,  the  product  of  them's 
must  have  the  form  ab,  where  a  is  a  product  of  the  firsty  j's  and  b  is  a  product 
of  the  last  n  —  jy's.  Again  by  Definition  II,  the  two  numbers  a  and  b  have  the 
desired  form  in  terms  of  the  x's.  By  the  Fundamental  Theorem  of  Mathe- 
matical Induction  (§  303),  P(n)  is  true  for  every  natural  number  n. 

We  are  now  ready  to  state  a  general  form  for  the  principle  of  associativity: 

Theorem  III.  General  Associative  Laws.  Any  two  sums  (products)  of  the  n 
numbers  xl9  x2,  •  •  •  ,  xn  in  the  given  order  are  equal  regardless  of  the  manner  in 
which  the  terms  (factors)  are  grouped  by  parentheses. 
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Example  2.  Let  a  =  x^ix^^ix^x^))  and  b  =  (((x1x2)x3)xA)x5.  We  shall  show 
that  a  =  b  by  using  the  associative  law  of  II,  §  102,  to  transform  a  step  by  step  into  b. 
A  similar  sequence  of  steps  would  transform  any  product  of  the  five  numbers  xlt  x2, 
•  ■  ■  ,  x5  into  the  "standard"  product  b,  and  hence  justify  the  theorem  for  n  =  5. 
We  start  by  thinking  of  the  products  x2x3  and  x4x5  as  single  numbers  and  we  use  the 
associative  law  to  write  a  =  (x1(x2x3))(xAx5).     Repeating  this  method  we  have: 

a   =  ((X1X2)X3)(X4X5)    -  (((*i*2)*3)*4)*5    =  b. 

We  now  give  a  detailed  proof  of  Theorem  III,  restricting  considerations  to 
the  multiplicative  form  for  simplicity  of  notation. 

Proof.  Let  P{ri)  be  the  proposition:  "Any  product  of  the  m  numbers 
xl9  x2,  •  ■  -  ,  xm,  in  that  order,  is  equal  to  the  special  product  ((•  •  •((x1x2)x3) 
'  •  ')xm_-,)xm,  whenever  m  ^  n.  For  n  =  1  and  n  =  2  the  proposition  is  trivial, 
and  for  n  =  3  it  follows  from  the  associative  law  of  II,  §  102,  x1(x2x3)  =  (x1x2)x3. 
Assume  now  the  truth  of  P(n),  for  a  fixed  n,  and  consider  any  possible  form 
for  the  product  of  the  n  +  1  numbers  xl9  x2,  •  -  • ,  xn+1,  in  that  order.  By 
Theorem  II,  such  a  product  must  have  the  form  ab,  where  a  and  b  are  products 
of  at  most  n  of  the  x's.  By  the  induction  assumption,  each  of  these  two 
factors  can  be  rewritten,  if  necessary,  in  the  form  a  =  yxk  and  b  =  zxn+1, 
where  y  is  either  1  (in  case  k  —  1)  or  a  product  of  the  factors  xl9  x2,  •  •  ■  ,  xk_l3 
and  z  is  either  1  (in  case  k  =  n)  or  a  product  of  the  factors  xk+1,  •  •  • ,  xn.  By 
the  associative  law  of  II,  §  102,  ab  =  (yxk)(zxn+1)  =  ((yxk)z)xn+1.  Again 
using  the  induction  hypothesis,  we  can  write  the  product  (yxk)z  in  the  special 
form  ((•  •  •((x1x2)x3)  •  •  m)xn_^)xn.  This  fact,  with  the  aid  of  the  Fundamental 
Theorem  of  Mathematical  Induction  (Theorem  III,  §  303),  establishes  the 
truth  of  P{n)  for  every  natural  number  n.  Finally,  since  any  two  products  of 
n  numbers  in  a  given  order  are  equal  to  the  same  special  product,  they  must  be 
equal  to  each  other,  and  the  proof  is  complete. 

Note.  By  the  associative  laws  any  sum  or  product  of  n  numbers,  in  a  given  order, 
can  be  written  without  parentheses,  thus : 

(3)  x1  +  x2  +  •  •  •  +  xn     and    xxx2  •  ■  •  xn. 

Theorem  IV.  General  Commutative  Laws.  Any  two  sums  (products)  of  the 
n  numbers  xl9  x2,  •  ;  •  ,  xn  are  equal  regardless  of  the  order  of  the  terms  (factors). 

Example  3.  Let  a  =  x^xxxhx%x3  and  b  =  xxx2x3x4x5.  We  shall  show  that  a  =  b 
by  using  the  commutative  law  of  II,  §  102,  to  transform  a  step  by  step  into  b.  We 
first  bring  xx  to  the  left-hand  end :  a  =  (xix1)(x5x2x3)  =  (x-^x^Xx^x^  =  x1xAx5x2x3. 
Next  we  take  care  of  x2:  a  =  x1x^(x5x2)x3  =  x1xi(x2x5)x3  =  x1(xix2)x$x3  = 
x1(x2xi)x5x3  =  XiX^^x^.  Finally,  after  x3  is  moved  two  steps  to  the  left,  the  form 
b  is  reached. 

As  with  the  proof  of  Theorem  III,  we  restrict  ourselves  in  the  proof  of 
Theorem  IV  to  the  multiplicative  form  for  simplicity  of  notation. 
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Proof.  Let  P(n)  be  the  proposition:  "Any  two  products  of  n  numbers  are 
equal  regardless  of  the  order  of  the  factors."  For  n  =  1  the  proposition  is 
trivial  and  for  n  =  2  it  follows  from  the  commutative  law  of  II,  §  102: 
x2x1  —  x±x2.  Assume  now  the  truth  of  P(n)  for  a  particular  n  and  consider 
any  possible  product  of  the  n  +  1  numbers  xl9  x2,  •  ■  •  ,  xn+1.  This  product 
must  have  the  form  xxn+1y,  where  x  is  either  1  or  the  product  of  some  of  the 
x's,  and  y  is  either  1  or  the  product  of  some  of  the  x's.  By  the  commutative 
and  associative  laws  of  §  102,  xxn+1y  =  x(xn+1y)  =  x(yxn+1)  =  (xy)xn+1. 
The  product  xy  contains  the  n  factors  xv  x2,  •  •  • ,  xn  which,  by  the  induction 
assumption  that  P(n)  is  true,  can  be  rearranged  according  to  the  order  of  the 
subscripts.  Therefore  P(n  +  1)  follows  from  P(n),  and  application  of  the 
Fundamental  Theorem  completes  the  proof. 

The  general  distributive  law  is  now  easy  to  formulate  and  prove : 

Theorem  V.  General  Distributive  Law.  If  x  is  any  number  and  if  yl9 
y%>  '  '  '  >  yn  are  any  n  numbers, 

(4)  x(y1  +  y2  +  •  ■  •  +  yn)  =  xyx  +  xy2  + h  xyn. 

Proof  Let  P(n)  be  the  proposition  (4).  P(l)  is  a  triviality,  and  P(2)  is  true 
by  the  distributive  law  III,  §  102.  We  wish  to  show  now  that  the  truth  of  (4) 
for  a  particular  natural  number  n  implies  the  truth  of  P(n  +  1): 

(5)  x(y±  +  y2  H h  yn  +  yn+i)  =  xy±  +  xy2-i +  xyn  +  xyn+1. 

By  using  the  distributive  law  of  §  102  and  the  assumption  (4),  we  can  re- 
write the  left-hand  member  of  (5)  as  follows : 

40i  +  j2  +  — h  yn)  +  yn+i\  =f  ^Oi  H —  +  y  J  +  xyn+1 

=  (xyt+ h  xyn)  +  xyn+1. 

Since  this  last  expression  is  equal  to  the  right-hand  member  of  (5),  the  truth 
of  P(n),  or  (4),  is  established  for  all  natural  numbers  n  by  the  Fundamental 
Theorem  of  Mathematical  Induction. 


306.  MORE  ABOUT  MATHEMATICAL  INDUCTION 

The  establishment  of  a  proposition  P(n)  for  every  natural  number  n  by 
showing  that  P{\)  is  true  and  that  P(n)  implies  P(n  +  1) — and  invoking  the  aid 
of  the  Fundamental  Theorem  of  Mathematical  Induction  (Theorem  III, 
§  303) — is  called  a  proof  by  mathematical  induction.  This  method  was  used  in 
§  305  to  prove  the  general  associative,  commutative,  and  distributive  laws. 
In  this  and  in  following  sections  we  give  further  examples  of  proofs  by 
mathematical  induction. 

Example  1.  Prove  that,  in  any  ordered  field,  if  x±  <  x2,  x2  <  x3,  -  -  • ,  xn_x  <  xn 
(usually  written  x1<  x2<  •  *  ■  <  xn),  then  xx  <  xn. 
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Solution.  Let  P{\)  be  any  true  proposition,  and  for  n  ^  2,  let  P(n)  be  the  propo- 
sition whose  proof  is  requested.  Then  P{2)  is  trivially  true.  For  any  n  2>  2 
assume  that  P(«)  is  true  and  that  xlf  x2,  •  •  •  ,  xn+1  are  «  +  1  points  such  that 
xk  <  xk+1  for  k  =  \,  2,  •  •  • ,  n.  By  the  induction  assumption,  xx  <  xn,  and 
therefore  by  the  transitive  law  for  <  (Example  2,  §  203),  since  xn  <  xn+1,  we  conclude 
that  x\  <  xn+1.  In  other  words,  for  n  ^  2,  />(«)  implies  P(«  +  1).  By  the  Funda- 
mental Theorem  of  Mathematical  Induction  ( §  303),  P{ri)  is  true  for  every  natural 
number  n. 

Example  2.  Prove  that,  in  any  ordered  field,  the  sum  and  product  of  n  natural 
numbers  are  natural  numbers. 

Solution.  Let  P(n)  be  the  proposition  that  if  ml9  m2,  •  •  •  ,  mn  are  natural  numbers 
then  so  are  their  sum  and  product.  Then  P(l)  is  trivially  true.  Assuming  now  the 
truth  of  P(n)  for  a  particular  natural  number  n,  we  wish  to  establish  P(n  +  1),  or 
that  the  sum  and  product  of  the  natural  numbers  ml9  m2,  •  •  • ,  mn+1  are  natural 
numbers.  To  be  specific  we  consider  the  sum  of  these  natural  numbers,  which  (by 
the  general  associative  and  commutative  laws)  can  be  written  in  the  form  a  +  wnfl, 
where  a  =  mx  +  m2  +  •  •  ■  +  mn.  By  the  induction  assumption,  a  is  a  natural 
number.  Therefore,  by  III,  §  304,  a  +  mn+1  is  also  a  natural  number,  and  P(n  +  1) 
is  true.  By  the  Fundamental  Theorem  of  Mathematical  Induction  (§  303),  P(n)  is 
true  for  every  natural  number  n. 

Example  3.  Prove  that,  in  an  arbitrary  field,  any  product  of  n  nonzero  numbers 
is  nonzero. 

Solution.  The  details  are  nearly  the  same  as  those  given  for  Example  2,  for  the 
case  of  products,  the  property  of  being  a  natural  number  being  replaced  by  that  of 
being  a  nonzero  number.  The  critical  property  needed  is  that  given  in  Example  4, 
§  103 :  The  product  of  two  nonzero  numbers  is  nonzero. 

Example  4.  Prove  that,  in  any  ordered  field  ^,  any  set  consisting  of  the  n  points 
xl3  x2,  -  •  •  ,  xn  contains  a  least  member  and  a  greatest  member;  that  is,  the  set 
xl9  x2,  •  •  •  ,  xn  contains  members  x{  and  Xj  such  that  for  every  member  xk(k  =  1,2, 
•  •  •  ,  n):  xt  ^  xk  ^  Xj.    These  two  numbers  jcz  and  Xj  are  written: 

n 

Xi  =  min  (x±,  x2,  •  •  • ,  xn)  =  min  (xk) 

n 

Xj  =  max  (xlt  x2,  •  •  •  ,  xn)  =  max  (xk). 

k  =  \ 

Solution.  Only  the  details  for  x2  will  be  given  (those  for  Xj  are  entirely  similar 
except  for  the  sense  of  the  inequalities,  and  can  be  supplied  by  the  reader).  Accord- 
ingly, let  P(n)  be  the  statement  that  any  set  of  the  form  xlt  x2,  •  •  ■ ,  xn  contains  a 
member  x{  such  that  x{  ^  xk  for  every  member  xk.  The  case  P(l)  is  trivially  true. 
Assuming  the  truth  of  P(n),  for  a  fixed  natural  number  n,  we  wish  to  establish  the 
truth  of  P{n  +  1).  Let  xlt  x2,  •  •  •  ,  xn+1  be  an  arbitrary  set  consisting  of  n  +  1 
members  of  0.  By  the  induction  assumption,  there  exists  a  member  xm  of  the  set 
xlt  x2,  •  •  - ,  xn  such  that  xm  ^  xk  for  every  k  for  which  1  ^  k  =  n.  There  are  two 
cases  to  consider:  (i)  If  xm  %  xn+1,  then  xm  ^  xk  for  every  k  for  which 
1  ^  k  ^  n  +  1 ,  and  we  can  choose  i  =  m  to  obtain  the  desired  xt  —  xm.    (ii)  If 
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xn+1  <  xm,  then  we  can  choose  i  =  n  +  1  to  obtain  xt  <  xm  ^  xk  for  every  k  for 
which  1  ^kk  <n,  and  therefore  x{  <  xk  for  every  k  for  which  1  ^  k  ^  «  +  1,  as 
desired.  An  application  of  the  Fundamental  Theorem  of  Mathematical  Induction 
( §  303)  completes  the  proof. 


307.  LAWS  OF  EXPONENTS 

If  n  is  any  natural  number,  the  nth  power  of  a  number  x,  denoted  xn,  is 
defined  to  be  the  product  of  the  n  numbers  xl9  x2,  *  *  *  ,  xn,  where  every  xk  is 
equal  to  x,  k  =  1,  2,  •  •  • ,  n.  Thus,  x2  =  x  •  x,  xs  =  x  •  x  •  x,  etc.  The 
number  n  is  called  the  exponent  of  the  power  xn. 

The  familiar  laws  of  exponents,  as  set  forth  in  the  following  theorem,  are 
good  examples  of  propositions  to  be  proved  by  mathematical  induction. 
Extensions  of  these  laws,  where  the  exponents  are  not  restricted  to  the 
natural  numbers,  are  considered  in  later  sections  (§§  503,  1006,  1104). 

Theorem.  If  x  and  y  are  any  numbers  (or,  more  generally,  members  of  an 
arbitrary  field)  and  if  m  and  n  are  any  natural  numbers,  subject  to  possible 
restriction  as  specified,  then: 

(0 
00 


xmxn 

= 

m  +  n. 

xm 

fm-n 

ifm 

>  n, 

ifx^O,— 

xn 

== 

1 

[xn-m 

ifm 

<n; 

(xm)n 

= 

xmn. 

(xyr 

== 

xnyn; 

if 

"»©' 

= 

xn 

(Hi) 
(iv) 

(v) 

Proof  (i) :  Let  m  be  a  fixed,  but  arbitrary,  natural  number,  and  let  P(n) 
be  the  proposition  (i).  Then  P(\)  is  true  since,  if  we  let  xk  =  x  for  1  ^ 
k  ^  m  +  1,  then  the  left-hand  member  of  (i)  is  (x±x2  •  •  •  xm)xm+1  whereas  the 
right-hand  member  is  xxx2  •  •  •  xmxm+1,  and  these  two  products  are  equal  by 
the  general  associative  law.  Assuming  the  truth  of  P(n)  for  a  specific  natural 
number  n,  we  wish  to  infer  that  of  P(n  +  1): 

(1)  xmxn+1  =  xm+n+1. 

By  the  special  case  P(l),  just  established,  the  left-hand  member  of  (1)  can  be 
written 

xm(xnx)  =  (xmxn)x 

which,  by  the  induction  assumption  and  the  special  case  P(l),  is  equal  to 

(xm^'n\x  =   x(rnJrn)-1r^-  z=   y'm+n+1 
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which  is  the  right-hand  side  of  (1).     By  the  Fundamental  Theorem  (§  303), 
the  proof  of  (i)  is  complete. 

(ii) :  If  m  >  n,  then  m  —  n  and  n  are  natural  numbers  whose  sum  is  m, 
so  that  by  (i) : 


Division  by  xn  (which,  by  Example  3,  §  306,  is  nonzero)  gives  the  desired 
formula  of  (ii).  If  m  <  n,  then  n  —  m  and  m  are  natural  numbers  whose 
sum  is  n,  so  that  by  (i) : 

Division  of  both  members  by  xn~mxn  gives  the  second  formula  of  (ii). 

(Hi) :  Let  m  be  a  fixed,  but  arbitrary,  natural  number,  and  let  P(n)  be  the 
proposition  (Hi).  Then  P(l)  is  trivially  true.  Assuming  the  truth  of  P(n), 
for  a  specific  natural  number  n,  we  wish  to  infer  that  of  P(n  +1): 

(2)  (;cmyn+1)  =  xm(n+1). 

By  part  (/),  already  established,  and  with  the  use  of  the  assumed  proposition 
(Hi)  for  the  natural  number  n,  we  have  for  the  left-hand  member  of  (2): 

(xm\n(xm\^  =  ( ymn\xm  =   xmn+m 

This  last  power  of  x  has  exponent  equal  to  that  of  the  right-hand  member  of 
(2),  as  desired. 

(iv) :  If  P(n)  is  the  proposition  (it?),  P(l)  is  trivially  satisfied.  Assuming  the 
truth  ofP(n)  for  a  specific  natural  number  n,  we  wish  to  infer  that  ofP(n  +  1) : 

(3)  (xy)n+1  =  xn+1yn+1. 

By  the  induction  assumption  that  P(n)  holds,  and  with  the  aid  of  part  (i)  and 
the  associative  and  commutative  laws,  we  can  rewrite  the  left-hand  member 
of  (3): 

(xy)n+1  =  (xy)n(xy)  =  (xnyn)(xy)  =  (xnx)(yny)  =  xn+1yn+1, 

and  (3)  is  established. 

(v):  If  y  ^  0,  we  can  use  (iv)  to  write: 

Division  of  both  extreme  terms  by  the  nonzero  quantity  yn  completes  the 
proof  of  (v),  and  therefore  that  of  the  theorem. 

Example  1.     Use  mathematical  induction  to  establish  the  formula 

(1)  l2  +  32  +  52  +  •  •  •  +  (In  -  l)2  =  J«(4«2  -  1) 

for  every  natural  number  n. 

Solution.  Let  P(n)  be  the  proposition  (1).  Direct  substitution  shows  that  P(l) 
is  true.    We  wish  to  show  that  whenever  P(n)  is  true  for  a  particular  natural  number 
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n  it  is  also  true  for  the  natural  number  n  +  1.     Accordingly,  we  assume  (1)  and 
wish  to  establish 

(2)  l2  +  32  +  52  +  •  •  •  +  {In  -  l)2  +  {In  +  l)2 

=  !("  +  1)[4(«  +  l)2  -1]. 

On  the  assumption  that  (1)  is  correct  (for  a  particular  value  of  n),  we  can  rewrite  the 
left-hand  member  of  (2)  by  grouping : 

[l2  +  32  +  •  •  •  +  {In  -  l)2]  +  {In  +  l)2  =  \n{4n2  -  1)  +  {In  +  l)2. 
Thus  verification  of  (2)  reduces  to  verification  of 

(3)  in{4n2  -  1)  +  {In  +  l)2  =  \{n  +  1)(4«2  +  8«  +  3), 
which,  in  turn,  is  true  (divide  by  3)  by  virtue  of 

(4)  4«3  -  n  +  3(4«2  +  An  +  1)  =  (4«3  +  Sn2  +  3«)  +  {An2  +  Sn  +  3). 

By  the  Fundamental  Theorem  of  Mathematical  Induction,  (1)  is  true  for  all 
natural  numbers  n. 

Example  2.  Establish  the  inequality  mn  >  n  for  all  natural  numbers  m  and  «, 
where  m  >  1 . 

Solution.  For  an  arbitrary  but  fixed  natural  number  m  greater  than  1,  let  P{n)  be 
the  statement  of  inequality  mn  >  n  for  the  natural  number  n.  The  particular  case 
P{\)  is  true  by  the  assumption  m  >  1.  Assuming  the  truth  of  P{ri),  or  mn  >  n,  for 
the  natural  number  n,  we  wish  to  establish  the  truth  ofP{n  +  1),  or  mn+1  >  n  +  1. 
By  the  induction  assumption  we  have  mn+1  =  mn  ■  m  >  n  •  m  ^  n{\  +  1)  =«  + 
w  ^  »  +  1  (cf.  Ex.  6,  §  204),  and  P(«  +  1)  follows.  With  an  application  of  the 
Fundamental  Theorem  of  Mathematical  Induction  the  proof  is  complete. 

308.  EXERCISES 

In  the  following  exercises  the  word  number  means  a  member  of  an  ordered  field, 
unless  specification  otherwise  is  made. 

1.  Prove  that  the  sum  and  product  of  n  positive  numbers  are  positive. 

2.  In  an  arbitrary  field,  if  —x1—x2  —  •  •  •  —  xn  is  defined  to  be  (— xx)  +  (—  x2)  + 
•  •  •  +  (—*„),  prove  that  -{x±  +  x2  +  ■  •  •  +  xn)  =  -x±-x2  —  •  •  •  -  xn. 

3.  In  an  arbitrary  field,  if  xlt  xz,  •  •  • ,  xn  are  nonzero  numbers,  prove  that 
{x^x2  -  •  •  xn)      =  x1    x2         '  xn    . 

4.  If  x°  is  defined  to  be  equal  to  1  for  any  number  x,  and  if  jV \  denotes  the 
extended  natural  number  system  consisting  of  0  and  all  natural  numbers,  prove  that 
the  laws  of  exponents  as  stated  in  the  Theorem,  §  307,  remain  valid  if  m  and  n  are 
permitted  to  be  arbitrary  members  of  jV^.  In  part  (it)  consider  also  the  case 
m  =  n.     (Cf.  the  footnote,  §  503). 

5.  If  n  is  any  natural  number,  prove:   ln  =  1,  (-l)2n  =  1,  (-l)2^1  =  -1. 

6.  If  a  >  1  and  if  m  and  n  are  natural  numbers,  prove  that  the  inequality 
m  <  n  is  equivalent  to  the  inequality  am  <  an.  -If  0  <  a  <  1  and  if  m  and  n  are 
natural  numbers,  prove  that  the  inequality  m  <  n  is  equivalent  to  the  inequality 

am   >  an^ 
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7.  If  a  >  0,  if  a  #  1,  and  if  m  and  n  are  natural  numbers,  prove  that  am  —  an  if 
and  only  if  m  =  n.     (Cf.  Ex.  6.) 

8.  If  a  and  b  are  nonnegative  members  of  an  ordered  field  and  if  n  is  a  natural 
number,  prove  that  the  inequality  a  <  b  is  equivalent  to  the  inequality  an  <  bn9  and 
that  an  =  bn  if  and  only  if  a  —  b. 

9.  If  a  and  6  are  arbitrary  members  of  an  ordered  field  and  if  n  is  a  natural 
number,  prove  that  the  inequality  a  <  b  is  equivalent  to  the  inequality  a2n+1  <  b2n+1. 

10.  In  an  arbitrary  field,  prove  that 

xn   _  yn   =  (x   _  y)(xn-l  +  ^n-2^  +  .  .  .  +  xyn-2   +  yn-l^ 

where  «  is  a  natural  number,    ////if:  xn+1  —  jn+1  =  xn(x  —  y)  +  j(xn  —  _yn). 

In  Exercises  1 1-22,  use  mathematical  induction  to  establish  the  given  equation  or 
inequality,  where  n  is  an  arbitrary  natural  number.    (Cf.  Exs.  13-18,  §  318.) 


11. 

1  +2  +  ■■'• 

+  « 

=  i«(«  +  1).     (Cf.  Example  1,  §  317.) 

12. 

l2  +  22  -f  •  • 

•  + 

n2  =  ±n(n  +  l)(2n  +  1).     (Cf.  Example 

2, 

§317.) 

13. 

I3  +  23  +  •  • 

•  + 

H3  =  \n\n  +  l)2  =  (1  +  2  +  •  •  •  + 

«)2. 

(Cf. 

Ex. 

7, 

§  318.) 

14. 

14   +   24   _|_    •  . 

•  + 

«4  =  3i«(«  +  1)(2«  +  1)(3«2  +  3«  - 

1). 

(Cf. 

Ex. 

8, 

§  318.) 

15. 

I5  +  25  +  •  • 

•  + 

«5  =  i2 «2(«  +  1)W  +  2w  -  1).     (Cf.  Ex 

.9,  §318.) 

16. 

1  +  3  +  5  + 

+  (In  -  1)  =  a*2.     (Cf.  Ex.  10,  §  318.) 

17. 

2  +  5  +  8  + 

+  (3«  -  1)  =  in(3n  +  1).     (Cf.  Ex.  11 

§318.) 

18. 

J2   +  42   +   ?2 

+ 

•  •  +  On  -  2)2  =  \n(6n2  -  3n  -  1).     (Cf. 

Ex.  12, 

§318.) 

19. 

1                   1 

J~2  +  2^3  ' 

f  • 

1                 n 

-  .    1 

n(n  +  1)       n  +  1  ' 

20. 

2n    >  n2,  for 

n  >  4. 

21. 

(1  +  a)n  ^  1 

+  } 

ra,  if  #  i  —  1 . 

22. 

(1  +  d)n  ^  1 
(1  +  a)n  ^  1 

+  na  +  ±n{n  -  l)a2,  if  a  ^  0; 

+  «a  +  J«(«  -  l)a2,  if  -1  ^  a  ^  0. 

23.  If  a,  b,  and  c  are  arbitrary  but  fixed  natural  numbers,  prove  that  there  must 
exist  a  natural  number  TV  such  that  the  inequality  n  >  N  implies  nz  >  a  +  bn  +  en2. 

24.  Prove  that  for  every  natural  number  n  the  natural  number  5n  —  8«2  +  4n  —  1 
is  divisible  by  64;  that  is,  it  can  be  written  as  a  product  of  the  form  64  m. 

25.  If  xl9  x2,  • '  ' ,  xn  and  yl9  y2,  ■  •  •  9yn  are  arbitrary  numbers  and  if  xk  ^  yk  for 
k  =  1,  2,  •  •  • ,  n,  prove  that  xx  +  x2  +  •  •  •  +  xn  ^  y1  +  j2  +  •  •  •  +  yn,  equality 
holding  in  the  last  inequality  if  and  only  if  xk  =  yk  for  every  k. 

26.  If*!,  x2,  •  -  •  ,xn  and  yl9  y%9  •  •  • ,  yn  are  arbitrary  numbers  and  if  0  ^  xk  ^  yk, 
for  k  =  1,  2y  •  •  • ,  «,  prove  that  .rxjfa  •  •  •  xn  ^  j^  •  •  •  jn,  and  find  a  necessary  and 
sufficient  condition  for  equality  to  hold  in  the  last  inequality. 

27.  Prove  the  following  properties  of  min  and  max,  denned  in  Example  4,  §  306: 
(0  max  (-«!,  -a2,  •  •  • ,  -an)  =  -min  (alt  a2,  •  •  ■  ,  an). 

(ii)  min  (ax  +  c,  •  •  • ,  an  +  c)  =  min  («1?  •  •  • ,  <an)  +  c, 
max  («!  +  c,  •  •  • ,  an  +  c)  =  max  («l5  ■  •  • ,  an)  +  c. 
(Hi)  If  c  >  0,  min  {eax,  ■  ■  • ,  coTC)  =  c  min  (%,  •  •  •  ,  «,,), 
max  (cal9  •  •  • ,  c«n)  -  c  max  («ls  •  •  • ,  an). 
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(iv)  If  ak  ^  bk,  for  1  ^  k  ^  n,  min  (alt    ■  •  ,an)  <  min  (61?  •  •  •  ,  bn), 

max  (a1s  •  •  • ,  an)  ^  max  (bl9  •  •  •  ,  6n). 
(y)  min  (a±  +  blf  ■  •  • ,  an  +  bn)  ^  min  («1}  •  •  • ,  aj  +  min  (blt      • ,  6J, 
max  (ax  +  blf  •  •  •  ,  an  +  bn)  ^  max  («l5  •  ■  • ,  an)  +  max  (bl9  •  •  • ,  6W), 
and  a  strict  inequality  may  occur  in  each  case. 
(vi)  lfak^0  and  bk  ^  0  for  1  ^  k  <  n, 

min  (fl^,  •  •  •  ,  an6J  ^  min  (al9  •  •  •  ,  a n)  •  min  (6l5  •  •  • ,  6W), 
max  (0^,  •  •  •  ,  anbn)  ^  max  («1?  •  •  •  ,  an)  •  max  (bl9  •  ■  • ,  6W), 
and  a  strict  inequality  may  occur  in  each  case. 
In  Exercises  28-29,  use  mathematical  induction  to  establish  the   inequalities, 
where  n  is  a  natural  number  greater  than  1. 

3       1.111  1  1 

28.r--  +  z-=<T5  +  a=  +  -"+-s<2~-. 


2       «       2«2       l2       22 


n2  n 


1  1  1  5       1 

29*  r+T2  +  FT22  +  "  '  +  T+~n~2  <  4  ~  n ' 

30.  Show  that  if  P(n)  is  the  proposition  3  +  5 .  +  •  •  •  +  (In  +  1)  =  (n  +  1)J 
then  P(«)  implies  P(«  +  1)  for  every  natural  number  ».     Is  P(n)  true? 

31.  Find  the  fallacy  in  the  following  "proof"  that  every  number  in  the  set 
11  1  111 

lf  ~2 '  _3'"'  "«'  ••-,•••-.•••,  ^J'1 
is  negative :  In  the  first  place,  the  first  member  of  A  is  negative.  In  the  second 
place,  the  successor  to  every  negative  member  of  A  is  negative.  Therefore  every 
member  of  A  is  negative. 

32.  Find  the  fallacy  in  the  following  "proof"  that  whenever  n  points  x±,  x2,  •  •  • , 
xn  are  given,  they  are  all  equal :  x1  =  x2  —  *  •  •  =  xn :  Let  P(n)  be  the  proposition 
just  stated.  Then  P(l)  is  obviously  true.  Assuming  the  truth  of  P(n)  for  a  natural 
number  n  we  wish  to  infer  the  truth  of  P(n  +  1);  that  is,  that  xt  =  x2  =  •  '■  •  = 
xn  =  xn+1.  From  the  induction  assumption  we  have  x1  =  x2  =  •  •  •  =  xn,  and 
x2  =  x3  =  "  '  '  =  xn  =  ^n+i»  an^  consequently  x1  =  x2  —  ■  •  *  =  xn  =  xn+1,  as 
desired.  The  truth  of  P(n)  for  all  natural  numbers  n  now  follows  from  the  Funda- 
mental Theorem  of  Mathematical  Induction. 

33.  Prove  the  following  variant  of  the  Fundamental  Theorem  of  Mathematical 
Induction  (Theorem  III,  §  303) :  Let  N  be  an  arbitrary  but  fixed  natural  number,  and 
for  every  natural  number  n  ^  N  let  P(n)  be  a  proposition  that  is  either  true  or  false. 
If(i)  P(N)  is  true  and  (ii)  whenever  the  proposition  P(n)  is  true  for  the  natural  number 
n  ^  N  the  proposition  P(n  +  1)  is  also  true,  then  Pin)  is  true  for  every  natural 
number  n  ^  N.  Hint:  For  1  <  n  <  N  let  P(n)  be  any  true  proposition.  (Cf.  Ex. 
12,  §506.) 

309.  CARTESIAN   PRODUCTS,  AND  RELATIONS 

If  A  and  B  are  any  two  nonempty  sets,  the  Cartesian  product  of  A  and  B, 
denoted  by  A  X  B,  is  the  set  of  all  ordered  pairs  f  (x,  y),  where  x  e  A  and 

t  No  attempt  will  be  made  in  this  book  to  define  the  concept  of  ordered  pair  in  more 
primitive  terms.     (Cf.  Robert  R.  Stoll,  Sets,  Logic  and  Axiomatic  Theories  (San  Francisco, 
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y  g  B.  Any  subset  p  of  A  x  B  is  called  a  relation  from  A  to  B.  The 
notation  x  p  y  means  that  the  ordered  pair  (x,  y)  belongs  to  the  subset  p  of 
A  X  B:  (x,y)  e  p.  The  set  of  all  x  in  A  such  that  x  p  y  for  some  y  in  i?  is 
called  the  domain,  or  domain  of  definition,  of  p.  The  set  of  all  y  in  B  such  that 
x  p  y  for  some  x  in  ^4  is  called  the  range,  or  range  of  values,  of  p.  The 
Cartesian  product  0t  x  0t  of  the  real  number  system  and  itself  is  called  the 
Cartesian  plane,  and  is  written  ^2. 

Example  1.  Let  A  be  the  set  of  all  women  x  living  at  a  particular  time  /,  let  B  be 
the  set  of  all  men  y  living  at  time  t,  and  let  p  be  the  set  of  all  pairs  (x,  y)  where 
x  e  A,  y  E  B,  and  x  and  j  are  married  to  each  other.  The  relation  p  in  this  case  is 
that  of  "having  as  a  husband."  The  domain  of  p  is  the  set  of  all  wives  (at  time  t), 
and  the  range  of  p  is  the  set  of  all  husbands.  (For  a  second  look  at  this  example,  cf. 
Example  1,  §310.) 

Example  2.  Let  A  and  B  be  the  set  of  all  people  who  have  ever  lived,  and  let 
p  be  the  set  of  all  pairs  (x,  y)  where  x  e  A  and  y  e  B,  and  y  is  the  mother  of  x.  The 
relation  p  in  this  case  is  that  of  "having  as  a  mother."  The  domain  of  p  is  A  itself, 
and  the  range  of  p  is  the  set  of  all  mothers.  (For  a  second  look  at  this  example,  cf. 
Example  2,  §310.) 

Several  different  types  of  relations  are  important  in  mathematics.  In 
Chapter  6,  for  instance,  equivalence  relations  receive  principal  attention. 
In  the  present  chapter  we  shall  be  concerned  only  with  the  type  of  relation 
known  as  a  function,  defined  in  the  following  section. 

310.  FUNCTIONS 

Definition.  Let  A  and  B  be  any  two  nonempty  sets.  Then  a  function^ 
from  A  to  B  is  a  relation  f from  A  to  B  such  that  no  two  distinct  members  off 
have  the  same  first  coordinate:  if(x,  y±)  and  (x,  jy2)  are  members  of  the  set  f 
where  x  e  A,  yxE  B,  and  y2  e  B,  then  yx  =  y2.  The  function  f  is  a  function 
on  A  into  B  if  and  only  iff  is  a  function  from  A  to  B  with  domain  of  definition 
equal  to  A;  that  is,  every  member  x  of  A  is  the  first  coordinate  of  some  pair 
(x,  y)  belonging  to  f  If  x  denotes  an  arbitrary  member  of  the  domain  of  a 
function  f  then  f  is  called  a  function  of  the  variable  x.  A  function  f  is  a 
one-to-one  correspondence  between  the  members  of  A  and  the  members  of 
B  if  and  only  iffis  a  function  on  A  into  B  with  range  equal  to  B  such  that  no 

W.  H.  Freeman  and  Company,  1961),  p.  26,  for  further  discussion.)  However,  it  should  be 
noted  that  equality  between  two  ordered  pairs  (x,  y)  and  (u,  v),  written  (x,  y)  =  (u,  v),  means 
that  x  =  u  and  j  =  v,  and  that  if  x  ^  y,  then  the  ordered  pairs  (x,  y)  and  (y,  x)  are  distinct: 
(x,  y)  t^  (y,  x).  In  the  ordered  pair  (x,  y),  x  and  y  are  called  coordinates,  x  the  first  co- 
ordinate and  y  the  second  coordinate. 

t  The  present  definition  prescribes  what  is  sometimes  called  a  single-valued  function.  In 
many  contexts  it  is  valuable  to  admit  multiple-valued  functions  to  the  general  family  of 
functions  (for  example,  this  is  true  in  certain  parts  of  both  real  and  complex  variable 
theory).  For  this  more  general  interpretation  of  function,  the  concepts  of  relation  and 
function  are  identical.     In  this  book  we  shall  restrict  ourselves  to  the  definition  given  above. 
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two  distinct  members  of  f  have  the  same  second  coordinate:  if(xl9y)  and 
(x2,  y)  are  members  of  the  set  f  where  xx  e  A,  x2  e  A,  andy  e  B,  then  xx  =  x2. 
The  values  of  a  function  are  the  members  of  its  range  of  values.  A  constant 
function  is  a  function  whose  range  consists  of  one  point.  If  01  denotes  the 
real  number  system,  if  f  is  a  function  from  A  to  B,  and  if  A  c:  ^,  then  f  is  a 
function  of  a  real  variable-,  if  B  <=  ffl,  then  f  is  real-valued. 

Example  1.  In  Example  1 ,  §  309,  if  the  world  were  devoid  of  polyandry  at  time  t, 
the  relation  p  would  be  a  function,  since  every  married  woman  would  have  one  and 
only  one  husband.  If,  in  addition,  the  world  were  strictly  monogamous  (at  most  one 
mate)  at  time  t,  then  p  would  be  a  one-to-one  correspondence  between  wives  and 
husbands. 

Example  2.  In  Example  2,  §  309,  the  relation  p  is  a  function.  If  the  domain 
were  restricted  to  first-born  children  the  relation  would  be  a  one-to-one  corre- 
spondence. 

Example  3.  The  set  of  all  ordered  pairs  of  real  numbers  of  the  form  (x,  x2)  is  a 
real-valued  function  of  a  real  variable  with  domain  of  definition  0t.  The  set  of  all 
ordered  pairs  of  real  numbers  of  the  form  (x,  x2),  where  1  g£  x  <  7,  is  a  different 
real-valued  function  of  a  real  variable  with  domain  of  definition  the  set  of  numbers  x 
satisfying  the  inequalities  1  ^  x  <  7. 

Discussion  and  Notation.  The  preceding  definition  guarantees  that  iff  is 
a  function  on  A  into  B,  then  every  member  x  of  A  determines  exactly  one 
member  y  of  B,  which  is  then  said  to  correspond  to  x.  This  correspondence 
is  written:  y  =f(x).  Conversely,  if  some  formula  or  rule  exists  whereby 
to  each  point  x  of  A  there  corresponds  exactly  one  point  y  of  B,  then  the 
resulting  set  of  all  ordered  pairs  (x,  y)  such  that  y  corresponds  to  x  constitutes 
a  function  on  A  into  B  as  defined  above.  The  statement  that/is  a  function 
on  A  into  B  is  expressed  symbolically  either  in  the  form  /:   A  —>■  B  or  in  the 

form  AS-+  B.  Thus,  either/:  01  ->  0t  or  01  f->  01  states  that/is  a  real-valued 
function  of  a  real  variable  and  that/(x)  is  defined  for  every  real  number  x. 
It  is  frequently  convenient,  especially  when  discussing  specific  functions,  to 
abbreviate  what  would  otherwise  be  a  rather  elaborate  and  awkward  sentence 
structure,  by  permitting  the  letter  x  to  play  a  direct  role  as  follows :  Such  a 
phrase  as  "a  function  f(x),  where  1  <  x  <  2"  should  be  interpreted  as  an 
abbreviation  for  "a  function  /  whose  domain  of  definition  is  the  set  of  all 
real  numbers  x  such  that  1  <  x  <  2,"  and  the  statement  "consider  the 
function  x2  +  2x,  x  e  '01"  is  a  compression  of  the  longer  statement  "consider 
the  function/ on  01  into  0t  defined  by  the  equation /(x)  =  x2  +  2x."  In 
this  last  illustration  the  fact  that  the  expression  x2  +  2x  is  used  to  represent 
a  function  whereas,  for  any  particular  x,  x2  +  2x  is  a  number  should  cause 
no  more  confusion — if  the  context  is  clear — than  saying  "this  is  John  Smith" 
instead  of  "this  is  a  man  whose  name  is  John  Smith."  A  one-to-one  corre- 
spondence is  often  denoted  by  means  of  a  double-headed  arrow  *->,  as 
illustrated  in  Examples  5  and  6,  below. 
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Note  1 .  If  a  vertical  line  in  the  Cartesian  plane  01  x  9t  (cf.  §  309)  is  denned  to  be 
the  set  of  all  "points"  or  ordered  pairs  (x,  y)  whose  first  coordinate  is  some  fixed  real 
number  x,  a  real-valued  function  of  a  real  variable  can  be  pictured  as  any  subset  of 
the  Cartesian  plane  no  two  points  of  which  lie  on  the  same  vertical  line.  For  readers 
familiar  with  analytic  geometry,  this  set  of  points  *is  what  is  commonly  called  the 
graph  of  a  function.  The  essential  idea  of  the  preceding  definition  is  to  identify  the 
fundamental  concepts  of  function  and  graph  of  a  function,  without  destroying  the 
idea  of  correspondence  associated  with  a  function  or  that  of  a  geometrical  figure 
associated  with  a  graph  of  a  function. 

Note  2.  Equality  between  functions/ and g  simply  means  that  as  sets  of  ordered 
pairs  they  are  identical  sets:  f^ndg  have  identical  domains  of  definition  and  identical 
ranges,  and  for  every  x  of  their  common  domain  f(x)  =  g(x).  Equality  between 
functions,  then,  has  nothing  to  do  with  the  particular  manner  in  which  they  may  be 
defined.  For  example,  the  functions  f{x)  =  x2  +  2x  sa\dg(x)  =  x(x  +  2)  are  the 
same,  although  one  is  defined  as  a  sum  and  the  other  as  a  product. 

Note  3.  If  fandg  are  real-valued  functions  with  a  common  domain  A  and  if  c  is 
any  real  number,  the  functions / ± g,  fg,  and  cf,  all  with  domain  A,  are  defined: 

[h  =f±g:h(x)  =f(x)±g(x) 
(1)  \h=fg        :h(x)=f(x)g(x) 

[h=cf        :  h(x)  =  cf(x). 

The  function  f/g  is  defined,  with  domain  consisting  of  all  points  x  of  A  such  that 
g(x)  ^0: 

(2)  hU:Kx)=M 

8  <?(*) 

Example  4.  The  function  «!,  called  the  factorial  function,  whose  domain  of 
definition  consists  of  0  and  the  natural  numbers,  is  defined  as  follows :  0 !  =  1 ;  if  n 
is  a  natural  number,  n\  is  the  product  of  the  n  natural  numbers  1,  2,  •  •  • ,  n.  Thus, 
0!  =  1,  1!  =  1,  2!  =2,  3!  =  6,  4!  =24,  5!  =  120,  6!  =720,  7!  =  5040,  8!  = 
40,320,  9!  =  362,880,  and  10!  =  3,628,800. 

Example  5.  The  set  of  all  ordered  pairs  («,  2n),  where  n  £  Jf,  is  a  function  on  Jf 
into  JV .  It  is  a  one-to-one  correspondence  between  the  members  of  its  domain  and 
those  of  its  range  (cf.  Ex.  6,  §  308),  alternatively  denoted  n  <— >>  2n. 

Example  6.  The  set  of  all  ordered  pairs  (n,  In  —  1),  where  n  =  1,  2,  3,  or  4,  is  a 
one-to-one  correspondence  between  the  points  1,  2,  3,  4  and  the  points  1,  3,  5,  7, 
also  denoted  n  <->  In  —  1 . 

Example  7.  The  set  of  all  ordered  pairs  (x2,  x),  x  e  <%  is  not  a  (single-valued) 
function,  since  (1,1)  and  (1,  —  l)are  distinct  members  of  this  set  possessing  the  same 
first  coordinate. 

Example  8.  Show  that  any  set  of  n  members  of  an  ordered  field  ^  can  be 
arranged  in  increasing  order.  That  is,  if  xl9  x2,  •  •  • ,  xn  are  members  of  &,  then 
there  exists  a  one-to-one  correspondence  k  <->  mk,  k  =  1 ,  2,  •  •  • ,  n,  between  the 
first  n  natural  numbers  1 ,  2,  •  •  • ,  n  and  the  same  first  n  natural  numbers  1 ,  2,  •  •  •  ,  n 
such  that  xmi  ^  xm%  ^  •  •  •  ^  xmn\  that  is,  if  yk  =  xOTfc,  k  =  1,  2,  •  •  • ,  n,  then 
ji  ^  y2  ^  •  •  •  ^  yn. 

Solution.    Let  P(ri)  be  the  proposition  just  stated.     Then  P(l)  is  trivially  true. 
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Assuming  now  the  truth  of  P{n)  for  a  particular  natural  number  n,  we  wish  to  infer 
that  of  P(n  +  1).  Accordingly,  let  xl3  x2,  •  •  • ,  xn,  xn+1  be  any  n  +  1  members  of  ^. 
By  Example  4,  §  306,  there  exists  a  natural  number  j,  where  1  ^  ]  =  «  +  1 ,  such 
that  Xj  =  max  (x1?  x2,  •  •  • ,  xn+1).  Define  zl9  z2,  •  •  ■  ,  zn  as  follows:  If  j  =  1,  let 
Zk  =  Xjc+i,  k  =  1,  2,  •  •  • ,  n;  if  j  =n  +  1,  let  zk=xk,k  =  1,2, -■  ,n;  if  1  < 
j  <  n  +  1,  let  zfc  =  xfc  for  A;  =  1,  2,  •  •  •  ,y  —  1  and  let  zfc  =  xk+1  for  A;  =y,  j  +  1, 
•  •  • ,  n.  In  other  words,  the  z's  are  simply  the  x's  that  remain  after  deletion  of  Xj 
from  {xlt  x2,  •  •  • ,  xn+1}.  By  the  induction  assumption,  the  n  numbers  zlt  z2,  •  •  • , 
zn — or,  equivalently,  the  n  numbers  x2,  x3,  •  •  •  ,  xn+1,  or  xx,  x2,  •  •  ■  ,  xn,  or  xlt  x2, 
•  • ,  Xj_x,  xj+1,  •  •  •  ,  xn+1  (as  the  case  may  be) — can  be  arranged  in  increasing 
order,  denoted:  yx  ^  y2  ^  •  •  •  ^  yn.  If  yn+1  =  Xj,  then  the  entire  set  of  numbers 
x±,  x2,  •  •  - ,  xn+1,  when  relabeled  ylt  y2,  ■  •  •  ,  yn+i,  becomes  rearranged  in  increasing 
order:  yx  =  y2  ^  •  •  •  ^ yn+i-  An  application  of  the  Fundamental  Theorem  of 
Mathematical  Induction  completes  the  proof. 

311.  A  NATURAL  ISOMORPHISM 

It  will  be  shown  in  Chapters  5,  6,  7,  and  9  that  it  is  possible  to  have  many 
different  kinds  of  fields  (for  example,  both  finite  and  infinite),  and  that  there 
is  some  distinctive  variety  among  ordered  fields  as  well.  In  the  face  of  this 
complexity  a  natural  question  to  ask  is  "In  what  way  are  two  natural  number 
systems,  one  from  one  ordered  field  and  one  from  another  ordered  field, 
related?"  It  is  conceivable,  at  least,  that  one  natural  number  system  might 
have  some  algebraic  property  not  holding  in  some  other  natural  number 
system.  It  is  the  purpose  of  this  section  to  show  that  such  is  not  the  case. 
We  shall  prove  that,  in  a  manner  to  be  made  precise,  any  two  natural  number 
systems  are  abstractly  identical.  In  other  words,  when  we  make  use  of  the 
properties  of  the  natural  numbers  it  is  immaterial  from  what  ordered  field 
they  arise. 

Definition.  Let  Abe  a  subset  of  an  ordered  field  &  and  let  A  be  closed  with 
respect  to  addition  and  multiplication  (cf.  the  Note,  §  202),  and  let  A'  be  a 
subset  of  an  ordered  field  &'  similarly  closed  with  respect  to  operations  in  & '. 
Then  A  and  A'  are  isomorphic  if  and  only  if  there  exists  a  one-to-one  corre- 
spondence between  their  members  preserving  the  operations  of  addition  and 
multiplication,  as  well  as  preserving  the  order  relation;  that  is,  if  and  only 
if  there  exists  a  one-to-one  correspondence  denoted  a<^>  a \  where  a  £  A  and 
a!  e  A',  such  that  the  two  correspondences 

a1<->  a±     and    a2<->  a2 
imply  the  two  correspondences 

a1Jra2^^  a{  +  a2      and    axa2±-^  a{a2, 
or,  in  another  form, 

(a1  +  a2Y  ==  a±'  +  a2      and    (axa2)'  =  a{a2, 
and,  furthermore, 

ai  <  a2     if  and  only  if    a{  <  a2. 
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Under  these  conditions  the  correspondence  tf  <— >•  a  is  called  an  isomorphism. 
Such  an  isomorphism  is  said  to  preserve  addition,  multiplication,  and  order, 
or  to  be  addition-preserving,  multiplication-preserving,  and  order- 
preserving. 

Theorem.  Any  two  natural  number  systems  are  isomorphic.  That  is,  if 
^V  is  the  system  of  natural  numbers  of  an  ordered  field  &  and  i] ?  jV'  is  the 
system  of  natural  numbers  of  an  ordered  field  rS' ,  then  JV  and^'  are  isomorphic. 

Proof  In  setting  up  a  one-to-one  correspondence  between  the  natural 
numbers  n  of  Jf  and  the  natural  numbers  n  of  Jf'  we  start  by  letting  the 
unity  elements,  1  of  yT  and  V  of  Jf\  correspond:  1  <->  1'.  We  next  extend 
the  correspondence  to  all  natural  numbers  by  declaring  that  whenever 
n<->n't  then  n  +  l<-»7i'  +  V.  By  the  Fundamental  Theorem  of  Mathe- 
matical Induction  this  correspondence  is  defined  for  every  natural  number  n 
of  Jf  and  for  every  natural  number  n  of  Jfk ',  and  by  the  same  principle  the 
correspondence  is  one-to-one.  We  wish  next  to  show  that  the  correspondence 
<->  is  an  isomorphism  with  respect  to  addition;  that  is,  that  if  m<-> m'  and 
n^^-n,  then  m  +  «<-»/w'  -\-  n  .  This  is  again  done  by  induction:  For  a 
fixed  natural  number  m  of  ,Ar ,  m  +  l<-»m'  +  1'  by  definition,  and  if 
m  +  n  <-»  m'  +  n',  then  m  +  (n  +  1)  =  (m  +  n)  +  1  <->  (m  +  «)'  +  1'  = 
(m  +  n)  +  1'  —  m'  +  (ri  -f  V)  =  fri  +  («  +  1)'.  It  is  proved  similarly 
that<->  is  an  isomorphism  with  respect  to  multiplication,  for  natural  numbers : 
(mn)'  =  m'n  .  In  detail:  For  a  fixed  natural  number  m  of  JV,  {m  •  1)'  = 
m  •  T,  and  if  (mn)'  =  m'n',  then  (m(n  +  1))'  =  (mn  +  m)'  =  (mn)'  +  m!  = 
m'n  +  m  •  T  =  ra'(V  +  1')  =  m'(«  +  1)',  where  the  isomorphism  with 
respect  to  addition,  already  established,  is  occasionally  invoked.  Finally, 
the  correspondence  is  order-preserving  since,  if  m  >  n  there  exists  a  natural 
number  p  such  that  m  =  n  +  p.  Therefore,  m  =  n  +  p  ,  and  m  >  n '. 
Conversely,  we  see  by  reversing  these  steps  that  m  >  n    implies  m  >  n. 

Corollary.  The  correspondence  established  between  the  members  of  JV  and 
*Af'  in  the  proof  of  the  preceding  theorem  is  an  isomorphism  with  respect  to 
subtraction  when  it  is  defined;  that  is,  if  m  and  n  are  natural  numbers  in  jV, 
ifm>n,  and  ifm<^mf  and  n  <— >  n,  then  m  —  n<r^m  —  n  ,  or  equivalently, 
(m  —  n)  —  m  *—  n  . 

Proof  Since  m  —  n  is  a  natural  number  in  JV  such  that  n  -f  (m  —  n)  =  m, 
the  isomorphism  with  respect  to  addition,  already  established,  gives  the  equa- 
tion n  +  (m  —  n)'  =  m  .     Solving  for  (m  —  n)'  gives  the  desired  equality. 

It  is  left  as  an  exercise  for  the  reader  to  show  that  the  correspondence 
discussed  above  is  an  isomorphism  with  respect  to  division  whenever  division 
is  defined. 

312.  FINITE  AND  INFINITE  SETS 

Definition  I,  §  305,  contains  the  essential  ideas  of  what  is  meant  by  a 
finite  set:  a  set  of  n  distinct  points  xlt  x2,  •  ■  * ,  xn,  for  some  natural  number  n. 
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The  following  definition  is  in  essence  a  restatement  of  this,  but  permits  the 
inclusion  of  the  empty  set. 

Definition.  A  set  A  is  finite  if  and  only  if  it  is  empty  or  its  members  can  be 
put  into  a  one-to-one  correspondence  (cf.  §  310)  with  the  natural  numbers 
1,  2,  •  •  • ,  n,  for  some  n;  that  is— for  a  nonempty  set — if  and  only  if  there 
exists  a  set  of  ordered  pairs  (k,  x)  where  k  is  a  natural  number  with  1  ^  k  ^  n 
and  x  is  a  member  of  A,  such  that  to  each  k  for  which  1  ^  k  <  n  there  corre- 
sponds exactly  one  ordered  pair  (k,  x)  having  this  particular  k  as  its  first 
coordinate,  and  to  each  point  x  of  A  there  corresponds  exactly  one  ordered 
pair  (k,  x)  having  this  particular  x  as  its  second  coordinate.  A  set  is 
infinite  if  and  only  if  it  is  not  finite. 

Our  first  theorem  concerning  finite  and  infinite  sets  is  intuitively  obvious, 
but  nevertheless  requires  proof.  As  might  be  expected,  the  proof  is  by 
mathematical  induction.     The  letters  m,  n,  r,  and  j  denote  natural  numbers. 

Theorem  I.  Any  subset  of  a  finite  set  is  finite.  Equivalently,  any  set  that 
contains  an  infinite  subset  is  infinite.  If  A  =  {av  a2,  *  •  •  ,  am},  where  the  a's 
are  distinct,  if  B  =  {bx,  b2,  ■  •  •  ,  bn},  where  the  b's  are  distinct,  and  if  A  is  a 
subset  of  B,  then  m  <  n.     If,  in  addition,  A  is  a  proper  subset  of  B,  then  m  <  n. 

Proof.  Clearly,  the  empty  set  has  only  itself  as  subset,  and  this  is  finite. 
Let  P(n)  be  the  proposition  that  if  B  is  the  set  of  distinct  points  bl9  b2,  •  •  •  ,  bn 
and  if  A  is  a  subset  of  B  then  A  is  finite,  and  furthermore  that  if  A  consists  of 
the  m  distinct  points  ax,  a2,  •  •  •  ,  am  then  m  <  n,  with  the  strict  inequality 
m  <  n  holding  in  case  A  is  a  proper  subset  of  B.  The  proposition  P{\)  holds 
trivially.  Assuming  now  that  P(n)  is  true  for  a  particular  natural  number  «, 
we  shall  show  that  P(n  +  1)  is  also  true.  Accordingly,  let  B  consist  of  n  +  1 
distinct  points:  B  =  {b±,  b2,  •  •  •  ,  bn,  bn+1},  and  let  A  be  a  subset  of  B. 
There  are  two  cases  to  consider  according  as  bn+1  is  or  is  not  a  member  of  A. 
If  the  point  bn+1  is  not  a  member  of  A,  then  A  is  a  proper  subset  of  B  and, 
furthermore,  A  is  a  subset  of  {bx,  b2,  •  •  • ,  bn}.  By  the  induction  assumption 
that  P(n)  is  true,  A  is  therefore  a  finite  set,  and  if  A  =  {ax,  a2,  •  •  •  ,  am}  then 
m  ^  n  <  n  +  1,  as  desired.  On  the  other  hand,  if  bn+1  is  a  member  of  A, 
bn+1  =  ar  where  1  ^  r  ^  m.  Consider  the  set  C  =  A  —  {ar}  obtained  by 
deleting  the  point  bn+1  =  ar  from  the  set  A.  Since  C  c  {bx,  b2,  •  •  •  ,  bn}, 
C  is  a  finite  set  by  the  induction  assumption.  Let  the  point  ci  be  defined  to 
be  a  j  for  ally*  such  that  1  ^  j  <  r  and  let  cj  be  defined  to  be  aj+1  for  ally  such 
that  r  ^  j  ^  m  —  1 .     We  thus  have  C  represented : 

({al9  a2,  ■  •  • ,  ar_x,  ar+l9  •  •  •  ,  am}, 
(1)  C=    ,  , 

llcl»  C2>  '      '  J  Cr-H  Cr>  '         >  Cm-1)- 

(If  r  =  m,  the  upper  line  of  (1)  reads  {al5  a2,  •  •  • ,  am_1}  without  a  gap; 
if  r  =  1,  the  upper  line  of  (1)  reads  {a2,  a3,  •  •  •  ,  am},  also  without  a  gap.) 
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Notice  that  since  bn+1  has  been  deleted  from  the  set  A  in  forming  C,  C  is  a 
subset  of  {b±,  b2,  •  •  •  ,  bn}  and,  furthermore,  that  C  is  a  proper  subset  of 
bl9  b2,  -  -  •  ,  bn  if  and  only  if  A  is  a  proper  subset  of  B.  We  now  use  the 
induction  assumption  for  P(n),  concluding  that  m  —  \  <  n,  or  m  ^  w  +  1, 
in  every  case,  and  that  if  A  is  a  proper  subset  of  B,  m  —  1  <«,orm<«+  1 . 
With  final  appeal  to  the  Fundamental  Theorem  of  Mathematical  Induction, 
the  proof  is  complete. 

As  a  corollary,  we  have  the  theorem: 

Theorem  II.  The  number  of  points  in  a  finite  set  is  uniquely  determined. 
That  is  (except  for  the  trivial  case  of  the  empty  set),  if  {al9  a2,  •  •  •  ,  am}  = 
{bl9  b2,  '  '  ' ,  bn},  if  the  a's  are  distinct,  and  if  the  b's  are  distinct,  then  m  =  n. 

Proof  Since  the  set  of  a's  is  a  subset  of  the  set  of  b's,  m  <  n.  Since  the 
set  of  6's  is  a  subset  of  the  set  of  <z's,  n  ^  m.     Therefore  m  =  n. 

As  a  further  corollary  we  have : 

Theorem  III.  If  the  points  of  a  set  A  can  be  put  into  a  one-to-one  cor- 
respondence with  the  points  of  a  finite  set  B,  then  A  is  a  finite  set  having  the 
same  number  of  points  as  B. 

Proof  Since  the  points  of  B  are  in  one-to-one  correspondence  with  the 
natural  numbers  1,  2,  •  •  •  ,  n,  for  some  n  (except  for  the  trivial  case  of  the 
empty  set),  the  points  of  A  are  also  in  one-to-one  correspondence  with  this 
same  set  of  natural  numbers  and  hence  can  be  written  a1,  a2,  -  •  -  ,  an. 

Another  result  that  can  be  inferred  from  these  facts  is : 

Theorem  IV.  The  points  of  a  finite  set  cannot  be  put  into  a  one-to-one 
correspondence  with  those  of  a  proper  subset. 

Proof  In  Theorem  III,  if  A  denotes  a  proper  subset  of  a  finite  set  B, 
assuming  that  a  one-to-one  correspondence  between  their  members  is  possible, 
a  contradiction  to  the  final  statement  of  Theorem  I  is  obtained. 

Note.  Theorem  IV  shows  that  if  the  points  of  a  set  can  be  put  into  a  one-to-one 
correspondence  with  those  of  a  proper  subset,  then  the  set  must  be  infinite.  It  does 
not  show  that  the  points  of  any  infinite  set  can  be  put  into  such  correspondence. 
The  German  mathematician  R.  Dedekind  (1831-1916)  defined  an  infinite  set  to  be 
one  whose  members  can  be  put  into  a  one-to-one  correspondence  with  those  of  a 
proper  subset.  The~ reader  interested  in  reading  more  about  infinite  sets  will  find 
stimulating  material  and  further  references  by  consulting  the  topics  Dedekind  and 
infinite  in  the  index  of  James  R.  Newman,  The  World  of  Mathematics  (New  York, 
Simon  and  Schuster,  1956).  l> 

\ 

Theorem  IV  provides  us  with  our  first  proof  that  the  set  of  natural  numbers 
is  infinite  (cf.  Theorem  VII) : 
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Theorem  V.  The  natural  numbers  of  any  ordered  field  constitute  an  infinite 
set.     Consequently  every  ordered  field  is  infinite. 

Proof.  The  correspondence  n<^-n  +  1  is  a  one-to-one  correspondence 
between  the  natural  numbers  n  and  the  natural  numbers  m  that  satisfy  the 
inequality  m  >  1.  Specifically,  corresponding  to  any  natural  number  n  is 
the  natural  number  n  +  1  that  satisfies  the  inequality  n  +  1  >  1  (since 
n  >  0).  On  the  other  hand,  if  m  is  a  natural  number  such  that  m  >  1,  then 
(by  V,  §  304)  m  —  1  is  a  natural  number  to  which  m  corresponds  by  the 
process  of  adding  1.  Finally,  since  the  set  of  natural  numbers  greater  than  1 
is  a  proper  subset  of  the  set  of  all  natural  numbers  (including  1),  it  is  impossible 
for  the  set  of  natural  numbers  to  be  finite.  Finally,  by  Theorem  I,  since 
every  ordered  field  contains  a  system  of  natural  numbers,  which  is  infinite, 
the  ordered  field  must  be  infinite  as  well. 

At  this  point  we  pause  to  record  an  important  fact  about  finite  sets  of  real 
numbers  (or  more  generally,  of  any  ordered  field),  which  is  an  immediate 
consequence  of  Example  4,  §  306: 

Theorem  VI.  Any  nonempty  finite  set  in  an  ordered  field  contains  a  least 
member  and  a  greatest  member. 

We  conclude  this  section  with  a  theorem  which,  in  conjunction  with 
Theorem  VI,  provides  us  with  a  second  proof  of  the  infinitude  of  the  natural 
numbers  and  of  the  members  of  any  ordered  field. 

Theorem  VII.  There  is  no  greatest  natural  number.  There  is  no  greatest 
member  of  any  ordered  field. 

Proof  Corresponding  to  any  natural  number  n,  or  member  x  of  an 
ordered  field,  there  exists  ^natural  number  n  +  1  that  is  greater  than  n, 
or  a  member  x  +  1  that  is  greater  than  x. 


313.  SEQUENCES 

An  informal  definition  of  a  sequence  can  be  framed  as  follows :  Start  with 
the  first  term,  ax\  then  proceed  to  the  second  term,  a2;  then  to  the  third,  a3; 
etc.  If  the  sequence  terminates,  it  is  a  finite  sequence;  otherwise,  it  is  an 
infinite  sequence.     A  more  formal  definition  follows : 

Definition  I.  A  finite  sequence  is  a  function  whose  domain  of  definition  is 
the  finite  set  of  natural  numbers  {1,  2,  ■  •  •  ,  m},  for  some  natural  number  m; 
it  is  written  alf  a2,  •  •  •  ,  am,  or  {an},  n  =  1,  2,  •  •  • ,  m.  An  infinite  sequence 
is  a  function  whose  domain  of  definition  is  the  set  of  all  natural  numbers  and 
is  written  a1?  a2,  •  •  • ,  an,  •  •  • ,  or  {an}.  The  values  an  of  a  sequence  are  also 
called  the  terms  of  the  sequence. 
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Examples  1.     The  following  are  examples  of  finite  sequences  of  natural  numbers : 

(1)  l; 

(2)  6,6; 

(3)  1,5,3; 

(4)  7,  5  3,1; 

(5)  5,  5,  4,  4,  2. 

Examples  2.     The  following  are  examples  of  infinite  sequences  of  real  numbers : 

(6)  1,2,  3,  •■•,«, 

1  1  1 

(7)  1,  -,-,••,-, 

2  3  « 

(8)  1,1,1,--,1, 

(9)  0,1,0,1, 
(10)     1,0,2,0, 


(11)     1,1, 


i  i 

2'  2' 


,i(i  +(-i)n),  •••; 

,K«  +  D(i  +(-ir+1), 


rt , 


where  a, 


2\(n  +  1)  if  «  is  odd, 
2/n  if  n  is  even. 
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In  this  section  we  shall  define  two  particular  types  of  sequence,  and  obtain 
formulas  for  the  sums  of  the  first  n  terms  for  each.  The  word  number  is  used 
to  designate  a  member  of  an  arbitrary  ordered  field. 

Definition  I.  A  finite  or  infinite  sequence  {an}  of  real  numbers  (or,  more 
generally,  of  members  of  an  arbitrary  ordered  field)  is  an  arithmetic  sequence 
or  arithmetic  progression  if  and  only  if  there  exist  numbers  a  and  d  such  that 
an  =  a  +  (n  —  X)d  for  every  term  of  the  sequence.  Since  an  —  an_±  =  d  for 
every  term  an  after  the  first,  d  is  called  the  common  difference  of  the  sequence. 

Examples  1.  Each  of  the  following  is  an  arithmetic  sequence,  with  common 
difference  as  specified: 

(1)  1;  d=17; 

(2)  1,3,5,7;   d  =  2; 

(3)  6,6,6,6,  ■■■  ,6,  ■■;  d  =  0; 

(4)  0,  -1,  -2,  -3,  •  •  •  ,  -n  +  1,  •  •  •  ;  d  =  -1. 

Definition  II.  A  finite  or  infinite  sequence  {an}  of  real  numbers  (or,  more 
generally,  of  members  of  an  arbitrary  ordered  field)  is  a  geometric  sequence  or 
geometric  progression  if  and  only  if  there  exist  numbers  a  and  r  such  that 
an  =  ar71-1  for  every  term  of  the  sequence  (where  r°  =  1  for  every  number  r, 
including  r  =  0 — cf.  Ex.  4,  §  308).  Since,  ifar^  0,  an\an_Y  =  r  for  every  term 
an  after  the  first,  r  is  called  the  common  ratio  of  the  sequence. 

Examples  2.  Each  of  the  following  is  a  geometric  sequence,  with  common  ratio 
as  specified: 

(5)  1;   r  =29; 

(6)  3,6,12,24,48;  r  =2; 
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(7) 

0,  0,  0,  •  • 

,0, 

5 

r  =  13; 

(8) 

3,  0,  0,  0, 

•  •  , 

o, 

;   r  =0; 

(9) 

27,  18,  12, 

8,  • 

33 

•  2n-1/3n-\  •  •  • 

r  =  2/3. 

[§314 


Theorem  I.  Ifax,  a2,  '  '  ' ,  an  are  the  first  n  terms  of  an  arithmetic  sequence, 
where  an  =  a  +  (n  —  \)d  for  n  =  1,  2,  ■  •  • ,  and  if  Sn =  a±  +  a2  +  •  •  •  + 
an  =  a  +  (a  +  d)  H +  (a  +  (w  —  1>/),  //^ 

(10)  Sn  =  na  +  i(«  -  l>d  =  \n{ax  +  an). 

Proof  The  second  equality  of  (10)  is  a  simple  matter  of  substitution  for 
a1  and  a n.  Let  P(m)  be  the  proposition  that  Sm  =  ma  +  J(m  —  l)m^  if  am 
is  a  term  of  the  sequence,  and  let  P{m)  be  any  true  statement  in  case  the 
sequence  is  finite  and  has  fewer  than  m  terms.  P(l)  is  trivially  true. 
Assuming  that  the  sequence  has  at  least  m  +  1  terms  and  that  P(m)  is  true, 
we  wish  to  show  that 

(1 1)  Sm+1  =  (m+  \)a  +  \m{m  +  \)d. 

The  equality  (11)  follows  from  the  induction  hypothesis  and  the  fact  that 
sm+i  =  sm  +  am+1:  Sm+1  =  [ma  +  \{m  —  \)md]  +  [a  +  md]  =  (m  +  \)a  + 
\m{m  +  l)d.  By  the  Fundamental  Theorem  of  Mathematical  Induction 
the  proof  is  complete. 

Examples  3.  For  the  sequences  of  Examples  1 ,  and  the  specified  value  of  n, 
formula  (10)  gives: 

(1)  n  =  1 :  1  =  1  •  1  +  J  •  0  •  1  •  17  =  i  •  1(1  +  1); 

(2)  n  =  4:  16  =  4  •  1  +  J  •  3  ■  4  \2  =  \  •  4(1  +  7); 

(3)  n  =,n:  6n  =  n  ■  6  +  \(n  -  \)n  •  0  =  i«(6  +  6); 

(4)  ,*  =  «:  i(«  -  «2)  =  n  ■  0  +  |(«  -  l)n(-l)  =  J«(0  -  «  +  1). 

Theorem  II.  //*  al9  a%,  •  •  •  ,  an  are  the  first  n  terms  of  a  geometric  pro- 
gression,  where  an  =  arn~x  for  n  =  1,  2,  •  •  •  ,  and  if  Sn  =  at  +  a2  +  •  *  *  + 
<2n  =  a  +  ar  +  tff2  +  '  '  '  +  fl^n_1,  then 


(na,     if  r  =  1, 
a(l  -  rw)       fll  -raf 


1  -  r  1  -  r 


(fr^.l. 


Proo/.  If  r  =  1 ,  the  sequence  is  an  arithmetic  sequence  with  d  =  0  and, 
by  (10),  Sn  =  na.  Assume  now  that  r  =£  1.  Then  the  equality  on  the 
second  line  of  (12)  is  a  simple  matter  of  substitution  for  ax  =  a  and  an  = 
arn~x.  Let  P(m)  be  the  proposition  that  Sm  =  a{\  —  rm)j{\  —  r)  if  am  is  a 
term  of  the  given  sequence,  and  let  P(m)  be  any  true  statement  in  case  the 
sequence  is  finite  and  has  fewer  than  m  terms.  P(\)  is  trivially  true. 
Assuming  that  the  sequence  has  at  least  m  +  1  terms  and  that  P(m)  is  true, 
we  wish  to  show  that  Sm+1  =  a{\  —  rw+1)/(l  —  r).    This  follows  from  the 
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induction  hypothesis  and  the  fact  that  Sm+1  =  Sm  +  am+1: 

a(l  -  rm)       arm(l  -  r)  _  a  -  arm  +  arm  -  arm  +  1  _  a{\  -  rm  +  1) 
^m  +  l  —       .  ~r  —  — 

1  —  r  1  —  r  1  —  r  1  —  r 

By  the   Fundamental  Theorem  of  Mathematical  Induction  the  proof  is 
complete. 

Examples  4.     For  the  sequences  of  Examples  2,  and  the  specified  value  of  n, 

formula  (12)  gives 

1(1  -29)       1  -29  1 
(5)     n  =  1:   1 


(6)  n  =5:  93 

(7)  «  =«:  0  = 

(8)  «  =«:  3  ■■■ 


1  - 

29 

1    - 

29   ' 

3(1 

-  32) 

-2 

3  - 

96 

1 

1  - 

-2' 

0(1  - 

-  13n) 
13 

0  - 

13    0 

1  - 

1 

-  13    ' 

3(1  - 

-0)       3 
0 

-0 

•  <2n# 

1  - 

1  - 

0 

27(1 

81/ 

27 

—  1  •  8 
3     ° 

(9)    «  =4:  65  = 
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It  sometimes  happens  that  the  first  few  terms  of  a  sequence  are  prescribed 
individually  and  that  the  remaining  terms  are  given  not  by  an  individual 
formula,  but  by  a  rule  that  relates  these  values  to  those  of  preceding  terms. 
In  such  a  case  the  terms  of  the  sequence  are  said  to  be  defined  inductively,  or 
recursively,  or  by  recursion.  A  rule  that  relates  the  general  term  to  its 
predecessors  is  called  a  recursion  or  recursive  formula. 

Theorem.  Let  {an}  be  an  infinite  sequence  {the  nature  of  whose  terms  is 
immaterial)  and  let  k  be  a  natural  number.  If  the  values  of  a±,  a2, '  *  * ,  ak  are 
prescribed,  and  if  for  every  natural  number  n  such  that  n  ^  k  the  value  of an+1 
is  uniquely  determined  by  the  values  of  the  terms  amfor  1  ^  m  ^  n,  then  the 
entire  infinite  sequence  {an}  is  well  defined;  that  is,  an  is  uniquely  determined 
for  every  natural  number  n. 

Proof  If  P(n)  is  the  proposition  that  am  is  uniquely  defined  for  m  =  1,2, 
•  •  •  ,  n,  then  P(n)  is  true  by  assumption  for  n  =  1,  2,  •  •  •  ,  k.  Now  let  n  be 
greater  than  or  equal  to  k  and  assume  that  P(n)  is  true.  Then  P(n  +  1) 
must  also  be  true  since  the  value  of  an+1  is  uniquely  determined  by  quantities 
assumed  to  be  well  defined.  By  the  Fundamental  Theorem,  of  Mathematical 
Induction  the  theorem  is  established. 
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Example.  The  Fibonacci  sequence  of  number  theory,  named  after  the  twelfth 
and  thirteenth  century  Italian  mathematician  Leonardo  Fibonacci,  is  defined  as 
follows : 

(1,  if  n  =  1  or  n  =  2, 
(1)  an  =     '  ' 

(«TC_2  +  «n_l5  if  n  >  2. 

The  first  twelve  terms  are  1,  1,  2,  3,  5,  8,  13,  21,  34,  55,  89,  and  144.  For  a  single 
formula  for  an  see  Ex.  19,  §  1010.  For  more  information  on  Fibonacci  and  his 
sequence,  see  H.  Eves,  An  Introduction  to  the  History  of  Mathematics  (New  York, 
Holt,  Rinehart  and  Winston,  1960),  especially  p.  228,  andN.  N.  Vorob'ev,  Fibonacci 
Numbers,  in  the  Blaisdell  Scientific  Paperbacks  series  of  popular  lectures  in  mathe- 
matics translated  from  the  Russian  (New  York,  Blaisdell  Publishing  Co.,  1961). 
(Also  cf.  Ex.  31,  §  318,  Ex.  18,  §  406.) 
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In  the  present  section  we  shall  be  interested  in  only  one  type  of  sequence 
(cf.  §  1204  for  further  discussion  of  sequences). 

Definition.  A  finite  or  infinite  sequence  {an}  of  real  numbers  (or,  more 
generally,  of  members  of  an  ordered  field  &)  is  decreasing^  if  and  only  if  an  ^ 
an+1  for  every  natural  number  n  for  which  an  and  an+1  exist.  A  sequence  {an} 
is  strictly  decreasing  if  and  only  if  an  >  an+1for  every  natural  number  nfor 
which  an  and  an+1  exist. 

Examples.  Of  the  finite  sequence  of  Examples  1,  §313,  the  following  are 
decreasing:  (1),  (2),  (4),  (5);  the  following  are  strictly  decreasing:  (1),  (4).  Of  the 
infinite  sequences  of  Examples  2,  §  313,  (7),  (8),  and  (11)  are  decreasing,  but  only  (7) 
is  strictly  decreasing. 

For  purposes  of  establishing  the  theorem  that  follows,  we  first  prove  the 
lemma : 

Lemma.  If  al9  a2,  •  •  •  ,  ak+1  is  a  strictly  decreasing  sequence  of  k  +  1 
natural  numbers,  then  ax  >  k. 

Proof.  By  Example  1,  §  306,  if  ax  <  k,  then  an  ^  k  for  n  =  1,  2,  •  •  • , 
k  +  1,  and,  furthermore,  the  set  A  ==  {al9  a2,  •  •  •  ,  ak+1}  is  a  finite  set  of  k  +  1 
distinct  points.  However,  if  an  ^  k  for  n  =  1,  2,  •  •  •  ,  k  +  1,  then  A  is  a 
subset  of  the  set  {1,  2,  •  •  • ,  k}  of  natural  numbers  and,  by  Theorem  I,  §  312, 
k  +  1  ^  k.     (Contradiction.) 

The  following  theorem  establishes  the  "intuitively  obvious"  fact  that 
however  "far  out"  in  the  natural  number  system  one  may  start,  any  "descent" 
must  be  finite. 

t  A  decreasing  sequence  is  also  called  a  monotonically  decreasing  sequence,  or  a  non- 
increasing  sequence. 
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Theorem.  There  does  not  exist  an  infinite  strictly  decreasing  sequence  of 
natural  numbers.  Equivalently,  any  strictly  decreasing  sequence  of  natural 
numbers  is  finite. 

Proof.  Assume  that  {an}  is  an  infinite  strictly  decreasing  sequence  of 
natural  numbers,  and  let  k  =  av  Then  al9  a2,  •  •  ■  ,  ak+1  is  a  finite  strictly 
decreasing  sequence  of  natural  numbers,  and  by  the  Lemma,  k  =  a1>  k. 
(Contradiction.) 

317.  SIGMA  SUMMATION   NOTATION 

Assume  that  to  0  and  every  natural  number  n  there  corresponds  a  uniquely 
determined  member  of  the  real  number  system  0t  (or,  more  generally,  a 
member  of  an  arbitrary  field  ^),  denoted  f(n)  (that  is, /is  a  function  on  the 
extended  natural  number  system  into  M — cf.  Ex.  4,  §  308).  The  sigma 
summation  notation  is  defined: 

n 

(1)  2/(*)  =f(m)+f(m  +  1)  +  •••  +/(»), 

k=m 

where  m  is  either  0  or  a  natural  number,  n  is  either  0  or  a  natural  number, 
and  m  ^  n.  (The  sum  (1)  always  exists  since  it  is  the  sum  of  a  finite  number 
of  terms.) 

Properties  of  sigma  summation  notation  are  contained  in  the  theorem: 

Theorem  I.  n  n 

(i)  In  (1),  k  is  a  dummy  variable:  J  f(k)  =  2  /(0- 

k=m  i=m 

(ii)  S  is  additive;  that  is,  iffandg  are  any  two  functions  on  the  extended 
natural  number  system  into  &,  then: 

(2)  i  [/(fc) + g(k)-]  =  i  fit)  +  i  g(k). 

k  =  m  Tc  —  m  k=m 

(Hi)  2  is  homogeneous;  that  is,  if  c  is  any  member  of  3$,  then: 

(3)  |c/(k)  =  c'i/(fe). 

k—  m  k  —  m 

(iv)  If  fin)  =  \  for  every  n: 

(4)  2  1  =  n  r-  m  -f-  1. 

Proof  (/) :  For  a  given  function/,  the  result  of  the  addition  in  (1)  depends 
only  on  the  values  of  m  and  n.  (ii) :  This  is  true  by  the  general  associative 
and  commutative  laws  (§  305),  since  the  two  members  of  (2)  are  simply  two 
groupings  of  the  same  total  set  of  terms.  (Hi) :  This  follows  from  the  general 
distributive  law  (§  305).     (iv):  The  left-hand  member  is  the  number  of  terms 
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of  the  sum  (1).  If  m  =  0  this  is  n  +  1.  If  m  =  1,  this  is  «.  If  m  ^  2,  the 
number  of  terms  in  (1)  is  the  number  of  natural  numbers  in  1,  2,  •  •  • ,  n 
minus  the  number  of  natural  numbers  in  1,  2,  •  •  •  ,  m  —  1 ;  in  other  words, 
n  —  (m  —  1)  =  n  —  m  +  1.  (Cf.  Theorem  I,  §  314,  for  the  sum  of  an 
arithmetic  sequence  with  common  difference  equal  to  0.) 

A  useful  summation  formula  is  given  in  the  theorem : 
Theorem  II.     If  n  is  any  natural  number, 

(5)  2  [/(fe)  -  f(k  -  1)]  =  f(n)  -  /(0). 

Proof.  Let  P(n)  be  the  statement  of  the  theorem.  Then  P(l)  is  a  triviality. 
Assuming  that  P(n)  is  true  for  a  given  natural  number,  we  wish  to  show  that 
P(n  +  1)  is  also  true.  We  write  out  the  left-hand  member  of  (5)  for  the  case 
n  +  1»  as  follows: 

(6)  l\f(k)  -  f(k  -  1)]  =  f  [/(*)  -  f(k  -  1)]  +  [/(«  +  1)  -  /(*)], 
k=i  fc=i 

By  the  induction  assumption  that  i^)  is  true,  the  sum  on  the  right  of  (6)  can 
be  replaced  by  the  right-hand  member  of  (5),  so  that  (6)  reduces  to  [f(n)  — 
/(0)]  +  [/"("  +  1)  —fin)]  =f(n  +  1)  -/(0),  as  desired.  By  the  Funda- 
mental Theorem  of  Mathematical  Induction  the  proof  is  complete. 

The  following  examples  illustrate  some  of  the  uses  of  the  preceding 
theorems.  The  word  derive  is  used  in  the  sense  of  discover,  that  is,  obtain 
without  advance  knowledge. 

Example  1.     Derive  the  formula 

(7)  1  +  2  +  .  .  -  +  h  =  \n{n  +  1). 
Solution.    If/00  =  n2,  formula  (5)  becomes 

n  n 

2  [k2  -{k-  l)2]  =  2  (2*  -  1)  =  n2. 

k=l  k=l 

By  Theorem  I,  this  can  be  rewritten  as 

n  n  n  n 

2  (2k)  +  2  (-D  =  2  5>  +  (-1)  2  1  =  "\ 

k=l  k=l  k=l  k=l 

or  2(1  +  2  +  •••+«)—  «  =  «2,  and  (7)  follows.     Since  the  left-hand  member  of 

(7)  is  the  sum  of  n  terms  of  an  arithmetic  sequence,  the  result  can  also  be  obtained 
from  formula  (10),  §  314. 

Example  2.    Derive  the  formula 

(8)  l2  +  22  +  •  •  •  +  n2  =  \n{n  +  l)(2/z  +  1). 
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Solution.     Let/(«)  =  n3.     Then,  by  formula  (5), 

n  n 

2  [*8  -  {k  -  l)3]  =  2  [3*2  -  3*  +  1]  -  «3, 

A;  =  l  k  =  \ 

and  hence,  by  Theorem  I,  and  equation  (7) : 

3  2  A:2  -  3(in(n  +!))  +  «=  «s, 
&  =  i 

and  the  left-hand  member  of  (8)  is  equal  to 

i[2«3  -  In  +  3«(«  +  1)]  =  J»(»  +  1)(2«  +  1). 

Example  3.     Derive  the  formula  of  Example  1,  §  307: 

(9)  l2  +  32  +  •  •  •  +  (2/i  -  l)2  =  J/2(4«2  -  1). 

Solution.    The  left-hand  member  of  (9)  can  be  written 

n  n  n  n  k 

2  (2k  -  l)2  =  2  C4^2  -4Ul)=4^2-4lU  Jl, 

jfc  =  l  &  =  1  A  =  l  A;  =  l  k  =  l 

and  therefore,  by  (4),  (7),  and  (8),  is  equal  to 

\n(n  +  l)(2n  +  1)  -  2/i(/i  +  1)  +  n  =  J«[4«2  +  6n  +  2  -  6/i  -  6  +  3]. 
This  is  the  right-hand  member  of  (9). 

318.  EXERCISES 

In  Exercises  1-2,  find  the  sum  of  the  given  finite  arithmetic  sequence. 

1.  18  +  30  +  42  +  •  •  •  +  1818. 

2.  6  +  10  +  14  +  •  •  •  +  (4/i  +  2). 

In  Exercises  3-4,  find  the  sum  of  the  given  finite  geometric  sequence. 

3.  2187  +  729  +  243  +  •  •  •  +  1  +  1/3. 

4.  1  +  2  +  4  +  •  •  •  +  2n-\ 

5.  Establish  a  one-to-one  correspondence  between  the  natural  numbers  and  the 
even  natural  numbers,  that  is,  those  of  the  form  2n  where  n  is  a  natural  number,  and 
prove  that  your  correspondence  is  one-to-one. 

6.  Establish  a  one-to-one  correspondence  between  the  natural  numbers  and 
those  natural  numbers  that  belong  to  the  range  of  the  factorial  function  (cf.  Example 
4,  §  310),  and  prove  that  your  correspondence  is  one-to-one. 

In  Exercises  7-12,  use  the  methods  of  §  317  to  derive  the  formula  of  the  specified 
exercise  of  §  308. 

7.  Ex.  13.  8.  Ex.  14.  9.  Ex.  15. 

10.  Ex.  16.  11.  Ex.  17.  12.  Ex.  18. 

In  Exercises  13-18,  use  the  methods  of  §  317  to  derive  a  formula  for  the  given 
sum. 

13.  22  +  52  +  82  +-*■•■  +  (3/i  -  l)2. 
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14.  I3  +  33  +  53  +  •  •  •  +  (2/i  -  l)3. 

15.  1  •  2  +  2  •  3  +  3  •  4  +  •  ■  •  +  n(n  +  1).     (Cf.  Ex.  28.) 

16.  I2  •  2  +  22  •  3  +  32  •  4  +  •  •  •  +  /z2(/z  +  1). 

17.  1  •  22  +  2  •  32  4-  3  •  42  +  •  •  •  +  n(n  +  l)2. 

18.  I2  •  22  +  22  •  32  +  32  •  42  +  •  •  •  +  n\n  +  l)2. 

19.  Let  {mn}  =  mlf  ra2,  •  ■  * ,  mn,  •  •  •  be  a  strictly  increasing  sequence  of  natural 
numbers,  that  is,  mn+1  >  mn  for  every  natural  number  n.  Prove  that  mn  >  n  for 
every  natural  number  n. 

20.  Use  mathematical  induction  to  prove  that  nn  >  n\  for  every  natural  number/7. 
(Cf.  Example  4,  §  310.) 

21.  Use  mathematical  induction  to  prove  that  n\  >  2n  for  n  >  3.  (Cf.  Exs.  22, 
23.) 

22.  Use  mathematical  induction  to  prove  that  if  m  and  TV  are  natural  numbers 
such  that  TV  >  m  and  TV!  >  mN  then  the  inequality  n  >  TV  implies  n\  >  mn.  (Cf. 
Exs.  21,  23.) 

23.  If  m  is  a  natural  number,  prove  that  there  exists  a  natural  number  TV  such  that 
N  ^  m  and  TV!  >  mN .    Hint:  Let  TV  =  (2m)2™.     Then  (Example  2,  §  307)  2N  >  TV 

and      TV!  =  (1  •  2 2m)[(2w  +  l)(2m  +  2) TV]  >  (2m)N-2m  >  mN.     (Cf. 

Exs.  21,  22.) 

24.  If  A  and  B  are  finite  sets,  prove  that  the  union  A  u  B  of  the  two  sets,  defined 
to  be  the  set  of  all  points/?  such  that/?  e  A  or p  e  B  (or  both),  is  finite.  Hint:  Let  C 
be  the  set  of  all  points  of  B  that  are  not  points  of  A.  Then  A  u  C  =  A  u  B,  and  A 
and  C  have  no  point  in  common.  If  A  has  m  points  and  C  has  /z  points  consider  the 
two  sets  of  natural  numbers:  {1,  2,  •  •  • ,  m)  and  {m  + ■  1,  m  +  2,  •  •  • ,  m  +  «}. 

25.  If  /z  and  r  are  any  two  numbers  each  of  which  is  either  0  or  a  natural  number 
and  if  r  ^  n,  then  the  corresponding  binomial  coefficient  (cf.  Exs.  26,  27)  is  defined: 

fn\  n\ 

(1) 


rj       {n  —  r)\  r\ ' 
where  the  factorial  symbol  is  defined  in  Example  4,  §  310.     Prove  that  if  1  <r^n: 

n'H-,R) 

This  is  the  famous  law  of  Pascal's  triangle,  after  B.  Pascal  (1623-1662,  French),  (cf. 
any  good  College  Algebra  text),  which  states  that  if  the  binomial  coefficients  are 

arranged  in  a  triangular  pattern,  with  II  =  1  at  the  top  vertex,  with  |    I  =  1  and 

I   =  1  on  the  next  row,  and  so  forth,  thus : 

1 
1  1 

1  2  1 

13  3  1 

14  6  4  1 
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then  every  entry  of  every  row,  except  for  the  extreme  l's,  is  equal  to  the  sum  of  the 
two  entries  nearest  to  it  in  the  preceding  row  (the  row  immediately  above). 

26.  Prove  that  every  binomial  coefficient  (1)  is  a  natural  number.     (Cf.  Exs.  25, 
27.) 

27.  Prove  the  Binomial  Theorem,  where  x  and  y  are  arbitrary  real  numbers  (or, 
more  generally,  members  of  an  arbitrary  field)  and  n  is  a  natural  number : 

(3)      (x  +  y)n  =  \V\xn  +  ( j)*n-1j'  +  •  •  •  +  (n)xn~Y  +  •  •  •  +  ( J/1. 


Hint:  Use  mathematical  induction,  multiplying  (3)  by  {x  +  y)  and  using  (2). 

28.  Show  that  the  formula  of  Exercise  1 5  can  be  expressed : 

(Cf.  Exs.  25-27.) 

29.  If  m  is  a  fixed  but  arbitrary  natural  number,  show  that  the  sum 


In  +  1\        in  +  2\ 
+  "-  +  (    2    )-(    3    ) 


2  &*»  =  r  +  2m  +  3m  +  •  •  •  +  ri> 

k  =  \ 

can  be  written  in  the  form 


+  amnm  +  am_xnm  1  +  •  •  •  +  a2n2  +  tf^  +  #c 


for  every  natural  number  n.     (Cf.  Exs.  11-15,  §  308.)     Hint:   Use  the  method  of 
§  317,  with  induction  on  m,  with  the  aid  of  the  binomial  theorem  (Ex.  27). 

30.  Prove  the  pigeon-hole  principle:  Let  xl9  x2,  •  •  ■  ,  xm  be  any  m  points,  let 
A±,  A2,  '  •  •  ,  An  be  any  «  sets,  and  assume  that  for  eachy  =  1,  2,  •  •  •  ,  m  the  state- 
ment Xj  e  Ak  is  true  for  at  least  one  k  =  1,  2,  -  •'  • ,  n;  then,  if  n  <  m  there  must 
exist  two  jt's  with  distinct  subscripts  that  belong  to  the  same  Ak;  that  is,  there  must 
exist  natural  numbers  /,  j,  and  k  such  that  1  ^  /  ^  m,  1  ^j^m,  1  ^  k  ^  n, 
i  ¥"  j,  x{  G  y4fc,  and  x;  G  ^7c.  This  is  named  as  it  is  since,  in  the  special  case  that  the 
x's  are  m  distinct  objects  and  no  two  of  the  A's  have  a  point  in  common,  the  A's  can 
be  thought  of  as  representing  containers  or  "pigeon  holes"  for  these  objects.  If  the 
objects  are  placed  individually  into  the  pigeon-holes  and  there  are  too  few  pigeon- 
holes to  "go  around,"  then  at  least  two  of  the  objects  must  find  themselves  in  the 
same  pigeon-hole. 

31.  If  {an}  is  the  Fibonacci  sequence  of  the  Example,  §  315,  prove  that  an  <  2n_1 
for  every  n  >  1 . 

32.  Let  {an}  and  {bn}  be  two  sequences  of  natural  numbers  defined  inductively : 
ax  =  1,  bx  =  1;  for  n  >  \,  an  =  an_Y  +  bn_ly  bn  =  anbn_x.  Prove  that  these 
sequences  are  well  defined,  and  that  an  <  22"~2  for  n  >  1,  and  bn  ^  22"  1_1  for 
allw. 


Composite  and  Prime  Numbers 


)HHMIMttt>MMIMHtmHHHtH»HttHHHmHMmHHHtmHtHMHHMmtHMHIttMHtHt4Mt 


401.  DIVISORS  AND  MULTIPLES 

Definition  I.  A  natural  number  m  divides  a  natural  number  k  (in  symbols: 
m  |  A:)  if  and  only  if  there  exists  a  natural  number  n  such  that  k  =  mn.  Ifm  I  k, 
m  is  called  a  divisor  or  factor  ofk,  and  k  is  called  a  multiple  ofm.  A  natural 
number  k  is  called  composite  if  and  only  if  there  exist  natural  numbers  m  and  n 
such  that  m  >  1,  n  >  1,  and  k  =  mn.  A  natural  number  p  is  prime  (or  a 
prime)  if  and  only  ifp  >  1  and  p  is  not  composite. 

Examples.  Every  natural  number  n  is  a  divisor  of  itself,  n  \  n,  since  there  exists 
the  natural  number  1  such  that  n  =  n  •  1 .  Similarly,  1  is  a  divisor  of  every  natural 
number  n,  1  |  n,  since  n  =  1  •  n.  The  following  numbers  are  composite:  4,  6,  100, 
and  1001.     The  following  numbers  are  prime:  2,  3,  5,  7,  11,  13,  and  101. 

Theorem  I.  Let  k,  m,  and  n  denote  natural  numbers.  If  k\m  and  if m\n 
then  k\n.  If k\m  then  k  |  mn.  If  k\m  and  if  k\n  then  k  |  (m  +  n).  If 
k  |  m,  if  k  |  n,  and  ifm  <  n  then  k  \(n  —  m).  If  k  |  m  then  k  ^  m.  Ifk  I  m 
and  m  \  k,  then  k  =  m.     If  k\m  and  if  k  and  m  are  prime,  then  k  —  m. 

Proof.  If  k  |  m  and  m  \  n,  there  exist  natural  numbers  a  and  b  such  that 
m  =  ak  and  n  —  bm  =  b(ak)  —  (ba)k,  so  that  k  \  n.  If  k  |  m  there  exists  a 
natural  number  a  such  that  m  =  ak,  so  that  mn  =  (ak)n  =  (an)k,  so  that 
k  |  mn.  If  k  |  m  and  k  |  n  there  exist  natural  numbers  a  and  b  such  that 
m  =  ak  and  n  =  bk,  so  that  m  +  n  =  (a  +  b)k,  and  k  \  (m  -f  «).  If,  in 
addition,  m  <  n,  then  n  —  m  =  bk  —  ak  =  (b  ~  a)k  is  positive,  so  that 
6  —  a  >  0  (cf.  §  203),  and  hence  b  >  a.  Therefore  b  —  a  is  a  natural 
number  (V,  §  304),  and  k  \  (n  —  m).  If  k  |  m  there  exists  a  natural  number 
a  such  that  m  =  ak.  Since  a  ^  I,  m  =  ak  ^  I  -  k  =  k  (cf.  Ex.  6,  §  204). 
If  A:  |  m  and  m  |  /:,  then  k  <  m  ^k  k,  and  hence  k  =  m.  Finally,  if  /:  |  m  and 
if  A:  and  m  are  prime,  1  <  k  <  m,  and  m  =  nk  for  some  natural  number  n; 
but  if  «  were  greater  than  1,  m  would  be  composite;    therefore  n  =  1  and 

k  =  m. 

■ 

The  next  two  theorems  establish  the  existence  of  prime  divisors. 

48 
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Theorem  II.  Every  natural  number  greater  than  1  has  a  least  (or  smallest) 
divisor  greater  than  1 .     This  least  divisor  is  prime. 

Proof.  Let  n  be  a  natural  number  greater  than  1,  and  let  A  be  the  set  of  all 
natural  numbers  greater  than  1  that  are  divisors  of  n.  Since  n  is  a  member 
of  A,* A  is  not  empty.  By  the  well-ordering  principle  (VII,  §  304),  A  has  a 
least  member  p.  To  show  that  p  is  prime,  assume  that  it  is  composite: 
p  =  ab,  where  a  and  b  are  natural  numbers  greater  than  1 .  Then,  by  Theorem 
I,  since  a\  p,  a\n.  Furthermore,  also  by  Theorem  I,  a  ^  p,  and  if  a  were 
equal  to  p,  b  would  be  equal  to  1,  contrary  to  assumption.  Therefore 
1  <  a  <  /?,  and  a  is  a  member  of  the  set  A  less  than  its  least  member.  With 
this  contradiction  the  proof  is  complete. 

An  immediate  corollary  is  the  theorem : 

Theorem  III.  Every  natural  number  greater  than  1  has  at  least  one  prime 
divisor. 

Theorem  III  puts  us  in  position  to  reproduce  a  proof  of  the  infinitude  of 
the  primes,  attributed  to  Euclid  (3657-275?  B.C.): 

Theorem  IV.     There  are  infinitely  many  prime  numbers. 

Proof.  Assume  there  are  only  finitely  many  distinct  primes:  pl9p2,  '  '  , 
pn.  Let  q  designate  their  product:  q  =  pxp2  ■  ■  •  pn,  and  let  r  =  q  +  1.  By 
the  Corollary  to  Theorem  II,  the  natural  number  r  has  a  prime  divisor  /?, 
which  by  assumption  must  be  one  of  the  finite  set  plt p2,  -  ■  -  ,pn:p  =  pk, 
where  1  ^  k  ^  n.  We  now  have,  simultaneously,  p  |  r  and  p  |  q  (since 
p  =  pk  is  one  of  the  factors  of  q),  and  therefore,  by  Theorem  I,  p  |  (r  —  q). 
But  this  means  that  p\\,  which  is  impossible  by  Theorem  I  since  p  >  1. 

We  conclude  this  section  with  a  fundamental  fact  about  the  factorability 
of  natural  numbers  into  products  of  primes : 

Theorem  V.  Every  natural  number  greater  than  1  is  a  product  of  a  finite 
number  of  primes  (finite  repetitions  being  permitted).  That  is,  ifn  is  a  natural 
number  such  that  n  >  1,  then  there  exist  prime  numbers  pt,  p2,  •  •  •  ,pm,  where 
m  ^  1,  such  that  n  =  pxp2  •  •  •  pm. 

Proof.  Let  A  be  the  set  of  all  divisors  a  of  the  natural  number  n  (n  >  1) 
that  have  the  form  of  a  product  of  primes:  a  =  pxp2  •  •  •  pm  (m  ^  1).  By 
Theorem  III,  A  is  nonempty.  Since  1  ^  a  ^  n  for  every  member  a  of  A,  A  is 
finite  and  has  a  greatest  member  k  (Example  4,  §  306).  We  wish  to  show 
that  k  =  n.  Assume  k  <  n.  Then,  since  k  |  n,  there  exists  a  natural 
number  q  greater  than  1  such  that  n  =  kq.  Let  /?bea  prime  divisor  of  q, 
so  that  q  =  pr.  Then  n  =  k(pr)  =  (kp)r,  and  kp  is  a  product  of  primes  and 
a  divisor  of  «.  That  is,  kp  is  a  member  of  A.  But  since  p  >  \,  kp  >  k, 
where  k  is  the  greatest  member  of  A.  With  this  contradiction  the  proof  is 
complete. 
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402.  LOWEST  TERMS 

Definition.  Two  natural  numbers  are  relatively  prime  if  and  only  if  the 
only  natural  number  that  divides  both  of  them  is  unity;  that  is,  if  and  only  if 
they  have  no  common  divisor  greater  than  1.  A  fraction  a/b,  where  the 
numerator  a  and  the  denominator  b  are  natural  numbers,  is  in  lowest  terms,  if 
and  only  if  a  and  b  are  relatively  prime. 

A  convenient  criterion  for  relative  primeness  is  the  following: 

Theorem  I.  Two  natural  numbers  are  relatively  prime  if  and  only  if  they 
have  no  common  prime  divisor. 

Proof.  If  two  numbers  a  and  b  have  a  common  divisor  d  greater  than  1 , 
let/?  be  a  prime  divisor  of  d (Theorem  III,  §  401);  then/?  is  a  common  prime 
divisor  of  a  and  b.  On  the  other  hand,  any  common  prime  divisor  of  a  and 
b  is  a  common  divisor  greater  than  1. 

An  important  fact  concerning  fractions  is  that  they  can  be  reduced  to 
lowest  terms. 

Theorem  II.  Any  given  fraction  whose  numerator  and  denominator  are 
natural  numbers  is  equal  to  a  fraction  in  lowest  terms.  That  is,  if  a  and  b  are 
natural  numbers  there  exist  relatively  prime  natural  numbers  c  and  d  such  that 
a/b  =  c\d. 

Proof.  Let  P{n)  be  the  proposition  that  the  theorem  is  true  whenever 
a  ^  n  and  b  ^  n.  Then  P{\)  is  trivial.  Assuming  the  truth  of  P(n),  for  a 
specific  natural  number  n,  we  shall  seek  a  fraction  cjd  in  lowest  terms  equal 
to  a  given  fraction  a/b,  where  a  ^  n  -f  1  and  b  ^  n  +  1 .  If  a  and  b  are 
relatively  prime,  let  c  =  a  and  d  =  b.  Otherwise,  by  Theorem  I,  there 
exists  a  common  prime  divisor  p  of  a  and  b.  If  a  =  rp  and  b  =  qp,  we  can 
write  the  fraction  a/b  =  rpjqp  in  the  reduced  form  rjq.  Since  rp  =  a  <  n  + 
1  ^  n  +  n  =  2n  ^  pn  it  follows  that  r  <  n.  Similarly,  q  <  n.  Therefore, 
by  the  induction  assumption  that  P(n)  is  true,  the  fraction  rjq  is  equal  to  a 
fraction  cjd  in  lowest  terms.  Finally,  since  a/b  =  rjq  =  cjd,  an  application 
of  the  Fundamental  Theorem  of  Mathematical  Induction  completes  the 
proof. 

Note.  We  have  not  yet  proved  that  the  reduction  of  a  fraction  to  lowest  terms 
produces  a  unique  result.  The  uniqueness  of  a  fraction  in  lowest  terms  requires 
more  substantial  machinery  than  we  have  at  our  disposal  presently,  and  is  estab- 
lished in  Theorem  V,  §  404.  In  §  1009  an  example  of  a  number  system  is  given 
where  there  exist  fractions  in  lowest  terms  that  are  not  unique. 

403.  THE  FUNDAMENTAL  THEOREM  OF  EUCLID 

Our  first  step  in  this  section  is  to  show  that  the  set  of  natural  numbers  has 
what  is  known  as  the  Archimedean  property.     It  will  be  shown  later  (§  903) 
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that  the  real  number  system  is  also  Archimedean.     (Also,  cf.  the  Note,  §  501, 
Ex.  8,  §506,  and  §713.) 

Theorem  I.  Archimedean  Property.  If  a  and  b  are  natural  numbers  there 
exists  a  natural  number  n  such  that  na  >  b. 

Proof    Let  n  =  b  +  1.    Then  na  =  a(b  +  1)  =  ab  +  a  >  ab  ^  b. 

Theorem  II.  Fundamental  Theorem  of  Euclid.  If  a  and  b  are  natural 
numbers  there  exist  unique  numbers  n  andr,  each  of  which  is  either  0  or  a  natural 
number,  such  that 

(1)  r<a 
and 

(2)  b  =  na  +  r. 

Proof  For  existence,  let  m  be  the  least  natural  number  such  that  ma  >  b 
(this  exists,  by  Theorem  I  and  the  Well-Ordering  Principle,  VII,  §  304). 
Ifn^m—1,  then  n  is  either  0  or  a  natural  number.  If  n  =  0,  then  m  =  1 
and  a  >  b,  so  that  if  r  is  taken  to  be  equal  to  b,  r  will  satisfy  both  (1)  and  (2). 
If  n  7^  0,  then  n  is  a  natural  number  so  that  (by  the  definition  of  m  as  the 
least  natural  number  such  that  ma  >  b)  na  <  b.  If  na  =  b,  let  r  be  0.  If 
na  <  b,  let  r  be  the  natural  number  r  =  b  —  na.  Then  r  satisfies  equation 
(2).  The  inequality  (1)  follows  from  the  fact  that  ma  >  b:  (n  +  \)a  = 
na  +  a  >  b,  and  hence  r  =  b  —  na  <  a. 

For  uniqueness,  assume  b  =  nxa  +  rt  =  n2a  +  r2,  where  nx,  n2,  rl9  and  r2 
are  numbers  each  of  which  is  either  0  or  a  natural  number,  and  where  rx  <  a 
and  r2  <  a.  If  r±  =  r2,  then  the  equality  nxa  +  rx  =  n2a  +  r2  implies  the 
equality  nxa  =  n2a,  and  hence  nx  =  n2,  and  uniqueness  is  proved.  Assume, 
therefore,  that  r±  and  r2  are  not  equal,  and  adjust  the  notation  so  that  r3  <  r2. 
Then,  by  subtraction,  we  infer,  from  the  equality  n±a  +  rx  =  n2a  +  r2,  that 

(3)  n±a  —  n2a  =  r2  —  rv 

The  inequalities  0  ^  rx  <  r2  <  a  imply  that  0  <  r2  —  rx  <  r2  <  a,  and 
hence  that  0  <  (nx  —  n2)a  <  a.  But  this  means  that  n±  —  n2  is  a  natural 
number  less  than  1,  and  the  desired  contradiction  has  been  obtained. 

Note  1 .  The  number  r  of  Theorem  II  is  called  the  remainder  when  b  is  divided 
by  a.  The  number  n  is  called  the  quotient,  and  b  and  a  are  called  the  dividend  and 
the  divisor,  respectively.  The  word  quotient,  therefore,  has  two  distinct  and 
contradictory  definitions,  that  of  §  102  and  the  present  one.  The  context  should  in 
all  cases  dispel  any  possible  misinterpretation.  For  definiteness,  in  this  book  (unless 
explicit  statement  to  the  contrary  is  made)  the  single  word  quotient  should  be  inter- 
preted to  mean  a  ratio,  as  defined  in  §  102. 

Note  2.  If  a  =  2,  the  Fundamental  Theorem  of  Euclid  states  that  any  natural 
number  b  has  either  the  form  b  =  In  or  the  form  b  =  2w  +  1 ,  where  n  is  either  0  or  a 
natural  number.  If  b  has  the  form  In  it  is  called  even,  and  if  b  hasthe  form  In  +  1 
it  is  called  odd. 
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404.  DIVISIBILITY  OF  PRODUCTS 

The  Fundamental  Theorem  of  Euclid  (§  403)  provides  a  useful  piece  of 
machinery  for  obtaining  a  number  of  interesting  results  concerning  the 
divisibility  of  a  product  of  natural  numbers  by  a  prime.  Basic  to  these  is 
the  theorem : 

Theorem  I.  A  prime  number  p  cannot  be  a  divisor  of  the  product  of  two 
natural  numbers  a  and  b  each  of  which  is  less  than  p. 

Proof  Assume  that/?  is  a  prime  divisor  of  ab,  where  a  and  b  are  natural 
numbers  such  that  a  <  p  and  b  <  p.  Let  c  be  the  least  natural  number 
such  that  p  |  ac.  Then  1  <  c  ^  b  <  p.  Let  n  and  r  be  natural  numbers, 
according  to  the  Fundamental  Theorem  of  Euclid  (§  403),  such  that  p  = 
nc  +  r,  where  0  <  r  <  c  (neither  n  nor  r  can  vanish  since  1  <  c  <  p  and  p 
is  prime).  Then  ar  =  ap  —  n(ac),  which  is  divisible  by  p.  In  other  words, 
r  is  a  natural  number  less  than  c  such  that/?  |  ar,  whereas  c  was  assumed  to  be 
the  least  such  natural  number !     With  this  contradiction  the  proof  is  complete. 

Theorem  II.  If  p  is  a  prime  number,  if  a  and  b  are  natural  numbers,  and  if 
p  |  ab,  then  p  |  a  or  p  |  b  (or  both). 

Proof  Let  a  —  mp  +  r  and  b  =  np  +  s,  where  m,  n,  r,  and  s  are  numbers 
each  of  which  is  either  0  or  a  natural  number,  and  r  <  p  and  s  <  p.  Assume 
that  /?  |  ab  and  that  neither  r  nor  s  is  equal  to  0.  Then,  since  ab  =  (mnp  + 
ms  +  nr)p  +  rs  it  follows  that  /?  |  rs.  But  this  contradicts  Theorem  I. 
Therefore,  if  /?  |  ab  it  must  follow  that  either  r  =  0  or  s  =  0.  If  r  =  0  then 
p  |  a,  and  if  s  =  0  then  /?  |  b,  and  the  proof  is  complete. 

The  following  theorem  extends  the  preceding  result  to  an  arbitrary  number 
of  factors : 

Theorem  III.  A  prime  number  p  that  divides  the  product  of  n  natural 
numbers  must  divide  at  least  one  of  the  n  factors. 

Proof.  Let  P(n)  be  the  statement  of  the  theorem  for  the  natural  number  n. 
P(l)  is  trivial  and  P(2)  is  Theorem  II.  Assuming  P(n),  for  a  fixed  n,  we  wish 
to  prove  P(n  +1)-  Assume,  therefore,  that  /?  |  a±a2  •  •  •  anan+1.  Then 
either  /?  |  axa2  •  •  •  an  or  p  |  an+1,  by  Theorem  II,  since  the  product  of  the 
n  +  1  factors  can  be  written  as  the  product  of  two  factors :  (a±a2  '  *  *  an)  and 
(an+1).  If/?  |  a±a2  •  •  •  an,  then  by  the  induction  assumption/?  divides  at  least 
one  ak,  1  ^  k  ^  n.     On  the  other  hand,  if/?  |  an+1  there  is  no  more  to  prove. 

We  now  extend  Theorem  II  in  another  direction,  by  removing  the  restric- 
tion that  the  divisor  /?  be  prime : 

Theorem  IV.  If  a,  b,  and  c  are  natural  numbers,  if  c  and  a  are  relatively 
prime,  and  if  c  |  ab,  then  c  |  b. 

Proof.  Since  the  statement  is  trivial  for  c  =  1  we  assume  henceforth  that 
c  >  1,  and  obtain  a  proof  by  induction  on  the  number  of  prime  factors  in  a 
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possible  factorization  of  c.  That  is,  let  P(n)  be  the  proposition  that  the 
theorem  is  true  whenever  c  can  be  represented  as  a  product  of  n  primes  (cf. 
Theorem  V,  §  401).  In  the  first  place,  P{\)  is  true  by  Theorem  II,  since  in 
this  case  c  is  a  prime  and  c  does  not  divide  a.  Assume  that  P(n)  is  true  for  a 
certain  natural  number  n,  and  let  c  be  a  product  of  n  +  1  prime  factors: 
c  =  p±p2  •  •  •  pn+1.  Assuming  that  a  and  c  have  no  common  prime  divisors 
and  that  c  |  ab  (that  is,  ab  =  cm  for  some  natural  number  m),  we  infer  that 
pn+1  is  a  divisor  of  ab  and  not  of  a,  and  hence  pn+1 1  b.  Let  c  =  /^  •  •  *  pni 
so  that  c  =  cfpn+1,  and  let  6  =  b'pn+1.  Then  c'  and  a  are  relatively  prime, 
c'  |  ab'  (since  #Z/  =  c'm),  and  c'  is  a  product  of  n  primes.  Hence,  by  the 
induction  hypothesis,  c'  |  b' .  But  this  means  that  there  exists  a  natural 
number  d  such  that  b'  =  c'd.  Multiplying  both  members  by  pn+1  gives 
b  =  cd,  and  hence  c  |  b,  as  desired.  Since  every  natural  number  greater  than 
1  can  be  represented  as  a  product  of  n  primes  for  some  natural  number  n 
(Theorem  V,  §  401),  an  application  of  the  Fundamental  Theorem  of  Mathe- 
matical Induction  completes  the  proof. 

Theorem  IV  enables  us  to  prove  that  the  result  of  reducing  a  fraction  to 
lowest  terms  is  unique. 

Theorem  V.  If ajb  and  cjd,  where  a,  b,  c,  and  d  are  natural  numbers,  are 
fractions  in  lowest  terms,  and  if  ajb  =  c/d,  then  a  =  c  and  b  =  d. 

Proof  From  the  equation  ajb  =  c/d  we  obtain  the  equation  ad  =  be, 
and  hence  a  |  be  and  c  |  ad.  From  Theorem  IV,  since  a  and  b  are  relatively 
prime  we  infer  that  a  |  c,  and  since  c  and  d  are  relatively  prime  we  infer  c  |  a. 
Therefore  a  =  c,  and  hence,  from  ad  =  be,  b  =  d. 

405.   UNIQUE  FACTORIZATION  THEOREM 

The  theorem  of  this  section,  which  was  given  in  Euclid's  Elements,  is  so 
basic  to  all  of  arithmetic  and  number  theory  that  it  is  often  called  the  Funda- 
mental Theorem  of  Arithmetic.  It  is  a  uniqueness  theorem  for  the  representa- 
tion of  a  natural  number  greater  than  1  as  a  product  of  primes,  guaranteed  to 
exist  by  Theorem  V,  §  401.  (Also  cf.  §  707.)  For  an  example  of  a  number 
system  where  unique  factorization  fails,  see  §  1009.  For  further  discussion 
of  this  topic,  see  G.  Birkhoff  and  S.  MacLane,  A  Survey  of  Modern  Algebra 
(New  York,  The  Macmillan  Company,  1953),  pp.  21,  75,  416,  425. 

Theorem.  Unique  Factorization  Theorem.  The  representation  of  a 
natural  number  greater  than  1  as  a  product  of  primes  is  unique  except  for  the  order 
of  the  factors.  If  the  prime  factors  are  arranged  according  to  their  order  relation- 
ship (cf.  Example  8,  §310)  the  representation  is  unique.  In  other  words,  if 
PnPfr  '  '  '  ■>  Pr  andqx,  q2,  ■  ■  •  ,  qs  are  prime  numbers,  ifpx  %  p2  ^  •  *  *  ^  pr  and 
#i  ^  q2^  •  '  '  ^  4*>  and  tf 

(1)  P1P2'  '  7r  =  M2""^ 

then  r  =  s  and  pk  =  qkfor  1  ^  k  ^  r  =  s. 
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Proof.  Let  P{ri)  be  the  statement  of  the  last  sentence  of  the  Theorem,  with 
the  added  conditions  that  r  ^  n  and  s  ^  n.  Then  P{\)  is  a  triviality.  For 
n  =  2,  equation  (1)  can  take  only  the  following  four  forms :  px  =  ql9p!p2  =  q±, 
Pi  =  <7i#2>  anc*  P1P2  =  <7i#2-  The  first  of  these  is  one  of  the  two  alternatives 
sought,  and  the  next  two  are  impossible  since  no  prime  is  composite.  This 
brings  us  to  the  equation  p^p2  =  q±q2,  which  we  now  assume  to  be  true.  By 
Theorem  II,  §  404,  since  p2  \  q^q2,  either  p2  |  q±  or  p2  |  q2,  or  both.  Therefore 
either  p2  ^  q1  or  p2  ^  q2,  or  both,  and  since  qx  ^  q2,  it  follows  that  in  any 
case  p2  <  q2.  By  similar  reasoning  we  find  q2  ^  p2,  and  hence  p2  =  q2. 
Consequently  p±  =  ql9  and  P(2)  is  proved.  We  now  assume  P(n)  to  be  true 
for  a  certain  natural  number  n,  and  seek  the  establishment  of  P(n  +  1)- 
Accordingly,  assume  an  equation  of  the  form  (1)  to  be  true,  where  r  ^  n  +  1 
and  s  ^  n  +  1.  Since  pr  is  a  divisor  of  the  right-hand  member  of  (1), 
pr  I  qk  for  some  k  where  1  <  k  ^  s,  by  Theorem  III,  §  404.  Since  pr  <  qk 
and  qk  ^  qs  we  have/?r  ^  qs.  By  a  similar  process,  qs  <  pr  and  we  infer  that 
pr  =  qs.  Dividing  both  members  of  (1)  by  pr  =  qs,  we  have  the  equality 
P1P2 '  '  '  Pr-i  =  M2  *  '  '  q*-i-  ^y  ^e  induction  assumption,  since  r  —  \  <  n 
and  s  —  1  ^  n,  we  conclude  that  r  —  1  =  s  —  1  (and  hence  r  =  s),  and  that 
Pk  =  qk  f°r  1  =  ^  =  r  —  1  (an<i  hence  for  1  ^  A;  ^  r).  With  this,  and  an 
application  of  the  Fundamental  Theorem  of  Mathematical  Induction,  the 
proof  is  complete. 


406.  EXERCISES 

1.  Prove  that  there  is  exactly  one  even  prime  number. 

2.  Let  n  be  a  natural  number.  Prove  that  n2  is  even  if  and  only  if  n  is  even. 
Prove  that  n2  is  odd  if  and  only  if  n  is  odd. 

3.  Prove  that  a  natural  number  n  is  prime  if  and  only  if  its  only  prime  factor  is  n. 

'    4.  Prove  that  in  determining  whether  a  natural  number  n  is  prime  the  only 

divisibility  tests  that  need  be  made  are  those  of  the  divisibility  of  n  by  the  primes  2,  3, 

5,7,  •  •  •  ,p,  where p2  ^  n  and  (p  +  l)2  >  n.    (For  example,  if  n  =  1003,/?  =  31.) 

In  Exercises  5-8,  find  the  factorization  into  prime  factors  of  the  given  number. 

5.  1927.  6.  1999. 

7.  1,548,547.  8.  871,933. 

9.  Define  pY  =2,p2  =  3,p3  =  5,  etc.,  where,  for  every  natural  number  n,pn+1  is 
defined  to  be  the  least  prime  greater  than  pn.  Prove  that  the  sequence  {pn}  of  primes 
is  well  defined.     Write  out  the  first  30  primes. 

10.  Actually  carry  out  Euclid's  method  of  finding  a  prime  greater  than/?n,  where 
pn  is  the  nth  prime  (cf.  Ex.  9),  by  considering  the  prime  factors  of  (pip2  '  '  '  Pn)  +  1> 
for  the  cases  n  =  1,  2,  3,  4,  and  5. 

11.  By  considering  the  sequence  n\  +  2,  n\  +  3,  •  •  ■ ,  n\  4-  n,  show  that  there 
exist  arbitrarily  long  sequences  of  consecutive  natural  numbers  all  of  which  are 
composite. 
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12.  Show  that  there  exists  one  and  only  one  pair  of  prime  numbers  p  and  q  such 
that/?  -  q ■  =  11. 

13.  Prove  that  whenever  a  natural  number  n  is  represented  as  a  product  of  m 
natural  numbers  each  of  which  is  greater  than  1 ,  then  n  >  m. 

14.  Ifm  and  ware  natural  numbers  and  if  11  I  (5m  +  An),  prove  that  1 1  |  (m  +  3n). 

15.  Two  prime  numbers  that  differ  by  2  are  called  a  pair  of  twin  primes.  (It  has 
been  conjectured  that  there  are  infinitely  many  pairs  of  twin  primes,  but  this  has 
never  been  proved.)     Find  the  first  pair  of  twin  primes  greater  than  200. 

16.  In  1742,  C.  Goldbach  (1690-1764,  Russian)  conjectured  that  every  even 
number  greater  than  2  is  the  sum  of  two  primes.  (The  Goldbach  conjecture  has 
never  been  proved.)  Write  each  of  20,  30,  40,  50,  and  60  as  the  sum  of  two  primes 
in  all  possible  ways. 

17.  Show  that  for  n  —  1,  2,  3,  4,  •  •  •  ,  40,  n2  —  n  +  41  is  prime.  Is  n2  —  n  +  41 
prime  for  every  natural  number  nl  Can  you  find  infinitely  many  n  such  that 
n2  —  n  +  41  is  composite?  Can  you  find  infinitely  many  n  such  that  n  and  41  are 
relatively  prime  and  n2  —  n  +  41  is  composite? 

18.  If  {an}  is  the  Fibonacci  sequence  of  the  Example,  §  315,  prove  that  for  every 
natural  number  n,  an  and  an+1  are  relatively  prime. 

19.  If  a,  b,  and  c  are  natural  numbers,  if  a  and  c  are  relatively  prime,  and  if  b  and  c 
are  relatively  prime,  prove  that  ab  and  c  are  relatively  prime.  If  a  and  c  are  relatively 
prime  and  n  is  a  natural  number,  prove  that  an  and  c  are  relatively  prime. 

20.  If  a,  b,  and  c  are  natural  numbers,  if  a  and  b  are  relatively  prime,  if  a  |  c,  and 
if  b  |  c,  prove  that  ab  |  c. 

*407.  THE  EUCLIDEAN   ALGORITHM 

Any  system  of  calculation  that  consists  of  a  routine  repetition  of  a  simple 
basic  step  is  called  an  algorithm,  or  algorism.  An  example  is  the  standard 
method  of  long  division  (cf.  §§  1202  and  1208).  Another  is  the  square  root 
algorithm  (discussed  in  §  1210). 

One  of  the  most  useful  algorithms  of  arithmetic — called  the  Euclidean 
Algorithm — consists  essentially  of  repeated  application  of  the  Fundamental 
Theorem  of  Euclid.  Let  a  and  b  be  any  two  natural  numbers  and  assume  for 
definiteness  that  a  ^  b.  By  the  Fundamental  Theorem  of  Euclid  (§  403),  there 
exist  a  natural  number  q1  and  a  number  rx  that  is  either  0  or  a  natural  number 
such  that  r±  <  b  and  a  =  q±b  +  r±-  If  ri.  >  0  the  division  process  can  be 
repeated,  this  time  with  b  and  r±:  b  =  q2r1  +  r2,  where  q2  is  a  natural  number 
and  r2  is  a  number  that  is  either  0  or  a  natural  number,  and  where  r2  <  rx. 
If  r2  >  0,  repeat  the  process  with  i\  and  r2 :  r1  =  qzr2  +  r3,  etc.  Since 
b  >  rx  >  r2  >  r8  >  •  •  • ,  this  process  must  terminate  (cf.  the  Theorem, 
§  316).  That  is,  there  must  be  a  natural  number  k  +  1  such  that  rk_1  = 
<Ik+irk  +  0.     We  now  display  the  Euclidean  Algorithm  in  summary : 

*  Starred  sections  and  chapters  may  be  omitted  without  destroying  the  continuity  of  the 
remaining  material.     See  the  preface  for  a  discussion  of  the  role  of  starring  in  this  book. 
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Theorem.  Euclidean  Algorithm.  If  a  and  b  are  natural  numbers,  with 
a  2>  b,  and  if  b  does  not  divide  a,  then  there  exist  natural  numbers  q±,  q2,  ■  •  ■  , 
qk+1  and  rlt  r2,  •  •  •  ,  rk,  where  k  ^  1,  s«c/z  ?/zatf 


(1) 


a=q1b  +  r±, 
b  =  q2rx  +  r2, 
h  =  q*r2  +  r3, 


0  <  rx  <  b, 
0  <r2<  r1? 
0  <  r3  <  r2, 


Lr 


V-2  ~  akrk~\  +  rfc>      0  <  rfc  <  rfc-l? 

fc-1  ==  ak+lrk- 


In  case  k  =  1,  //ze  /a.s'?  equation  of  (I)  should  be  interpreted  as  r0  =  b  =  q2rv 
In  case  b  |  a,  system  (1)  reduces  to  the  single  equation  a  =  qxb  which,  with 
r_x  =  a  and  r0  =  6,  w  the  last  equation  of  (I)  with  k  =  0. 

Example.     Apply  the  Euclidean  Algorithm  to  the  numbers  9035  and  364. 
Solution.     Successive  divisions  give: 


(2) 


035  = 

24 

364  +  299, 

364  = 

1 

299  +  65, 

299  = 

4 

65  +  39, 

65  = 

1 

39  +  26, 

39  = 

1 

26  +  13, 

26  = 

2 

13. 

*408.  GCD  AND  LCM 

If  a  and  b  are  any  two  given  natural  numbers,  the  set  C  of  all  natural 
numbers  c  that  are  common  divisors  of  both  a  and  b  (that  is,  c  I  a  and  c  |  b) 
is  a  nonempty  finite  set  (1  e  C  and  1  ^  c  ^  a).  The  set  C  therefore  has  a 
greatest  member  d  (Example  4,  §  306),  called  the  greatest  common  divisor 
of  a  and  b.  This  number  d  has  a  more  remarkable  property  than  merely 
being  the  greatest  member  of  C.  This  property  is  incorporated  into  the 
following  definition,  and  proved  to  exist  in  Theorem  I  below. 

Definition  I.     A    natural   number   d   is    called   the    greatest    common 

divisor,  or  GCD  for  short,  of  the  natural  numbers  a  and  b  if  and  only  if  it  has 
the  following  two  properties: 

(/)  d  |  a  and  d  |  b; 

(ii)  whenever  c  is  a  natural  number  and  c  |  a  and  c\b,  then  c  |  d. 
The  GCD  of  a  and  b  is  denoted^ 


(1) 


The  GCD  of  a  and  b  =  d  =  {a,  b). 


t  The  notation  {a,  b)  for  the  GCD  of  a  and  b  is  the  same  as  the  notation  for  the  ordered 
pair  (a,  b)  introduced  in  §  309.  The  context  should  make  it  amply  clear  which  inter- 
pretation should  be  attached  to  the  symbol  {a,  b),  and  no  confusion  should  result  from  this 
double  use  of  parentheses.  (The  GCD  of  two  natural  numbers  is  sometimes  also  denoted 
HCF,  for  highest  common  factor.) 
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Theorem  I.  If  a  and  b  are  any  two  natural  numbers,  their  GCD  exists  and 
is  unique.     In  the  notation  of  the  Euclidean  Algorithm  (Theorem,   §  407), 

{a,  b)  =  rk. 

Proof  Uniqueness  is  easy:  if  dx  and  d2  are  natural  numbers  having 
properties  (/)  and  (//),  then  d±  \  d2  and  d2  \  a\,  so  that  d±  =  d2.  To  establish 
existence  we  assume  for  definiteness  that  a  ^  b.  The  case  b  j  a  is  trivial, 
with  d  =  b.  If  a  >  b,  we  shall  now  show  that  the  number  d  =  rk  of  (1), 
§  407,  has  the  two  properties  (/)  and  (//*).  In  the  first  place,  by  the  last  equa- 
tion of  (1),  §407,  d  |  rk  and  d\rk_1.  Therefore,  by  the  next-to-the-last 
equation  of  (1),  §  407,  d  |  rk_2.  By  mathematical  induction  (proceeding 
upward  through  equations  (1),  §  407),  d  is  a  divisor  of  the  left-hand  member 
of  each  equation  of  (1),  including  both  b  and  a,  and  (/)  is  proved.  To  prove 
(ii),  we  let  c  be  an  arbitrary  common  divisor  of  a  and  b.  By  the  first  equation 
of  (1),  §  407,  written  in  the  form  rx  =  a  —  qxb,  we  see  that  c  |  rv  Therefore, 
by  the  second  equation  of  (1),  §  407,  written  in  the  form  r2  =  b  —  q2rY,  c  |  r2. 
Again  by  induction,  this  time  proceeding  downward  through  equations  (1), 
§  407,  c  |  ri  for  every  j  =  1 ,  2,  •  •  •  ,  k,  and  in  particular  c  |  rk,  or  c  |  d,  as 
desired.     This  completes  the  proof. 

Example  1.     By  the  Example,  §  407, 

(9035,  364)  =  13. 

The  following  two  theorems  are  easily  established,  and  their  proofs  are 
left  to  the  reader. 

Theorem  II.  Two  natural  numbers  a  and  b  are  relatively  prime  if  and  only  if 
their  GCD  is  1:   (a,b)=l. 

Theorem  III.  If  a  and  b  are  natural  numbers,  if  d  =  (a,  b),  and  if  a  =  a±d 
and  b  =  bxd,  then  a±  and  b±  are  relatively  prime:  (fl1?  bj)  =  1. 

Any  two  natural  numbers  a  and  b  possess  common  multiples  as  well  as 
common  divisors — for  example,  their  product  ab  is  a  multiple  of  each.  As 
might  be  expected,  among  the  common  multiples  of  a  and  b  is  one  of  special 
significance,  called  the  least  common  multiple  (or  sometimes  the  lowest  common 
multiple),  according  to  the  definition : 

Definition  II.     A  natural  number  e  is  called  the  least  common  multiple, 

or  LCM  for  short,  of  the  natural  numbers  a  and  b  if  and  only  if  it  has  the 
following  two  properties: 

(i)  a  |  e  and  b  |  e; 

(ii)  whenever  c  is  a  natural  number  and  a  |  c  and  b  |  c,  then  e  |  c. 
The  LCM  of  a  and  b  is  denoted 

(2)  The  LCM  ofaandb  =  e=  [a,  b]. 
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Theorem  IV.  If  a  and  b  are  any  two  natural  numbers,  their  LCM  exists  and 
is  unique.     The  GCD  and  LCM  of  a  and  b  are  related: 

(3)  {a,  b)[a,  b]  =  ab. 

Proof  Let  d  ==  (a,  b)  and  e  =  (ab)jd.  Write  a  =  axd  and  b  =  bxd,  where 
a±  and  bx  are  natural  numbers.  Then,  since  e  =  abx  =  a±b,  e  is  a  natural 
number  that  is  a  multiple  of  both  a  and  b.  Now  let  c  be  an  arbitrary  common 
multiple  of  a  and  b,  and  write  c  =  ma  =  nb.  If  this  last  equation  is  written 
in  the  form  ma±d  =  nb±d  we  obtain  ma±  =  nbv  Since  ax  and  b±  are  relatively 
prime  (Theorem  III)  and  since  ax  |  nbx,  we  infer  from  Theorem  IV,  §  404, 
that  ax  |  n,  so  that  n  can  be  written  in  the  form  n  =  a±r,  where  r  is  a  natural 
number.     Substitution  in  the  equation  c  =  nb  leads  to : 

c  =  a±rb  =  re. 

Therefore  e  |  c,  as  we  wished  to  show. 

Example  2.    By  Example  1  and  Theorem  IV, 

[9035,  364]  =  (9035  •  364)/13  =  9035  •  28  =  252,980. 

A  useful  by-product  of  the  Euclidean  Algorithm  is  a  proof  of  the  fact  that 
the  GCD  of  two  natural  numbers  a  and  b  can  be  expressed  in  a  simple 
"linear"  fashion  in  terms  of  a  and  b: 

Theorem  V.  If  a  and  b  are  natural  numbers  and  if  d  is  their  GCD,  then 
there  exist  natural  numbers  m,  n,  r,  and  s  such  that: 

(3)  ma  —  nb  =  rb  —  sa  =  d. 

The  natural  numbers  a  and  b  are  relatively  prime  if  and  only  if  there  exist 
natural  numbers  m,  n,  r,  and  s  such  that 

(4)  ma  —  nb  =  rb  —  sa  =  1. 

Proof.     We  start  by  proving  a  lemma. 

Lemma.  If  a  and  b  are  natural  numbers,  then  any  natural  number  that  can  be 
expressed  in  the  form  ma  —  nb  (where  m  and  n  are  natural  numbers)  can  also 
be  expressed  in  the  form  rb  —  sa  (where  r  and  s  are  natural  numbers),  and 
conversely. 

Proof  of  Lemma.  If  a,  b,  m,  and  n  are  natural  numbers,  then  r  =  ma  + 
na  —  n  and  s  =  mb  +  nb  —  m  are  natural  numbers,  and  ma  —  nb  =  rb  —  sa. 

Proof  of  Theorem  II,  continued.  By  the  symmetry  of  the  statement  of  the 
theorem,  we  may  assume  without  loss  of  generality  that  a  ^  b.  Our 
objective  will  be  to  show  that  there  exist  natural  numbers  m  and  n  such  that 
(a,  b)  =  ma  —  nb;  the  existence  of  r  and  s  will  follow  from  the  lemma. 
We  look  at  the  first  few  possible  values  ofk,  in  the  Euclidean  Algorithm  (1), 
§  407.     If  A:  =  0,  then  b  \  a,  and  (a,  b)  *=  b  =  2a  -  (2ft  -  \)b.    If  k  =  1, 
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then  (a,  b)  =  rx  =  1  •  a  —  qxb.  If  fc  =  2,  then  (a,  b)  =  r2  =  b  -  q2rt  = 
(1  4-  qxq2)b  —  q2a,  and  by  the  Lemma  this  has  the  form  ma  —  nb.  Now  let 
P(v)  be  the  proposition  that  for  each  u  =  —  1,  0,  1,  •  •  • ,  v,  ru  can  be  expressed 
in  the  form  ma  —  nb.  Then  for  any  v  ^  3,  rv  =  rv_2  —  qvrv_lt  and  by  the 
induction  assumption  and  the  Lemma,  rv_2  can  be  written  in  the  form 
ma  —  nb,  and  rv_1  can  be  written  in  the  form  rb  —  sa.  Therefore  rv  = 
(ma  -  nb)  -  qv(rb  —  sa)  =  (m  +  qvs)a  —  (n  +  qj)b9  which  is  of  the  form 
sought.  By  the  Fundamental  Theorem  of  Mathematical  Induction  the 
formula  (3)  is  obtained.  The  only  part  of  the  proof  remaining  to  be  estab- 
lished is  that  (4)  is  a  sufficient  condition  that  a  and  b  be  relatively  prime. 
This  is  true  since  any  common  divisor  of  a  and  b,  in  the  presence  of  equation 
(4),  must  also  be  a  divisor  of  the  right-hand  member  1. 

Example  3.     Find  natural  numbers  m,  n,  r,  and  s  such  that 

9035m  -  364n  =  364r  -  9035s  =  13. 

Solution.     By    (2)    of   the    Example,     §407,    .13  =  39  -  1  •  26  =  39  -  (65  - 

I  •  39)  =  2  •  39  -  1  •  65  =  2(299  -  4  •  65)  -  65  =  2  •  299  -  9  •  65  =  2  •  299  - 
9(364  -  1  •  299)  =  11  •  299  -  9  •  364  -  11(9035  -  24  •  364)  -  9  •  364  =  9035  • 

II  -  364  •  273.  This  gives  the  values  m  =  11  and  n  =  273.  To  find  r  and  s  we 
write  9035  -11  -364-273  =  364(9035/  -  273)  -  9035(364/  -  11)  and  let  /  =  1 : 
364  •  8762  -  9035  •  353,  with  r  =  8762  and  s  =  353.  A  simpler  solution  for  r  and 
s  is  given  by  assigning  the  value  1/13  (the  reciprocal  of  the  GCD  of  9035  and  364)  to 
/,  with  r  =  All  and  s  =  11. 

Example  4.     Find  natural  numbers  m,  n,  r,  and  s  such  that 

77m  -  36«  =  36r  -  lis  =  1. 

Solution.    The  Euclidean  Algorithm  gives: 

r77  =  2  •  36  +  5, 

36  =  7-    5  +  1. 

From  this  we  see  that  77  and  36  are  relatively  prime,  and  1  =36  — 7-5  =36  — 
7(77  -2-36)  =36-15  -77-7.  This  gives  the  values  r  =  15  and  s  =  7.  To 
find  m  and  n  we  write  36  -15  -77-7  =  77(36/  -  7)  -  36(77/  -  15),  and  let/  =  1: 
77  •  29  -  36  •  62,  with  m  =  29  and  n  =  62. 

Note.  If  one  examines  the  proof  of  the  Lemma  of  Theorem  V,  and  the  solutions 
of  Examples  3  and  4,  it  should  be  clear  that  there  are  infinitely  many  possibilities  for 
the  values  of  m,  n,  r,  and  s  in  Theorem  V.  We  have  made  no  effort  to  find  all 
solutions,  or  even  to  show  that  the  solutions  obtained  in  Examples  3  and  4  are  the 
smallest  possible.  Such  questions  as  these,  relating  to  solutions  involving  natural 
numbers  for  equations  in  more  than  one  unknown,  are  a  part  of  one  of  the  oldest  and 
most  fascinating  chapters  of  number  theory,  called  Diophantine  Equations,  after  the 
Greek  mathematician  Diophantus  (circa  250  a.d.).  (Cf.  Ex.  19,  §409.)  For 
further  reading,  cf.  B.  W.  Jones,  The  Theory  of  Numbers  (New  York,  Rinehart  and 
Company,  1955),  B.  M.  Stewart,  Theory  of  Numbers  (New  York;  The  Macmillan 
Company,  1952),  W.  J.  LeVeque,  Topics  in  Number  Theory,  Volume  1  (Reading, 


f9035 

=  25-364-65 

1    364 

=  6-65-26, 

65 

=  2-26  +  13, 

[     26 

=  2-13. 
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Massachusetts,  Addison- Wesley  Publishing  Company,  1956),  and  A.  O.  Gelfond, 
The  Solution  of  Equations  in  Integers,  translated  from  the  Russian  (San  Francisco, 
W.  H.  Freeman  and  Co.,  1961). 

Example  5.  Show  how  the  number  of  steps  involved  in  the  Euclidean  Algorithm 
can  sometimes  be  reduced  if  both  positive  and  negative  remainders  are  permitted, 
and  illustrate  with  the  Example,  §  407,  and  Example  3  above. 

Solution.  By  finding  the  multiple  of  364  that  is  nearest  9035,  and  similarly  for 
subsequent  divisions,  we  have: 


(5) 


Therefore,  (9035,  364)  =  13. 

As  in  Example  3,  13  =  65  -  2  •  26  =  65  -  2(6  •  65  -  364)  =  2  •  364  - 
11  •  65  =  2  •  364  -  11(25  •  364  -  9035)  =  9035  •  11  -  364  •  273,  with  m  =  11  and 
n  =  273. 


*409.  EXERCISES 

Unless  specific  information  to  the  contrary  is  given,  all  numbers  indicated  in  the 
following  exercises  are  natural  numbers. 

In  Exercises  1-6,  find  the  GCD  and  the  LCM  of  the  two  given  numbers. 

1.  a  =  8,  b  -  12l  2.  a  =  35,  b  =  24. 

3.  a  =  78,  b  =  42.  4.  a  =  560,  b  =  2250. 

5.  a  =  1001,  b  =  111.  6.  a  =  420,  b  =  864. 

In  Exercises  7-12,  find  natural  numbers  m,  n,  r,  and  s  such  that  ma  —  nb  =  rb  — 
sa  =  (a,  b),  where  a  and  b  are  the  numbers  given  in  the  specified  exercise. 

7.  Ex.  1.  8.  Ex.  2.  9.  Ex.  3. 

10.  Ex.  4.  11.  Ex.  5.  12.  Ex.  6. 

13.  Prove  that  the  LCM  of  two  natural  numbers  is  their  product  if  and  only  if 
they  are  relatively  prime. 

14.  Find  the  GCD  of  120  and  72  by  reducing  the  fraction  120/72  to  lowest  terms. 
State  and  prove  a  general  principle  of  which  this  is  a  particular  illustration. 

15.  Prove  that  if  (a,  b)  =(a,c)  =  1,  then  (a,  be)  =  1. 

16.  Use  Theorem  V,  §408,  to  construct  a  new  proof  of  Theorem  IV,  §404.     Hint: 
Multiply  both  members  of  ma  —  nc  =  1  by  b. 

17.  Use  Theorem  V,  §  408,  to  construct  a  new  proof  of  Theorem  III,  §  408.     (Cf. 
Ex.  16.) 

18.  If  {a,  b)  =  1,  a  \  c,  and  b  |  c,  prove  that  ab  \  c. 

19.  Prove  that  natural  numbers  x  and  y  exist  such  that  ax  —  by  =  c,  where  a,  b 
and  c  are  given  natural  numbers,  if  and  only  if  (a,  b)  \  c. 

20.  Show  that  if  a  and  b  are  any  two  given  natural  numbers,  there  exist  prime 
numbers  p1,p2,  "  ■  *  ,pj,  and  numbers  al5  a2,  •  •  • ,  a3-  and  plf  |52,  •  •  • ,  /^  each  of 
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which  is  either  0  or  a  natural  number,  such  that 

la  =p^p^---piaK 
0)  \b=p^p^---P/K 

(Cf.  Ex.  4,  §  308.)    Prove  that  a  =  b  if  and  only  if  <x{  =  pf  for  /  =  1,  2,  •  •  •  ,  /,  that 
a\b  if  and  only  if  at-  ^  0f  for  /  =  1,  2,  •  •  •  ,/,  and  that 


(2) 


Prove  that  0  and  6  are  relatively  prime  if  and  only  if  a^  =  a2/?2  =  •  •  •  =  a.,/?.,  =  0. 
Use  (2)  to  give  a  new  proof  of  Theorem  IV,  §  408. 

21.  Show  that  the  representation  (1)  in  terms  of  powers  of  a  common  set  of  prime 
numbers  p-^p^  ■  ■  •  ,pj  can  be  extended  to  any  given  finite  set  a,  b,  c,  •  •  •  of  natural 
numbers.  In  particular,  if  a,  b,  and  c  are  any  three  natural  numbers,  let  them  be 
expressed  in  the  form  (1)  and 


ab 

=  p*i  +  Pip<*2  +  P2  •  •  •  p*i+Pi, 

(a,b) 

_  nmin(a1,j31)  „min(a2,/32)  •  •  •  «min(a,-,^-) 
Pi                 r2                         Pi                » 

[a,b] 

_  nmax(a,,/3,)  nmax(a2,/?2)  •  .  •  nmax(ai(/3;) 
Pi                r2                       Pi 

(3)  c  =p^pl*"'P, 


Use  (1),  and  (2),  and  (3)  to  prove  that  (ac,  be)  =  c(a,  b). 

22.  Use  Exercises  20  and  21  to  construct  new  proofs  of  Theorem  III,  §  408,  and  of 
Exercises  15  and  18. 

23.  Prove  that  if  (b,  c)  =  1,  then  (a,  be)  -  (a,  b)(a,  e).     Cf.  Exs.  20,  21,  24.) 

24.  Prove  that  (a,  [b,  c])  =  [(a,  b),  (a,  c)]  and  [a,  (b,  e)]  =  ([a,  b],  [a,  e]).  These 
are  called  distributive  laws.  For  a  discussion  of  these  and  related  matters,  and  their 
relation  to  the  subject  of  lattice  theory,  see  Oystein  Ore,  Number  Theory  and  Its 
History  (New  York,  McGraw-Hill  Book  Co.,  Inc.,  1948),  pp.  100-109. 

25.  Define  the  concepts  of  GCD  and  LCM  of  three  natural  numbers  a,  b,  and  e, 
denoted  (a,  b,  c)  and  [a,  b,  c],  respectively.  With  the  notation  of  (1)  and  (3),  show 
that 

[(a,  b,  c)  =  pnt&tei'PvYi)  •  •  •  praiu(ccj,^,Vj) 


l[a,  b,  c]   =  nmaxW.^i.yi)  •  •  •  n^ax  (a,- ,/?,-, y,-)# 

Establish  the  associative  laws : 

((*,  b,  e)  =  ((a,  b),  e)  =  ((a,  e),  b)  =  (a,  (b,  e)), 


\[a,  b,  e]  =  [[a,  b],  c]  =  [[a,  c],  b]  =  [a,  [b,  e]]. 

State  and  prove  corresponding  commutative  laws. 

26.  Use  the  representations  of  Exercise  25  to  prove  that  (ad,  bd,  cd)  —  d(a,  b,  c). 
State  and  prove  distributive  laws  for  three  numbers  similar  to  those  of  Exercise  24. 

27.  In  the  notation  of  Exercise  25,  prove  that 

([a,  b],  [a,  c],  [b,  e))  =  [(a,  b),  (a,  c),  (b,  c)]. 

28.  Extend  the  concepts  of  GCD  and  LCM  to  an  arbitrary  fin[te  set  of  natural 
numbers.     Formulate  and  prove  a  few  general  theorems  of  your  own  design. 


Integers  and  Rational  Numbers 


501.  THE  SYSTEM  OF  INTEGERS 

Let  <&  denote  an  arbitrary  ordered  field  (which  may,  in  particular,  be  the 
set  of  all  real  numbers).  Then  the  subset  of  ^  consisting  of  those  members 
that  are  known  as  integers  or  whole  numbers  is  defined  in  terms  of  the 
set  jV  of  natural  numbers.  We  continue  to  call  the  members  of  ^ 
numbers. 

Definition.  A  number  x  is  an  integer  if  and  only  if  (i)  x  e  jV,  (ii)  x  =  0, 
or  (Hi)  —xe  jV.     The  set  of  all  integers  is  denoted  J '. 

Theorem  I.  If  x  is  an  integer,  then  exactly  one  of  the  three  statements 
listed  in  the  preceding  definition  is  true.  A  number  is  a  positive  integer  if  and 
only  if  it  is  a  natural  number  (statement  (/)).  A  number  is  a  negative  integer 
if  and  only  if  its  negative  is  a  positive  integer,  or,  equivalently,  a  natural  number 
(statement  (Hi)). 

Proof.  Since  JV  is  a  subset  of  the  set  0*  of  positive  numbers,  at  most  one 
of  the  three  alternatives  is  possible,  by  Axioms  IV,  §  202.  On  the  other  hand, 
by  the  definition  of  an  integer,  for  any  integer  x  at  least  one  of  the  three  must 
hold.  If  an  integer  x  is  positive,  alternatives  (ii)  and  (Hi)  are  eliminated  and 
x  must  belong  to  Jf .  Conversely,  every  member  of  Jf  is  positive  and,  by 
definition,  an  integer.  In  a  similar  fashion  we  see  that  a  number  x  is  a 
negative  integer  if  and  only  if  alternative  (Hi)  is  true. 

Theorem  II.  The  system  of  integers  J>  is  closed  with  respect  to  addition, 
multiplication,  and  subtraction,  but  not  with  respect  to  division.  That  is, 
if  m  and  n  are  integers,  then  m  +  n,  mn,  and  m  —  n  are  integers,  but  there 
exist  integers  m  and  n  such  that  m\n  is  not  an  integer  (even  when 
defined). 

Proof.  We  start  with  addition.  There  are  several  cases.  In  the  first 
place,  if  either  m  or  n  is  0  the  result  is  obvious.     If  both  m  and  n  are  positive 
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the  result  follows  from  the  fact  that  the  system  of  natural  numbers  is  closed 
with  respect  to  addition  (Property  III,  §  304).  If  both  m  and  n  are  negative, 
then  m  +  n  —  —  [(— m)  +  (—«)],  and  this  quantity  is  the  negative  of  the 
natural  number  in  brackets,  and  hence  an  integer.  Finally,  we  shall  assume 
that  m  and  n  have  opposite  signs,  and  adjust  the  notation,  if  necessary,  so 
that  m  is  a  positive  integer  and  n  a  negative  integer;  that  is,  m  and  —n  are 
both  natural  numbers.  There  are  three  subcases  remaining.  First:  If 
m  >  —n,  then  m  +  n  =  m  —  (— n),  which  is  a  natural  number  by  Property 
V,  §  304.  Second:  If  m  =  —n,  then  m  +  n  =  m  —  (— n)  =  0.  Third: 
If  m  <  —n,  then  m  +  n  =  —[(—«)  —  m],  which  is  an  integer  since  the 
bracketed  quantity  is  a  natural  number  by  Property  V,  §  304. 

Multiplication  is  easier.  If  either  m  or  n  is  0  so  is  their  product.  If  both 
are  positive  their  product  is  a  natural  number  by  Property  IV,  §  304.  If  both 
are  negative  their  product  mn  is  again  a  natural  number  since  mn  =  (—m)(—n). 
If  m  and  n  have  opposite  signs,  say  m  >  0  and  n  <  0,  then  mn  is  the  negative 
of  the  natural  number  m(—n). 

Since  —n  is  an  integer  if  and  only  if  n  is  an  integer,  m  —  n  —  m  +  ( — n) 
is  an  integer  whenever  m  and  n  are  integers. 

Finally,  as  shown  in  the  Note,  §  304,  the  number  1/2  is  not  a  natural 
number.  Therefore  1/2  is  not  an  integer,  since  if  it  were  an  integer  it  would 
be  a  positive  integer  and  hence  a  natural  number. 

Note.  If  an  algebraic  system  S  with  two  binary  operations,  called  addition  and 
multiplication,  subject  to  all  of  the  field  axioms  I,  II,  and  III,  §  102,  except  that  the 
existence  of  a  reciprocal  (Axiom  II  (iv),  §  102)  is  replaced  by  the  weaker  assumption 
of  Example  4,  §  103,  that  the  product  of  any  two  nonzero  members  of  S  is  nonzero, 
then  S  is  called  an  integral  domain.  By  Theorem  II  the  integers  form  an  integral 
domain.  (For  another  example  of  an  integral  domain  that  is  not  a  field,  cf. 
§  702.)  An  important  property  of  any  integral  domain  is  that  the  cancellation  law 
for  multiplication  holds:  xy  =  xz  implies  y  =  z  if  x  =£  0.  (This  is  true  in  any 
integral  domain  since  it  follows  from  the  property  of  Example  4,  §  103,  thus:  xy  = 
xz  implies  xy  —  xz  =  x(y  —  z)  =  0;  if  the  product  of  nonzero  members  of  S  is 
always  nonzero,  then  not  both  factors,  x  and  j>  —  z,  can  be  nonzero,  and  therefore  if 
x  is  nonzero,  y  —  z  must  be  equal  to  0,  or  y  =  z.)  By  Theorem  I,  §  403,  the 
integral  domain  of  the  integers  is  Archimedean:  If  a  and  b  are  positive  integers  there 
exists  a  positive  integer  n  such  that  na  >  b. 


502.  A  NATURAL  ISOMORPHISM 

In  §  3 1 1  it  was  shown  that  any  two  natural  number  systems  in  any  two 
ordered  fields  are  abstractly  identical  in  the  sense  that  there  is  an  addition- 
preserving,  multiplication-preserving,  and  order-preserving  one-to-one 
correspondence,  or  isomorphism,  between  the  members  of  these  two  natural 
number  systems.  The  definition  of  isomorphism  given  in  §  311  for  natural 
number  systems  applies  without  change  to  systems  of  integers  in  arbitrary 
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ordered  fields.  Of  considerable  importance  and  interest  is  the  fact  that  the 
Theorem,  §  311,  which  states  that  any  two  natural  number  systems  are  iso- 
morphic, applies  in  equal  force  to  any  two  systems  of  integers : 

Theorem.  Any  two  systems  of  integers  are  Isomorphic.  That  is,  if  J'  is  the 
system  of  integers  of  an  ordered  field  &  and  ifJP'  is  the  system  of  integers  of  an 
ordered  field  & ',  then  «/  and  J'  are  isomorphic. 

Proof.  The  correspondence  n  <-»  ri ',  where  n  is  an  arbitrary  integer  of./, 
is  defined  in  three  parts :  (/)  if  n  >  0,  then  n  is  a  natural  number,  and  ri  is 
the  natural  number  of./'  that  corresponds  to  n  by  the  isomorphism  of  §  311 ; 
(ii)  if  n  —  0  then  ri  =  0'  is  the  zero  of  &' ;  (Hi)  if  n  <  0  then  ri  =  —(—ri)'. 
The  proof  that  the  correspondence  n  <— >  ri  is  one-to-one  is  easy,  and  will  be 
left  to  the  reader  to  supply. 

The  fact  that  this  correspondence  is  addition-preserving  resolves  itself  into 
several  cases,  as  in  the  proof  of  Theorem  II,  §  501.  The  problem  is  to  show 
that  if  m  and  n  are  integers,  then  (m  +  ri)'  —  rri  -\-  ri.  In  the  first  place,  if 
either  m  or  n  is  0  the  result  is  obvious.  If  both  m  and  n  are  positive  the 
result  follows  from  the  addition-preserving  property  of  the  isomorphism 
already  established  for  the  natural  numbers  in  §  311.  If  both  m  and  n  are 
negative,  then  (m  +  ri)'  =  —[—(m  +  n)]'  =  —  [(— rri)  +  (—ri)]'  =  —  [(— rri)' 
+  (— n)']  =  [— (— rri)']  +  [—(—«)']  =  m'  +  »'■  Finally,  for  addition- 
preserving,  we  shall  assume  that  m  and  n  have  opposite  signs,  and  adjust  the 
notation,  if  necessary,  so  that  m  is  a  positive  integer  and  n  a  negative  integer. 
There  are  three  subcases  remaining.  First:  If  m  >  —n,  then  m  +  n  — 
m  —  (— n)  >  0,  and  hence,  by  the  Corollary,  §  311,  which  establishes  the 
fact  that  the  isomorphism  of  natural  numbers  preserves  subtraction  whenever 
the  difference  is  a  natural  number,  (m  +  ri)'  =  [m  —  (—ri)]'  =  m'  —  (-—»)'  = 
m'  +  «'.  Second :  If  m  =  —n,  then  m'  =  (— n)'  =  —n\  so  that  (m  +  «)'  = 
0'  =  m'+y.  Third:  If  m  < —n,  then  (m  +  n)'  =  —  [— (m  +  »)]'  = 
—  [(—«)  —  m]'  =  —[(—«)'  —  m']  =  •—[—»'  —  w']  =  m'  +  «'. 

Proof  that  the  correspondence  n  <->  n'  is  multiplication-preserving  is  easier. 
If  either  m  or  n  is  0  so  is  their  product,  and  (mn)'  =  0'  =  raV.  If  both  m 
and  «  are  positive,  then  (mn)'  =  mn  by  the  isomorphism  of  §  311.  If  both 
are  negative,  then  (mn)'  =  [(—ni)(—n)]'  =  (— m)'(— ri)'  =  [— (w')][— («')]  = 
raV.  If  m  and  «  have  opposite  signs,  say  m  >  0  and  n  <  0,  then  (m/?)'  = 
— [— (m«)]'  =  —  [m(— ri)]'  =  —  [m'(— ri)']  =  —  [m'(— ri)]  =  m'ri. 

Finally,  m  <  n  if  and  only  if  there  exists  a  positive  integer  p  such  that 
m  +  p  =  n,  and  this  relation  is  true  if  and  only  if  (m  +  /?)'  =  rri  +  p'  =  ri ; 
that  is  (since  p'  >  0  if  and  only  if  p  >  0),  if  and  only  if  m  <  ri.  Therefore 
the  isomorphism  under  consideration  is  order-preserving,  and  the  proof  is 
complete. 

Corol'ary.  Any  ordered  field  contains  an  integral  domain  of  integers 
isomorphic  to  the  integral  domain  of  integers  of  the  real  number  system. 
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503.  LAWS  OF  EXPONENTS 

The  laws  of  exponents  enumerated  in  §  307  find  ready  extension  to  cases 
where  the  exponents  are  arbitrary  integers,  rather  than  being  restricted  to  being 
positive  integers.     (Cf.  Ex.  4,  §  308.)     First  we  give  a  definition. 

Definition.  If  x  is  any  real  number^  (or,  more  generally,  any  member  of  an 
arbitrary  field),  then  x°  =  1 .     If  x  ^  0  and  n  is  a  negative  integer,  then 

xn  =  \jx-n. 

Examples.    3°  =  1,  2"1  =  \9  (§)-«  =  fj. 

Theorem.  If  x  and  y  are  any  nonzero  numbers  (or,  more  generally,  nonzero 
members  of  an  arbitrary  field)  and  if  m  and  n  are  any  integers,  then: 

(0  xmxn  =  xm+n; 

m 

(ii)  *-  =  X™-n; 

xn 

(Hi)  (xm)n  =  xmn; 

(iv)  (xy)n  ==  xnyn; 

'  ,  (x\n      xn 

\y/         y 

Proof  (/):  If  either  m  or  n  (or  both)  is  equal  to  0  the  result  is  obvious. 
If  both  m  and  n  are  positive  the  result  follows  from  part  (?)  of  the  Theorem, 
§  307.  If  both  m  and  n  are  negative,  let/?  =  —  m  and  q  =  —n.  Then/?  and 
q  are  positive  integers  and  (/)  becomes  (\jxp)(\lxq)  =  l/xp+q,  which  is  true, 
again  by  part  (i)  of  the  Theorem,  §  307,  and  elementary  properties  of  numbers 
from  Chapter  1 .  Finally,  we  shall  assume  that  m  and  n  have  opposite  signs, 
and  adjust  the  notation,  if  necessary,  so  that  m  >  0  and  n  <  0.  Letting 
q  =  —n,  we  have  the  task  of  verifying  the  equation  xm/xQ  =  xm~q.  lfm>q 
or  if  m  <q  this  is  true  by  part  (ii)  of  the  Theorem,  §  307  (in  the  second  of  these 
two  cases  xm~q  =  \jxq-m).  If  m  =  q,  xm\xq  =  1  =  xm~q,  and  the  proof  of 
(i)  is  complete. 

(ii) :   By  (i),  xm  =  xm~nxn,  and  division  by  xn  gives  (ii). 

(Hi) :  If  either  morn  (or  both)  is  equal  to  0,  both  members  of  (Hi)  are  equal 
to  1 .  If  both  m  and  n  are  positive,  the  result  follows  from  part  (w)  of  the 
Theorem,  §  307.  If  both  m  and  n  are  negative,  let  /?  =  —  m  and  q  =  —n. 
Then  the  problem  is  to  establish  the  equality  ll(l/xp)q  =  xpq.  By  parts  (v) 
and  (Hi)  of  the  Theorem,  §  307,  the  left-hand  member  of  the  present  equation 

t  For  present  purposes  we  shall  define  0°  to  be  equal  to  1,  although  in  calculus  there  are 
good  reasons  for  considering  0°  to  be  indeterminate,  and  restricting  the  definition  of  *°  to 
nonzero  values  of  x.  Our  principal  reason  for  including  x  =  0  in  the  definition  of  x°  =  1  is 
that  whenever  the  quantities  involved  are  defined,  even  with  base  0,  the  standard  laws  of 
exponents  apply.     (Cf.  Ex.  4,  §  308.) 
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is  equal  to  1/(F/(^P)9)  =  1/(1/*P(0  =  xPQ-  If  m  >  0  and  n  <  0,  let  q  =  -n. 
Then  (wi)  reduces  to  ll(xm)Q  =  \jxm\  which  is  true  by  §  307.  Finally, 
if  m  <  0  and  «  >  0,  let  /?  =  —  m.  Then  (w)  reduces  to  (l/xp)w  =  l/x2'*, 
which  is  again  true  by  §  307. 

(iv) :  If  n  >  0,  this  is  part  of  the  Theorem,  §  307.  If  n  =  0,  both  members 
of  (zV)  are  equal  to  1.  If  n  <  0,  let  q  =  — «.  Then  (m?)  reduces  to  l/(xy)9  = 
(l/x9)(l//),  which  is  true  by  §  307. 

(V):  By  (it?),  J>w(-)    =  I y  -I    =  xn,  and  division  by  jw  gives  (v). 


504.  THE  ORDERED  FIELD  OF  RATIONAL  NUMBERS 

Definition.  A  number  x  is  a  rational  number  if  and  only  if  there  exist 
integers  m  and  n,  where  n  ^  0,  such  that  x  =  mjn.  The  real  numbers  that  are 
not  rational  are  called  irrational.     The  set  of  all  rational  numbers  is  denoted  M. 

Theorem.     The  system  £  of  rational  numbers  is  an  ordered  field. 

Proof.     We  start  by  examining  in  turn  the  axioms  of  §  102.     Axiom  I(/) 

takes  the  form :  the  sum  of  two  rational  numbers  is  rational.     This  follows  from 

m       p       ma  -4-  np 

the  rule  for  adding  fractions  (Ex.  16,  §  104): \-  -  =  — (where 

n        q  nq 

n  ^  0  and  q  ^  0).     Since  m,  n,  p,  and  q  are  integers,  the  numerator  and  the 

denominator  of  the  resulting  fraction  are  both  integers  (§  502),  and  the 

denominator  nq  is  nonzero  (Example  4,  §  103).     Axioms  l(ii)  and  I(v)  are 

true  for  all  rational  numbers  since  they  are  true  for  all  real  numbers. 

Axioms  \{iii)  and  I(iv)  hold  since  0  is  a  rational  number  (0  =  0/1),  and  if  x 

is  a  rational  number  m\n  then  so  is  —  x  =  (—m)/n.    Axioms  II  and  III 

m    p      mp 
follow  similarly.     II(i) :  —  •  -  =  —  .     II(z7)  and  Il(v)  and  III :  These  are  true 
n     q       nq 

for  all  rational  numbers  since  they  are  true  for  all  real  numbers.     II(/z7): 

1  =  1/1.     II(zV):  If  x  =  m/n,  where  n  ^  0,  is  nonzero  then  m  i=-  0  (Example 

7,  §  103),  and  x"1  =  n/m. 

To  see  that  Axioms  IV  (§  202)  are  satisfied  for  the  system  J  we  take  as  the 

subset  0*  all  those  rational  numbers  that  are  positive.     Then  IV(z)  and 

TV(ii)  follow  immediately.     Furthermore,  if  x  is  an  arbitrary  rational  number, 

either  x  is  positive  (and  rational)  or  x  is  zero  (and  rational)  or  —  x  is  positive 

(and  rational).     Therefore  IV(m)  is  also  satisfied,  and  the  rational  numbers 

form  an  ordered  field. 

Note.  We  have  the  following  inclusion  relations  among  the  system  JT  of 
natural  numbers,  the  integral  domain  J  of  integers,  the  ordered  field  J  of  rational 
numbers,  and  the  ordered  field  ^  of  real  numbers: 

jf  c  J  c  j  c  gt. 
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Each  of  these  inclusions  is  a  proper  inclusion.  That  is,  there  are  integers  that  are 
not  natural  numbers  (  —  1  is  an  example),  there  are  rational  numbers  that  are  not 
integers  (J  is  an  example),  and  there  are  real  numbers  that  are  not  rational.  At  this 
point  it  is  impossible  to  establish  the  existence  of  irrational  numbers  (that  is,  real 
numbers  that  are  not  rational),  since  the  rational  number  system  satisfies  all  of  the 
axioms  that  are  at  our  disposal.  In  §  905,  with  the  aid  of  the  Axiom  of  Complete- 
ness, we  shall  exhibit  examples  of  irrational  numbers. 


505.  A  NATURAL  ISOMORPHISM 

It  has  already  been  established,  in  §§  31 1  and  502,  that  in  any  two  ordered 
fields  any  two  natural  number  systems  are  isomorphic  and  that  any  two  systems 
of  integers  are  isomorphic,  with  respect  to  addition,  multiplication,  and 
order.  In  the  present  section  we  show  that  this  "natural  isomorphism" 
between  basic  systems  within  any  two  ordered  fields  extends  to  the  rational 
numbers : 

Theorem.  Any  two  rational  number  systems  are  isomorphic.  That  is,  if  £1 
is  the  system  of  rational  numbers  of  an  ordered  field  &  and  if  M'  is  the  system 
of  rational  numbers  of  an  ordered  field  &[ ',  then  2t  and  &'  are  isomorphic. 

Proof.  If  x  is  an  arbitrary  member  of  =2  then  x' ,  as  a  member  of  J',  is 
defined  as  follows:  If  p  and  q  are  integers  such  that  x  =  pjq,  let/?'  and q  be 
the  integers  of  &'  that  correspond  to  p  and  q,  respectively,  according  to  the 
natural  isomorphism  between  J>  and  J>'  described  in  §  502.  Then  x  is 
defined  to  be  p'\q  •  In  other  words,  (pjq)'  =  p'/q',  and  the  one-to-one 
correspondence  studied  in  §§311  and  502  extends  by  the  rule: 

P       P' 
-<->  —  . 

<?    i' 

The  first  item  to  check  is  that  there  is  no  ambiguity  in  this  rule  of  correspond- 
ence; that  is,  that  ifp/q  =  rjs,  then  p'jq  =  r'js' .  This  follows  (§  502)  from 
the  fact  that  if  ps  =  qr,  then  p's'  =  qr' .    It  remains  to  show  that 

(r +  »)'=£+*  and  (iA  =£:.»', 

\q       vl        q'       v'  \q    v'        q'    v' 


and  that 


The  first  two  are  simple : 


p      u     .  p        u 

-  <-    implies    —  <  — 
q       v  q'       v' 


(Z-\--Y—  (P^_+_qu\  '  _  (pv  +  qui)'  _ p'v  +  q'u  _ //       ^ 
\q        v]  \       qv      J  (qv)'  q'v  q         v 


($■;):-(£); 


(pu)f      p'u       p'    u 
qv]         {qv)'       q'v'       q     v 
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The  order  preservation  is  based  on  the  fact  that  positive  elements  corre- 
spond to  positive  elements.  If  mjn  is  positive  (in  ^),  then  m  and  n  have  the 
same  sign  and  hence  m!  and  n'  have  the  same  sign  (in  &'),  and  m'\n  is  positive. 
Consequently,  if pjq  is  less  than  u/v,  then  ujv  is  equal  to  pjq  plus  a  positive 
fraction  rjs.  Therefore  u'jv'  is  equal  to p'jq  plus  a  positive  fraction  r'js',  and 
hence  p'\q  is  less  than  u  \v  . 

Corollary.  Any  ordered  field  contains  an  ordered  field  of  rational  numbers 
isomorphic  to  the  ordered  field  of  rational  numbers  of  the  real  number  system. 

506.  EXERCISES 

In  the  following  exercises,  unless  explicit  exception  is  made,  all  quantities  under 
consideration — referred  to  for  simplicity  as  numbers — are  arbitrary  members  of  an 
ordered  field  ^. 

1.  If  1  is  the  unity  of  an  arbitrary  field,  and  if  n  is  any  integer,  prove  that  1TC  =  1. 

2.  Prove  that  the  sum  of  any  two  negative  integers  is  a  negative  integer,  and  that 
the  product  of  any  two  negative  integers  is  a  positive  integer. 

3.  Prove  that  the  sum  of  any  finite  number  of  negative  integers  is  a  negative 
integer. 

4.  If  a  >  1  and  if  m  and  n  are  arbitrary  integers,  prove  that  the  inequality  m  <  n 
is  equivalent  to  the  inequality  am  <  an.  If  0  <  a  <  1  and  if  m  and  n  are  arbitrary 
integers,  prove  that  the  inequality  m  <  n  is  equivalent  to  the  inequality  am  >  an. 
(Cf.  Ex.  6,  §  308.) 

5.  If  a  >  0,  and  a  ^  1 ,  and  if  m  and  n  are  integers,  prove  that  am  =  an  if  and 
only  if  m  =  n.    (Cf.  Ex.  7,  §  308,  Ex.  4  above.) 

6.  If  a  and  b  are  positive  members  of  an  ordered  field  and  if  n  is  a  nonzero 
integer,  prove  that  an  =  bn  if  and  only  if  a  =  b.     (Cf.  Ex.  8,  §  308.) 

7.  If  a  and  b  are  nonzero  members  of  an  ordered  field  and  if  n  is  any  integer 
prove  that  a2n+1  =  b2n+1  if  and  only  if  a  =  b.     (Cf.  Ex.  9,  §  308.) 

8.  An  ordered  field  f  is  called  Archimedean  if  and  only  if  for  any  two  positive 
members  a  and  b  of  &  there  exists  a  natural  number  n  such  that  na  >  b.  Prove  that 
the  ordered  field  1  of  rational  numbers  is  Archimedean.     (Cf.  §§  403,  501 ,713,  903.) 

9.  Prove  that  there  do  not  exist  two  integers  m  and  n  such  that  m  <  n  <  m  +  1 . 

10.  Prove  that  between  any  two  integers  there  exist  only  finitely  many  integers. 

11.  Let  S  be  a  nonempty  set  of  integers  such  that  there  exists  an  integer  N  greater 
than  every  member  of  S.     Prove  that  S  has  a  greatest  member. 

12.  Prove  the  following  variant  of  the  Fundamental  Theorem  of  Mathematical 
Induction  (Theorem  III,  §  303) :  Let  N  be  an  arbitrary  but  fixed  integer,  and  for  every 
integer  n  ^  N  let  P{n)  be  a  proposition  that  is  either  true  or  false.  If  (J)  P(N)  is  true 
and  (ii)  whenever  the  proposition  P{ri)  is  true  for  the  integer  n  ^  N  the  proposition 
P(n  +  I)  is  also  true,  then  P(n)  is  true  for  every  integer  n  ^  N.  Hint:  Let  Q(n)  = 
P(N  +  n  -  1).     (Cf.  Ex.  33,  §  308.) 

13.  If  n  is  an  integer  and  if  m  is  a  positive  integer,  establish  the  unique  existence  of 
an  integer  q  and  a  nonnegative  integer  r  such  that  r  <  m  and  n  =  qm  +  r. 
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*60l.  INTRODUCTION 

In  Chapter  3  (§  309)  a  relation  from  a  nonempty  set  A  to  a  nonempty  set  B 
was  defined  as  any  subset  of  the  Cartesian  product  A  X  B.  The  emphasis  in 
that  chapter  was  on  the  particular  relations  known  as  functions.  We  turn  our 
attention  now  to  another  kind  of  relation,  known  as  a  transitive  relation,  with 
special  attention  to  its  particularization  known  as  an  equivalence  relation. 
The  symbol  @  denotes  an  arbitrary  ordered  field — which  may,  in  particular, 
be  chosen  to  be  the  real  number  system  01 — JT  denotes  the  system  of  natural 
numbers  of  ^,  J>  denotes  the  integral  domain  of  integers  of  ^,  and  Q  denotes 
the  ordered  field  of  rational  numbers  of  <£ . 

*602.  TRANSITIVITY 

Let  A  be  a  nonempty  set  and  let  p  be  a  relation  from  A  to  A — that  is,  p  is  a 
subset  of  the  Cartesian  product  A  x  A.  Then  p  is  transitive  if  and  only  if 
x  p  y  and  y  p  z  imply  x  p  z. 

Examples  1.  Each  of  the  following  defines  a  transitive  relation  from  ^  to  &  (the 
student  should  supply  each  verification):  (/)  x  <  y;  that  is,  the  subset  of  the 
Cartesian  plane  consisting  of  all  points  (x,  y)  such  that  x  <  y.  («)  x  ^  y\  that  is, 
the  subset  of  the  Cartesian  plane  consisting  of  all  points  (x,  y)  such  that  x  ^  y. 
(Hi)  x  >  y;  that  is,  the  subset  of  the  Cartesian  plane  consisting  of  all  points  (x,  y) 
such  that  x  >  y.  (iv)  x  ^  y ;  that  is,  the  subset  of  the  Cartesian  plane  consisting  of 
all  points  (x,  y)  such  that  x  2>  y.  (v)  x  =  y;  that  is,  the  subset  of  the  Cartesian 
plane  consisting  of  all  points  with  equal  coordinates.!  (vi)  x  py  if  and  only  if 
x  —  y  e  jV .  (vii)  x  py  if  and  only  if  x  —  y  e<?.  (viii)  x  py  if  and  only  if 
x  —  y  e  £.  (ix)x.py  if  and  only  if  ^e/jG/,  and  x  —yE-yV.  (x)xpy 
if  and  only  if  x  and  y  are  both  integers,  (pa)  x  p  y  is  universally  true ;  that  is,  p  = 
&  x  M.    (xii)  x  py  is  universally  false;   that  is,  p  =0. 

*  Starred  sections  and  chapters  may  be  omitted  without  destroying  the  continuity  of  the 
remaining  material.     See  the  preface  for  a  discussion  of  the  role  of  starring  in  this  book. 

t  More  generally,  the  identity  relation  from  any  nonempty  set  to  itself,  consisting  of  all 
ordered  pairs  that  have  equal  coordinates,  is  transitive. 

69 
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Examples  2.  Each  of  the  following  relations  from  ^  to  3t  fails  to  be  transitive: 
(/)  x  ^  y;  that  is,  the  subset  of  the  Cartesian  plane  consisting  of  all  points  with 
unequal  coordinates  (for  example,  if  p  is  the  relation  of  being  unequal,  if  x  =0, 
y  =  1 ,  and  z  =  0,  then  x  p  y  is  true  and  y  p  z  is  true,  but  x  p  z  is  false),  (if)  x  p  y  if 
and  only  if  x  +/G/  (for  example,  if  x  =  i,  y  =  §,  and  z  =  J,  then  x  p  v  is  true 
and  j  />  z  is  true,  but  *  p  z  is  false).  («7)  x  p  y  if  and  only  if  v  =/(*),  where /is  a 
given  function  on  ^  into  ^,  unless /is  idempotent:  f(f(x))  =  f(x)  for  every  jc  in  M 
(an  example  of  an  idempotent  function  is  the  greatest  integer  function  discussed  in 
the  Note,  §  903). 


*603.  EQUIVALENCE  RELATIONS 

Let  A  be  a  nonempty  set  and  let  p  be  a  relation  from  A  to  A.  Then  p  is 
reflexive  if  and  only  if  x  p  x  for  every  x  g  A.  The  relation  p  is  symmetric  if 
and  only  if  x  p  y  implies  y  p  x  (that  is,  whenever  x  p  y  is  true,  y  p  x  is  also 
true).  An  equivalence  relation  from  A  to  ^4  is  a  relation,  commonly  written 
^,  that  is  reflexive,  symmetric,  and  transitive.  The  statement  x  ^  y  is  also 
phrased  x  is  equivalent  toy  or,  because  of  symmetry  (since  x  is  equivalent  to  y 
if  and  only  if  y  is  equivalent  to  x),  x  and  y  are  equivalent. 

Examples  1.  The  relations  of  Examples  1,  §  602,  that  are  equivalence  relations 
are  (y),t  (vii),  (viii),  and  (xi),  as  the  reader  may  easily  verify.  In  examples  (/),  (ii), 
(Hi),  (iv),  (vi),  and  (ix)  p  is  not  symmetric  (take  x  =  1  and  v  =  2,  or*  =  2  and  v  =  1). 
In  examples  (/),  (hi),  (vi),  (ix),  (x),  and  (xii)  p  is  not  reflexive  since  J  p  J  is  false  in 
each  instance. 

Closely  allied  to  the  concept  of  equivalence  relation  is  that  of  equivalence 
class.  %  If  ^ — '  is  an  equivalence  relation  from  a  nonempty  set  A  to  itself,  then 
the  equivalence  class  of  .a  member  x  of  A  is  the  set  of  all  members  y  of  A  that 
are  equivalent  to  x :  y  ^  x.  In  general,  an  equivalence  class  is  the  equivalence 
class  of  some  member  of  A.  By  reflexivity,  the  equivalence  class  of  any 
member  x  of  A  always  contains  x. 

The  following  theorem  shows  that  an  equivalence  class  is  equally  well 
determined  by  any  one  of  its  members. 

Theorem  I.  If  ~  is  an  equivalence  relation  from  a  nonempty  set  A  to  itself, 
any  equivalence  class  is  the  equivalence  class  of  any  one  of  its  members.  In 
other  words,  if  X  is  the  equivalence  class  of  x,  consisting  of  all  members  y  of  A 
that  are  equivalent  to  x,  and  ifz  is  an  arbitrary  member  ofX,  then  the  equivalence 
class  Z  of  z,  consisting  of  all  members  u  of  A  that  are  equivalent  to  z,  is  identical 
with  X:  Z  =  X. 

Proof.  We  first  show  that  Z  is  a  subset  of  X:  Zc  X.  Accordingly,  let  u 
be  an  arbitrary  member  of  Z:    ueZ.     By  definition  of  Z,  w^z,  and  by 

f  More  generally,  the  identity  relation  from  any  nonempty  set  to  itself  is  an  equivalence 
relation. 

t  The  word  class,  and  the  word  family  introduced  below,  are  used  occasionally  in  place  of 
the  word  set,  for  the  sake  of  euphony  and  variety.    The  meaning  is  the  same. 
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definition  of  J,  z~  x.  Therefore,  by  transitivity,  u  ^  x,  and  again  by 
definition  of  X,  u  e  X,  and  we  have  the  desired  inclusion,  Z  ^  X.  In  a 
similar  way  we  can  show  that  X  is  a  subset  of  Z:  If  u  e  X,  then  u  ~  x.  By 
symmetry,  since  z  ~  x,  x  ~  z,  and  thus  by  transitivity  u~  z,  and  u  eZ. 
Since  Z  <=  X  and  I^Zwe  conclude  that  Z  =  X,  as  desired. 

Intimately  associated  with  the  concept  of  an  equivalence  relation  from  a 
nonempty  set  A  to  itself  is  that  of  partition.  A  partition  of  A  is  a  family  of 
nonempty  subsets  X,  Y,  •  •  •  of  A  such  that  (/)  every  x  in  A  is  a  member  of 
some  subset  X  of  the  partition  and  (ii)  no  member  of  A  is  a  member  of  two 
distinct  subsets  of  the  partition.  In  other  words,  the  subsets  of  A  that  form  a 
partition  are  nonempty,  exhaust  A,  and  are  pairwise  disjoint.  The  precise  con- 
nection between  equivalence  relations  and  partitions  is  stated  in  the  theorem: 

Theorem  II.  If  ~  is  an  equivalence  relation  from  a  nonempty  set  A  to 
itself  then  the  family  of  all  equivalence  classes  of  A  is  a  partition  of  A. 
Conversely,  if Tl  is  any  partition  of  A,  and  ifx  <*+->  y  is  defined  to  mean  that  x  and 
y  belong  to  the  same  subset  of  A  in  the  partition  H,  then  ~  is  an  equivalence 
relation,  and  the  family  of  equivalence  classes  of~  is  the  partition  U. 

Proof  If- — -  is  an  equivalence  relation  from  A  to  A,  and  ifx  is  an  arbitrary 
number  of  A,  then  the  equivalence  class  of  x  contains  x,  and  hence  the  family 
of  all  equivalence  classes  exhausts  A.  To  show  that  distinct  equivalence 
classes  are  disjoint,  assume  that  Zand  Fare  equivalence  classes  that  are  not 
identical  but  have  an  element  z  in  common.  By  Theorem  I,  if  Z  is  the 
equivalence  class  of  z,  then  Z  =  X  and  Z  =  Y.  Therefore  X  =  Y,  in 
contradiction  to  the  assumption  that  X  and  Y  are  not  identical.  Conversely, 
if  the  assumptions  of  the  second  sentence  of  the  theorem  are  made,  it  is 
trivial  to  verify  that  ^  is  an  equivalence  relation.  An  equivalence  class  of 
any  x  according  to  ^  is  the  set  of  all  y  that  belong  to  the  same  set  of  the 
partition  II  as  x  does,  and  is  therefore  one  of  the  sets  of  n,  whereas  every  set 
of  the  partition  n  is  simply  the  equivalence  class  of  any  one  of  its  members. 

Examples  2.  If  ~  is  the  equivalence  relation  of  (v),  Examples  1 ,  §  602,  that  is, 
x  ~  y  if  and  only  if  x  —  y,  then  every  equivalence  class  consists  of  exactly  one 
number.  If  ~  is  the  equivalence  relation  of  0/7),  Examples  1 ,  §  602,  that  is,  if 
x  ~  y  if  and  only  if  x  —  y  is  an  integer,  then  the  equivalence  class  of  x  consists  of  all 
numbers  of  the  form  n  +  x,  where  n  is  an  integer.  Every  equivalence  class  is 
uniquely  determined  by  some  x  such  that  0  <  x  <  1  (cf.  §  903).  If  ~  is  the  equiva- 
lence relation  of  (viii),  Examples  1,  §  602,  that  is,  x  ~  y  if  and  only  if  x  —  y  is  ra- 
tional, then  the  equivalence  class  of  x  consists  of  all  numbers  of  the  form  r  +  x,  where 
r  is  a  rational  number.  If  ~  is  the  equivalence  relation  of  (xi),  Examples  1,  §  602, 
that  is,  if  x  ~  y  is  universally  true,  there  is  only  one  equivalence  class,  @  itself. 

*604.  CONGRUENCES 

For  present  and  future  purposes  it  will  be  useful  to  extend  the  concept  and 
notation  of  divisibility  introduced  in  §  401  for  natural  numbers,  so  that  they 
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apply  to  all  integers,  as  follows:  A  nonzero  integer  m  divides  an  integer  k 
(in  symbols :  m  |  k)  if  and  only  if  there  exists  an  integer  n  such  that  k  =  mn. 
If  m  |  k,  m  is  called  a  divisor  or  factor  of  k,  and  k  is  called  a  multiple  of  m. 
In  particular,  every  nonzero  integer  m  is  a  divisor  of  0 :  m  |  0.  Two  nonzero 
integers  m  and  «  are  relatively  prime  if  and  only  if  the  only  natural  number 
that  divides  both  m  and  n  is  1. 

Let  m  be  a  fixed  natural  number,  and  for  two  integers  a  and  &  let  a  relation 
p  be  defined :  a  p  b  if  and  only  if  w  |  (a  —  &)•  It  follows  directly  from  this 
definition  that  p  is  an  equivalence  relation  from  /to/  (this  is  true  for  the 
following  three  reasons:  m\(a  —  a)  for  every  a;  if  m  |  (a  —  b)  then 
m  \(b  —  a);  if  m  \(a  —  b)  and  m  |  (b  —  c)  then  m\(a  —  c)  since  «  —  c  = 
(a  -  b)  +  (b  -  c)). 

The  German  mathematician  Carl  Friedrich  Gauss  (1777-1855)  introduced 
the  following  notation  for  the  equivalence  relation  just  defined: 

(1)  a  =  b  (mod  m)  if  and  only  if  m  \  (a  —  b). 

The  relation  (1)  is  stated  in  words :  a  is  congruent  to  b  modulo  m.  The  number 
m  is  called  the  modulus  of  the  congruence  (1).  The  statement  that  (1)  is  false 
is  written : 

(2)  a^b  (mod  m) ; 
in  words :  a  is  incongruent  to  b  modulo  m. 

The  congruence  notation  (1)  resembles  an  equation.  One  reason  for  the 
appropriateness  of  that  notation  is  that  congruences,  in  their  elementary 
behavior,  are  similar  to  equations. 

Theorem  I.  If  a,  b,  c,  d,  and  n  are  integers,  if  m  is  a  natural  number,  and 
if  a  =  b  (mod  m)  and  c  =  d  (mod  m),  then  a  +  c  =  b  +  d  (mod  m),  and 
a  —  c  =  b  —  d  (mod  m),  ac  =  bd  (mod  m),  and  na  =  nb  (mod  m). 

Proof  Assume  that  m  \  (a  —  b)  and  m\(c  —  d).  Then,  by  elementary 
principles,  m  is  a  divisor  of  the  sum  {a  —  b)  +  (c  —  d)  =  {a  +  c)  —  (b  +  d), 
so  that  a  +  c  =  b  +  d  (mod  m).  Similarly,  m  is  a  divisor  of  the  difference 
(a  —  b)  —  (c  —  d)  =  (a  —  c)  —  (b  —  d),  so  that  a  —  c  =  b  —  d  (mod  m). 
If  we  rewrite  ac  —  bd  by  adding  and  subtracting  be:  ac  —  bd  =  ac  —  be  -\- 
bc  —  bd  =  {a  —  6)c  +  Z?(c  —  d),  we  see  that  since  m  divides  both  (a  —  b)  and 
(c  —  d),  m  divides  the  expanded  form  of  ac  —  bd,  so  that  ac  =  bd  (mod  m). 
Finally,    since   na  —  nb  =  n(a  —  b),   m\  (na  —  nb)  and   na-  =  nb  (mod  m). 

The  law  of  cancellation  does  not  in  general  hold.  That  is,  it  is  possible  for  the 
congruence  na  =  nb  (mod  m)  to  hold  and  for  the  congruence  a  =  b  (mod  m) 
to  fail,  even  when  n  ^=  0  (mod  m).  For  example,  if  a  =  5,  b  =  2,  n  =  4,  and 
m  =  6,  we  have  4-5  =  4-2  (mod  6),  whereas  both  5^2  (mod  6)  and  4^0 
(mod  6).   However,  the  cancellation  law  does  hold  in  an  important  special  case : 

Theorem  II.  If  a,  b,  and  n  are  integers,  with  n  ^  0,  ifm  is  a  natural  number 
such  that  m  and  n  are  relatively  prime,  and  if  na  .=  nb  (mod  m),  then 
a  =  b  (mod  m). 
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Proof.  Assume  that  na  =  nb  (mod  m).  If  n  >  0  and  a  ^  b,  adjust  the 
notation  for  a  and  b,  if  necessary,  so  that  a  >  b.  Then,  by  assumption, 
m  |  (na  —  nb),  or  m  |  n(a  —  b).  By  Theorem  IV,  §  404,  since  m  and  n  are 
relatively  prime,  m\(a  —  &),  and  a  =  b  (mod  ra).  Finally,  assume  that 
«  <  0  and  let/?  =  — «  >  0.  Once  more,  assume  for  definiteness  that  a  >  b. 
Then,  by  assumption,  m  |  («a  —  nb),  and  hence  m  |  p(a  —  b).  Again,  since 
m  and  p  are  relatively  prime,  m\(a  —  b),  and  a  =  b  (mod  m).  This  com- 
pletes the  proof. 

*605.  OPERATIONS  WITH   EQUIVALENCE  CLASSES 

To  obtain  a  clearer  picture  of  the  equivalence  classes  given  by  congruence 
modulo  m,  as  defined  in  §  604,  we  enumerate  their  members : 


—  2m, 

—m, 

o, 

m, 

2m, 

1  —  2m, 

1  —  m, 

1, 

1  +  m, 

1  +  2m, 

2  —  2m, 

2  —  m, 

2, 

2  +  m, 

2  +  2m, 

(1) 

•  •  •  (m  —  1)  —  2m,  (m  —  1)  —  m,  m  —  1,  (m  —  1)  +  m,  (m  —  1)  +  2m, 

From  the  form  of  (1)  we  see  that  there  are  exactly  m  equivalence  classes,  each 
with  infinitely  many  members,  and  that  these  equivalence  classes  can  be 
represented  by  the  m  integers : 

(2)  0,  1,2,  •••,m-  1. 
(Cf.  Ex.  13,  §506.) 

If  the  notation  [n],  0  <  n  <  m  —  1,  is  used  to  represent  the  equivalence 
class  of  the  integer  n,  we  can  write  the  m  equivalence  classes  thus: 

(3)  [0],  [1],  [2],  ■  •  • ,  [m  -  1]. 

If  we  now  concentrate  on  these  equivalence  classes  in  terms  of  congruence 
as  an  equivalence  relation,  we  find  a  very  interesting  algebra  arising  from  the 
manipulation  of  these  equivalence  classes.  If  A  and  C  are  any  two  equiva- 
lence classes  (1)  (or,  equivalently,  (3))  and  if  n  is  any  integer  we  shall  formulate 
a  definition  for  adding,  subtracting,  and  multiplying  A  and  C,  and  for 
multiplying  A  by  n.  It  turns  out  that  our  definition  needs  justification,  to 
show  that  it  is  meaningful,  and  that  this  justification  is  merely  a  restatement 
of  Theorem  I,  §  604. 

Definition.    Let  m  be  a  fixed  natural  number,  and  let  congruence  modulo  m  be 

the  equivalence  relation  defined  in  (1),  §  604.     If  A  and  C  are  any  two  equivalence 

classes  and  if  n  is  any  integer,  define  the  following  operations  in  terms  of  an 

arbitrary  member  a  chosen  from  A  and  an  arbitrary  member  c  chosen  from  C: 

(i)  A  +  C  =  the  equivalence  class  ofa-\-c, 

(ii)  A  —  C  =  the  equivalence  class  ofa  —  c, 

(Hi)        AC  =  the  equivalence  class  of  ac, 

(iv)         nA  =  the  equivalence  class  of  na. 
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Theorem.  The  preceding  definition  is  meaningful  in  the  sense  that  each  of  the 
four  operations  (i)-(iv)  is  independent  of  the  representatives  a  and  c  chosen. 

Proof  For  (i),  let  b  be  an  arbitrary  member  of  A,  so  that  a  =  b  (mod  ra), 
and  let  d  be  an  arbitrary  member  of  C,  so  that  c  =  d  (mod  m).  Then,  by 
Theorem  I,  §  604,  since  a  -{-  c  =  b  -}-  d  (mod  m),  the  equivalence  class  of 
b  -{-  dis  the  same  as  that  of  (/).  For  (ii),  (Hi),  and  (iv)  the  details  follow  in  like 
manner  from  their  counterparts  in  Theorem  I,  §  604. 

Example  1.  Write  out  the  addition  and  multiplication  tables  for  the  equivalence 
classes  for  congruence  modulo  4. 

Solution.     With  the  notation  (3),  these  tables  are: 


[0] 

[1] 

[2] 

[3] 

[0] 

[0] 

[1] 

[2] 

[3] 

[1] 

[1] 

[2] 

[3] 

[0] 

[2] 

[2] 

[3] 

[0] 

[1] 

[3] 

[3] 

[0] 

[1] 

[2] 

[0] 

[1] 

[2] 

[3] 

[0] 

[0] 

[0] 

[0] 

[0] 

[1] 

[0] 

[1] 

[2] 

[3] 

[2] 

[0] 

[2] 

[0] 

[2] 

[3] 

[0] 

[3] 

[2] 

[1] 

Addition 


Multiplication 


In  practice  it  is  often  convenient  to  remove  the  brackets  in  the  designation 
of  the  equivalence  classes  [n],  1  ^  n  ^  m  —  1,  if  it  is  clearly  understood  that 
when  this  is  done  the  symbol  n  represents  a  member  of  a  new  algebraic  structure 
and  is  no  longer  a  member  of  the  real  number  system.  In  spite  of  this  we  shall 
informally  refer  to  the  algebra  of  equivalence  classes  modulo  m  as  that  of 
integers  reduced  modulo  m,  or  simply  the  integers  modulo  m. 

Example  2.  Write  out  the  addition  and  multiplication  tables  for  the  integers 
modulo  5. 

Solution.    With  the  notation  n  for  [«],  these  tables  are : 


0 

1 

2 

3 

4 

0 

0 

1 

2 

3 

4 

1 

1 

2 

3 

4 

0 

2 

2 

3 

4 

0 

1 

3 

3 

4 

0 

1 

2 

4 

4 

0 

1 

2 

3 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

0 

1 

2 

3 

4 

2 

0 

2 

4 

1 

3 

3 

0 

3 

1 

4 

2 

4 

0 

4 

3 

2 

1 

Addition 


Multiplication 
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*606.  RINGS  AND  FIELDS 

The  two  examples  of  §  605,  one  of  the  integers  reduced  modulo  4  and  the 
other  of  the  integers  reduced  modulo  5,  display  a  structure  bearing  at  least 
some  superficial  resemblance  to  the  real  number  system.  For  example,  there 
are  elements  apparently  behaving  like  the  real  numbers  zero  and  unity.  It  is 
the  purpose  of  this  section  to  investigate  the  extent  to  which  the  integers 
modulo  m  are  similar  to  the  real  numbers,  and  the  extent  to  which  they 
contrast.  One  observation  that  we  may  make  at  the  outset  is  that  since  every 
system  of  integers  modulo  m  is  finite  and  every  ordered  field  is  infinite  (cf. 
Theorem  V,  §  3 12),  for  no  natural  number  m  is  the  system  of  integers  modulo 
m  an  ordered  field.  Our  next  question  is:  "Under  what  circumstances,  if 
any,  is  the  system  of  integers  modulo  m  a,  field?"  We  shall  find  that  the 
answer  depends  on  the  value  of  m. 

It  has  already  been  observed  in  §  604,  and  is  evident  from  the  multiplication 
table  of  Example  1,  §  605,  that  it  is  possible  for  the  product  of  two  integers  to 
be  congruent  to  zero  modulo  m  even  though  neither  factor  by  itself  is  congruent 
to  zero  modulo  m.  This  shows  that  the  system  of  integers  modulo  m  is  not 
always  a  field — for  example,  when  m  =  6  and  when  m  =  4  it  is  not.  What  is 
there  about  the  numbers  6  and  4  that  makes  the  resulting  system  not  a  field  ? 

Before  attempting  to  answer  the  questions  just  raised,  let  us  see  what 
properties  are  true  for  every  system  of  integers  modulo  m.  We  start  by 
defining  one  of  the  most  important  concepts  of  abstract  algebra. 

Definition.  A  ring  is  a  set  with  two  binary  operations  of  addition  and 
multiplication  subject  to  Axioms  l(i),  (ii),  (Hi),  (iv),  and  (v),  11(7)  and  (ii),  and 
III,  §  102.  A  commutative  ring  with  unity  is  a  ring  in  which  Axioms  ll(iii) 
and  (v),  §  102,  hold:  that  is,  it  is  subject  to  all  of  the  Axioms  I,  II,  and  III  of  a 
field  except  for  Axiom  ll(iv),  which  guarantees  multiplicative  inverses  for 
nonzero  elements,  f 

Note  1.  Every  field  is  an  integral  domain,  and  every  integral  domain  is  a 
commutative  ring  with  unity. 

Theorem  I.  Ifm  is  a  natural  number  greater  than  1,  the  system  of  integers 
modulo  m  is  a  commutative  ring  with  unity. 

Proof.  We  take  the  axioms  in  turn.  1(7):  True  by  (/),  §  605.  1(77):  By 
the  Definition,  §  605,  [a]  +  ([b]  +  [c])  =  [a]  +  [b  +  c]  =  [a  +  (b  +  c)]  = 
[(a  +  b)  +  c]  =  [a  +  b]  +  [c]  =  ([a]  +  [b])  +  [c].  1(777):  The  element  that 
plays  the  role  of  zero  is  the  equivalence  class  [0] :  [a]  +  [0]  =  [a  +  0]  =  [a]. 
1(77;):   For  a  given  equivalence  class  [a]  the  equivalence  class  [—a]  plays  the 

t  For  an  elementary  treatment  of  the  theory  of  rings  the  reader  is  referred  to  Neal  H. 
McCoy,  Introduction  to  Modern  Algebra  (Boston,  Allyn  and  Bacon,  Inc.,  1960)  and  G. 
Birkhoff  and  S.  MacLane,  A  Survey  of  Modern  Algebra  (New  York,  The  Macmillan  Co., 
1953). 
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role  of  the  additive  inverse:  [a]  +  [—a]  =  [a  —  a]  =  [0].  1(f):  [a]  +  M  = 
[a  +  b]  =  [£  +  a]  =  M  +  [a].  11(0:  True  by  (Hi),  §  605.  11(h):  True  by 
techniques  similar  to  those  used  for  I(w).  II(«7)  :  The  element  that  plays  the 
role  of  unity  is  the  equivalence  class  [1],  which  is  different  from  [0]  since 
m  >  1:  [a][l]  =  [a  •  1]  =  [a].  11(f):  [a][b]  =  [ab]  =  [fca]  =  MM.  Ill: 
M(M  +  [c])  =  [a][b  +  c]  =  [a(b  +  c)]  =  [ab  +-  «c]  =  [06]  +  [ac]  =  MM  + 

MM. 

We  now  are  ready  to  provide  answers  to  some  questions  asked  earlier. 

Theorem  II.  If  m  is  a  natural  number  greater  than  1 ,  the  ring  of  integers 
modulo  m  is  afield  if  and  only  if  m  is  prime. 

Proof  First  assume  that  m  is  composite :  m  —  rs,  where  r  and  s  are  natural 
numbers  greater  than  1 .  Then  [r][s]  =  [m]  =  [0]  whereas,  since  0  <  r  <  m 
and  0  <  s  <  m,  [r]  =£  [0]  and  [s]  ^  [0].  But,  by  Example  4,  §  103,  in  any 
field  the  product  of  two  nonzero  elements  is  nonzero.  Therefore,  the 
integers  modulo  m  cannot  be  a  field.  Now  assume  that  m  is  prime:  m  =  p, 
and  let  [a]  be  any  nonzero  equivalence  class,  where  0  <  a  <  p.  Since  the 
GCD  of  a  and/?  is  unity:  (a,  p)  —  1,  by  Theorem  V,  §  408,  there  exist  natural 
numbers  r  and  s  such  that  ar  +  p(—s)  =  1.  Therefore  MM  +  lp\l~ s]  — 
MM  +  [0][— s]  =  MM  —  [!]•  The  equivalence  class  [r]  is  therefore  the 
multiplicative  inverse  of  [a],  and  Axiom  11(f)  is  satisfied.  Therefore  the 
system  of  integers  modulo  p  is  a  field. 

Note  2.  The  number  of  members  of  a  finite  field  is  called  its  order.  Theorem  II 
tells  us  that  for  every  prime/?  there  is  a  finite  field  of  order/?.  It  is  not  true,  however, 
that  every  finite  field  is  of  prime  order.  What  is  true  is  that  every  finite  field  is  of 
prime-power  order  (that  is,  is  of  order  pn  for  some  prime/?  and  natural  number  n), 
and  conversely, for  every  prime/? and  natural  number  n  there  is  a  finite  field  of  order 
pn.  (For  proofs,  see  the  Birkhoff  and  MacLane  book  cited  in  the  preceding  footnote, 
_,  pp.  445-447.)  For  example,  there  are  no  fields  of  order  6,  18,  or  100,  but  there  are 
fields  of  order  8,  9,  and  625.  The  reader  may  be  interested  in  verifying  that  the  set 
consisting  of  the  four  distinct  members  0, 1 ,  a,  and  b,  with  the  following  addition  and 
multiplication  tables,  is  a  field  (cf.  Ex.  29,  §  609): 
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Example.  Find  the  multiplicative  inverse  of  72  in  the  field  &  of  integers  modulo 
89.     Thereby  find  an  integer  n  such  that  0  <  n  <  89  and  72n  ess  13  (mod  89). 

Solution.    The  Euclidean  Algorithm  gives 

89  =  72  +  17, 
72  =  4  •  17  +  4, 
17  =4-4  +  1, 

and  hence  1  =  17  -  4(72  -  4  •  17)  =  17  •  17  -  4  •  72  =  17(89  -  72)  -  4  •  72  = 
17  •  89  -  21  •  72  =  72(89  -  21)  -  89(72  -  17)  -  72  •  68  -  89  •  55.  In  other 

words,  72-68  =89-55  +  1,  72  •  68  =  1  (mod  89),  and  68  is  the  desired  multipli- 
cative inverse  of  72.  We  solve  the  equation  72«  =  1 3  in  the  field  & :  n  =  13  •  72_1  = 
13-68  =83.  Checking  in  the  integral  domain  J  of  integers:  If  n  =  83,  then 
72-83  -  13  =  5963  =  89-67. 

*607.  IDEALS 

In  the  general  theory  of  rings  a  particular  kind  of  substructure  known  as  an 
ideal  assumes  prominence.  Since,  in  this  book,  our  interest  in  ideals  will  be 
confined  to  ideals  in  integral  domains,  we  shall  restrict  the  definition  to  this 
particular  type  of  ring : 

Definition.  Let  I  be  an  integral  domain.  A  nonempty  set  A  of  I  is  an  ideal 
if  and  only  if  it  is  closed  (i)  with  respect  to  addition  and  (ii)  with  respect  to 
multiplication  by  arbitrary  members  of  I:  (i)  If  a  e  A  and  if  b  e  A,  then 
a  +  b  g  A.     (ii)  If  a  e  A  and  x  e  /,  then  ax  e  A. 

Example  1.  If  J  =  J,  the  integral  domain  of  integers,  and  if  c  is  a  fixed  natural 
number,  show  that  the  set  of  all  integers  of  the  form  nc,  where  n  is  an  integer : 

(1)  •  •  • ,  —3c,  —2c,  —c,  0,  c,  2c,  3c,  •  •  • , 

is  an  ideal. 

Solution.  The  set  (1)  is  closed  with  respect  to  addition,  since  mc  +  nc  = 
(m  +  n)c.  It  is  closed  with  respect  to  multiplication  by  any  member  x  of  I,  since 
(nc)x  =  (nx)c. 

Example  2.  In  any  integral  domain  /,  show  that  the  set  A  whose  only  member  is 
the  zero  element  0  of  /  is  an  ideal. 

Solution.     Trivial. 

Theorem  I.  Any  ideal  A  in  an  integral  domain  I  is  closed  with  respect  to 
subtraction;  that  is,  if  a  £  A  and  if  b  e  A,  then  a  —  b  e  A. 

Proof.  Since  b  e  A,  and  since  —  1  e/,  b(—  1)  =  —b  e  A,  and  therefore 
a  +  (-b)  =  a-  be  A. 

A  simple  corollary  of  Theorem  I  is : 

Theorem  II.  Any  ideal  A  in  an  integral  domain  I  is  a  commutative  additive 
group.     (Cf.  Exs.  30,  31,  §  104.) 
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Proof.  Since  A  is  closed  with  respect  to  addition,  Axiom  1(7),  §  102,  is 
satisfied.  Since  the  associative  law  holds  for  I  it  holds  for  A,  and  Axiom 
1(h),  §  102,  is  satisfied.  Since  A  is  nonempty  it  contains  a  member  a  and 
hence,  by  Theorem  I,  the  element  a  —  a  =  0  of  7,  and  Axiom  I(iii),  §  102, 
is  satisfied.  If  a  e  A,  then  by  Theorem  I  the  difference  0  —  a  =  —a  e  A 
and  Axiom  l(iv),  §  102,  is  satisfied.  Finally,  since  lis  commutative  so  is  A, 
and  Axiom  l(v),  §  102,  is  satisfied. 

For  ideals  in  the  integral  domain  J>  of  the  integers,  Examples  1  and  2  are 
representative : 

Theorem  HI.  If  J>  is  the  integral  domain  of  the  integers  {in  any  ordered 
field),  and  if  A  is  any  ideal  in  </  containing  a  nonzero  member,  then  there 
exists  a  unique  natural  number  c  such  that  A  is  the  ideal  of  Example  7,  con- 
sisting of  all  integral  multiples  of  c. 

Proof  Since  A  contains  a  nonzero  member  s,  it  must  contain  at  least  one 
positive  member  (either  s  or  —s).  Let  c  be  the  least  positive  member  of  A, 
and  let  B  denote  the  ideal  (1).  Since  c  e  A  and  since  A  is  closed  with  respect 
to  multiplication  by  arbitrary  members  of  J> ,  nc  e  A  for  every  integer  n  and  we 
have  proved  that  B  ^  A.  We  shall  now  prove  that  A  <=  B  by  assuming  that 
there  is  a  member  t  of  A  that  is  not  a  member  of  B,  and  obtaining  a  contra- 
diction. Since  t  is  not  a  member  of  B,  t  ^  0.  If  t  >  0  let  a  =  t,  and  if 
t  <  0  let  a  =  —  t.  In  either  case  a  e  A,  a  >  0,  and  a  is  not  a  member  of  B. 
By  the  Fundamental  Theorem  of  Euclid  (Theorem  II,  §  403)  there  exist 
nonnegative  integers  q  and  r  such  that  r  <  c  and  a  =  qc  +  r.  Since  qc  e  B 
and  a  is  not  a  member  of  B,  r  ^  0,  and  hence  0  <  r  <  c.  On  the  other  hand, 
since  a  e  A  and  qc  e  A,  their  difference  is  a  member  of  A  (Theorem  I): 
a  —  qc  =  r  e  A.  The  desired  contradiction  has  been  reached,  since  r  is  a 
positive  member  of  A  less  than  the  least  positive  member  c.  This  establishes 
the  inclusion  A  c:  B  which,  with  B  <=  A,  gives  the  desired  result:  A  =  B. 
The  uniqueness  of  c  follows  from  the  fact  that  there  do  not  exist  distinct 
natural  numbers  each  of  which  is  an  integral  multiple  of  the  other. 

The  first  part  of  the  proof  of  Theorem  III  shows  that  the  ideal  (1)  of 
Example  1  is  the  smallest  ideal  containing  the  number  c  in  the  sense  that  any 
ideal  that  contains  c  contains  the  ideal  (1).  The  ideal  (1)  is  said  to  be 
generated  by  the  number  c.  Theorem  III  states  that  any  ideal  in  J  that 
contains  more  than  the  number  0  is  generated  by  a  unique  natural  number. 

In  a  similar  fashion,  as  the  reader  may  readily  verify,  if  a  and  b  are  any  two 
natural  numbers  there  exists  a  smallest  ideal  AinJ^  containing  a  and  b  in  the 
sense  that  any  ideal  containing  a  and  b  contains  A.  This  ideal  A,  defined  in 
the  following  example,  is  said  to  be  generated  by  a  and  b : 

Example  3.  If  I  =  */,  the  integral  domain  of  integers,  and  if  a  and  b  are  any  t\yo 
fixed  natural  numbers,  show  that  the  set  A  of  all  integers  of  the  form  ma  +  nb, 
where  m  and  n  are  integers,  is  an  ideal. 
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Solution.  The  set  A  is  closed  with  respect  to  addition,  since  (m±a  +  nxb)  + 
(m2a  +  n2b)  =  (m±  +  m2)a  +  (n±  +  «2)6.  It  is  closed  with  respect  to  multiplication 
by  any  member  x  of  /,  since  (ma  +  nb)x  —  (mx)a  +  (nx)b. 

We  now  come  to  one  of  the  most  interesting  aspects  of  this  whole  discussion 
of  ideals,  the  relation  between  generated  ideals  and  the  GCD : 

Theorem  IV.  If  A  is  the  ideal  generated  by  the  natural  numbers  a  and  b,  and 
if  c  is  the  (single)  natural  number  that  generates  A,  then  c  is  the  GCD  of  a 
and  b:  c  =  (a,  b). 

Proof  Since  A  consists  of  all  integral  multiples  of  c  and  since  both  a  and  b 
are  members  of  A,  each  is  an  integral  multiple  of  c;  in  other  words,  c  is  a 
common  divisor  of  a  and  b.  On  the  other  hand,  since  c  is  a  member  of  the 
ideal  A  of  Example  3,  c  has  the  form  c  =  ma  +  nb,  where  m  and  n  are  integers, 
and  any  common  divisor  of  a  and  b  is  a  divisor  of  c.  Therefore  c  is  the 
greatest  common  divisor  of  a  and  b. 

*608.  LINEAR  EQUATIONS 

It  was  seen  in  Exercise  29,  §  104,  that  in  any  field  the  general  linear  equation 
ax  +  b  =  0,  a  7^  0,  has  a  unique  solution  x  —  —b\a.  The  finite  fields  of  the 
integers  modulo  a  prime  number  provide  examples  for  illustrating  this 
principle. 

Example  1.     Solve  the  equation 

(1)  3x  +  4  =  0 

in  the  system  of  integers  modulo  5  (where  brackets  are  omitted  for  simplicity). 

Solution.  From  the  multiplication  table  of  Example  2,  §  605,  we  see  that  2  is  the 
reciprocal  of  3  since  their  product  is  1.  Therefore  x  =  —4/3  =  —4-2  =  —3. 
Since  the  additive  inverse  of  3  is  2,  the  solution  of  (1)  is  x  =  2,  as  may  be  verified  by 
direct  substitution  in  (1). 

Systems  of  equations  can  be  handled  in  a  finite  field  of  integers  modulo  a 
prime  much  as  they  can  in  the  field  of  real  numbers.  A  full  treatment  would 
demand  a  study  of  determinants  and  matrices.  The  interested  reader  will 
find  a  discussion  of  these  topics,  and  further  references,  in  the  two  books  cited 
in  the  footnote  of  §  606.  A  solution  of  a  system  of  equations  in  the  variables 
or  unknowns  x,  y,  •  •  •  is  a  set  of  values  of  these  variables  that  satisfy  all 
equations  simultaneously. 


Example  2.     Solve  the  system  of  equations 

(2)  [2x  +  *y  = 

for  x  and  y  in  the  field  of  integers  modulo  5. 
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Solution.  The  variable  y  can  be  eliminated  by  first  multiplying  the  second 
equation  of  (2)  on  both  sides  by  2  and  adding  the  resulting  two  members  of  the 
equation  2x  +  y  =  4  to  those  of  the  first  equation,  with  the  result:  Ax  =  2,  or 
x  =  3.  Substitution  in  the  first  equation  gives  1  +  Ay  =  3,  Ay  =  2,  2y  =  1,  and 
y  =  3.  The  solution  of  (2)  is  therefore  x  =  3,  y  =  3,  as  can  be  verified  by  direct 
substitution. 

Example  3.     Show  that  the  following  system  of  equations: 

(3x  +  2y  +  3z  =  1, 

(3)  *  +  3y  +  2z  =  3, 

12*  +  4y  +    z  =  4, 

has  no  solution  (x,  y,  z)  in  the  field  of  integers  modulo  5. 

Solution.  Addition  of  the  first  two  equations  gives  Ax  =  4,  or  x  =  1.  Sub- 
stitution gives  for  the  first  and  third  equations:  2y  +  3z  =  3  and  Ay  +  z  =  2, 
respectively.  Doubling  both  members  of  the  first  of  these  two  equations  gives 
Ay  +  z  =  1 ,  an  equation  incompatible  with  4y  +  z  =  2. 

Example  4.     Show  that  the  equation 

6x  =8 

has  no  solution  in  the  ring  of  integers  modulo  12.     (Cf.  Ex.  28,  §  609.) 

Solution.  If  jc  is  an  integer  and  if  (6x  —  8)/12  is  an  integer,  then  (12x  —  1 6)/ 1 2  = 
x  —  f  is  an  integer.    (Contradiction.) 

Example  5.    Find  all  solutions  of  the  equation 

(4)  6x  =  8 

in  the  ring  of  integers  modulo  14.    (Cf.  Ex.  28,  609.) 

Solution.  We  first  seek  a  solution,  and  then  all  solutions.  Since  the  GCD  of  6 
and  14  is  2,  it  is  possible,  by  means  of  the  Euclidean  Algorithm  (cf.  §  408),  to  find 
natural  numbers  m  and  n  such  that  6m  —  \An  —  2;  in  fact,  with  m  =  5  and  n  =  2, 
6m  -  \An  =  30  -  28  =  2.  Multiplying  both  members  of  6  •  5  -  14  •  2  =  2  by  4 
gives  6-20-14-8  =  8,  or  6(14  +  6)  -  14  •  8  =  8,  and  hence  6-6=8  (mod  14), 
with  a  solution  of  x  =  6  for  the  given  equation.  We  now  make  use  of  the 
solution  x  =  6  to  discover  what  other  solutions  6  +  a  there  may  be,  by  studying  the 
equation  6(6  +  a)  =  8  (mod  14),  or  6a  =  0  (mod  14).  The  integer  a  satisfies  this 
last  congruence  if  and  only  if  6«/14,  or  3a/7  is  an  integer,  and  this  is  true  if  and  only 
if  a  is  a  multiple  of  7.  If  a  is  a  multiple  of  7  and  if  6  +  a  is  between  0  and  13, 
inclusive,  then  a  =  0  or  7,  and  conversely.  Therefore  there  are  exactly  two 
solutions  of  (4):  x  —  6  and  x  =  13. 

*609.  EXERCISES 

In  Exercises  1-4,  solve  the  given  congruence  of  the  form  ax  =  b  (mod  c)  for  x 
between  0  and  c. 

1.  Sx  =  6  (mod  11).  2.  1001*  =  1  (mod  101). 

3.  5x  =  3  (mod  6).  4.  49*  ee  20  (mod  60). 
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In  Exercises  5-8,  find  the  multiplicative  inverse  of  the  given  member  a  of  the  field 
of  integers  modulo  the  prime  number  p. 

5.  a  =  12,  p  =  13.  6.  a  =  21,  p  =  23. 

1.  a  =  22,p  =  37.  8.  a  =  12, p  =  97. 

9.  Find  the  integer  n  such  that  0  <  n  <  11  and  737  =  /z  (mod  11). 
10.  Find  the  integer  n  such  that  0  <  n  <  19  and  1337  =  n  (mod  19). 
In  Exercises  11-12,  solve  the  simultaneous  system  in  the  field  of  integers  modulo  7. 

n  15*  +  3y  =  6, 

(6*  +  2/  =  5. 

(2jc  -  6y  +  5z  =  3, 
12.  *  +  3y  -  5z  =  3, 

l5x  +  2y  +  3z  =  2. 

In  Exercises  13-14,  show  that  the  given  system  of  equations  has  no  solution  in  the 
field  of  integers  modulo  13. 

13  \5x  +  lly=2i 

\2x  +  ly  =  8. 

(*  +  y  +  z  =  1, 

14.  \x  +  2y  +  3z  =  1, 

UOx  +  4j  +  llz  =  1. 

In  Exercises  15-16,  find  all  solutions  of  the  given  system  in  the  field  of  integers 
modulo  5. 

15.  13X  +  2?=4> 

(4x  +  y  =  2. 

(x  +  7  +  2z  =  2, 

16.  |  jc  +  4y  +  2z  =  3, 

[2x  +  y  +  4z  =  2. 

17.  Find  all  solutions  of  the  equation  x2  =  5  in  the  field  of  integers  modulo  1 1 . 

18.  Find  all  solutions  of  the  equation  x2  =  5  in  the  field  of  integers  modulo  13. 

19.  Prove  that  ifp  is  a  prime  greater  than  3,  then  there  exists  an  integer  a  between 
1  and  p  such  that  the  equation  x2  =  a  has  two  solutions  in  the  field  of  integers 
modulo  p,  and  there  exists  an  integer  b  between  1  and  p  such  that  the  equation 
x2  =  b  has  no  solutions  in  the  field  of  integers  modulo/?.     (Cf.  Exs.  17-18.) 

20.  Show  that  the  ring  of  integers  modulo  m,  where  m  is  a  natural  number  greater 
than  1,  is  an  integral  domain  (cf.  the  Note,  §  501)  if  and  only  if  it  is  a  field. 

21.  Discuss  the  relationship  between  the  solutions  of  the  equation  2x  +  5y  =  3 
in  the  ring  of  integers  modulo  6  and  the  solutions  of  the  equation  4x  +  lOy  =  6  in 
the  ring  of  integers  modulo  12.  State  and  prove  a  general  principle  illustrated  by 
this  example. 

22.  Give  a  reasonable  definition  for  the  product  nx,  where^jc  is  an  arbitrary 
member  of  a  field  &  and  n  is  an  arbitrary  integer  (n  is  not  necessarily  a  member  of  &). 
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Prove  the  following  laws,  where  m  and  n  denote  arbitrary  integers  and  x  and  y  denote 
arbitrary  members  of  & :  (?)  0  •  x  =  0,  where  the  first  0  is  the  integer  0  and  the 
second  0  is  the  zero  of  &\  (//*)  n  •  0  =0,  where  each  0  is  the  zero  of  J5";  (Hi)  1  •  x  =  x; 
(iv)(  —  l)x  =  —x;  (v)m(nx)  =  (mn)x;  (vi)m(xy)  =  (mx)y;  (vii)(m  +  n)x  =  mx  + 
nx;   (viii)  n(x  +  y)  =  nx  +  ny. 

23.  Show  that  with  proper  interpretation  the  formula  (10),  §  314,  for  the  sum  of 
an  arithmetic  sequence  remains  valid  in  any  field  where  2  =  1  +  1^0.  Illustrate 
by  computing  the  following  sum  in  the  field  of  integers  modulo  11  in  two  ways: 

2  +  7  +  12  +  17  +  --+  102.  (Cf.  Ex.  22.) 

24.  Show  that  with  proper  interpretation  the  formula  (12),  §  314,  for  the  sum  of  a 
geometric  sequence  remains  valid  in  any  field.  Illustrate  by  computing  the  following 
sum  in  the  field  of  integers  modulo  5  in  two  ways:  l+3+32  +  33  +  --  +  310. 
(Cf.  Ex.  22.) 

25.  Let  a  and  b  be  members  of  the  set  J '  of  natural  numbers,  and  let  apb  mean 
that  either  a  =b  =  \ora>\  and  b  >  1  and  the  greatest  prime  divisor  of  a  is  equal 
to  the  greatest  prime  divisor  of  b.  (For  example,  1 5  p40  since  5  is  the  greatest  prime 
divisor  of  each  of  15  and  40.)  Prove  that  p  is  an  equivalence  relation.  If  the 
equivalence  class  of  a  is  denoted  [a],  consider  the  following  attempt  by  Simple  Simon 
to  define  an  operation  of  addition  for  the  equivalence  classes:  [a]  +  [b]  =  [a  +  b]. 
Prove  that  this  operation  is  not  well  defined ;  that  is,  show  that  the  equivalence  class 
resulting  from  this  combination  of  two  equivalence  classes  may  depend  on  the 
representatives  chosen  from  them. 

In  Exercises  26-30,  R  denotes  the  ring  of  integers  modulo  m,  where  m  is  a  natural 
number  greater  than  1 . 

26.  Prove  that  a  has  a  multiplicative  inverse  in  R  if  and  only  if  a  and  m  are 
relatively  prime. 

27.  If  a  and  b  are  natural  numbers  between  1  and  m,  and  if  either  a  and  m  are 
relatively  prime  or  b  and  m  are  relatively  prime,  prove  that  in  R  the  equation 
ax  +  by  =  c  has  exactly  m  solutions.  Find  all  solutions  of  the  equation  5x  + 
6y  =  8  in  the  ring  of  integers  modulo  12. 

28.  Prove  that  the  equation  ax  =  c  has  a  solution  in  R  if  and  only  if  (a,  rri)  \  c. 

29.  Verify  that  the  system  defined  by  the  addition  and  multiplication  tables  of 
Note  2,  §  606,  is  a  field. 

30.  A  member  a  of  the  ring  R  is  a  null  divisor  if  and  only  if  a  #  0  and  there  exists  a 
member  b  of  R  such  that  b  #  0  and  ab  =  0.  Prove  that  if  a  is  a  nonzero  member  of 
R,  then  a  is  a  null  divisor  if  and  only  if  {a,  rri)  >  1. 

31.  Discuss  the  concept  of  GCD  for  three  natural  numbers  a,  b,  and  c  with  the  aid 
of  the  theory  of  ideals.  Show  that  the  GCD  of  a,  b,  and  c  can  be  expressed  in  the 
form  ma  +  nb  +  pc,  where  m,  n,  and/7  are  integers.  Extend  your  discussion  to  the 
GCD  of  an  arbitrary  finite  number  of  natural  numbers.     (Cf.  Exs.  25-28,  §  409.) 

32.  If  a  and  b  are  integers  and  p  is  prime,  prove  that 

(a  +  b)v  ^av  +  6" (mod/?). 
(Cf.  Ex.  27,  §318.) 


§609]  EXERCISES  83 

33.  Prove  Fermat's  Theorem  (due  to  the  French  mathematician  Pierre  Fermat 
(1601-1665)) :  If  a  is  a  natural  number  and  p  is  a  prime  number  that  does  not  divide  a, 
then  a33-1  =  1  (mod  p).  Check  Fermat's  Theorem  for  a  few  values  of  a  and  p. 
Hint:  Let  ak  =  ka,  k  =  1,  2,  •  ■  •  ,  p  —  1.  Show  that  no  two  of  these  «fc's  are 
congruent  modulo  p,  so  that  they  belong  to  the  p  —  1  equivalence  classes  of  the 
natural    numbers    1,2,  •  •  •  ,p  —  1 ,    and    consequently 

a^2  •  •  •  av_Y  =  (p  -  1)!  av~Y  =(p  -  1)!  (mod/?). 
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*70I.  INTRODUCTION 

If,  in  the  real  number  system  £%  (or,  more  generally,  in  any  ordered  field  ^), 
we  think  of  starting  with  the  number  1  and  generate  by  means  of  addition, 
subtraction,  and  multiplication  the  smallest  system  of  numbers  closed  with 
respect  to  these  three  operations  we  obtain  the  integral  domain  J  of  the 
integers.  If  we  include  the  fourth  "rational  operation,"  of  division,  we  have 
the  ordered  field  of  rational  numbers. 

If,  similarly,  in  the  family  of  real-valued  functions  from  0t  to  S%  we  begin 
with  members  of  0t  and  the  special  function  /  defined  by  the  equation 
f(x)  =  x,  and  then  generate  by  means  of  addition,  subtraction,  and  multipli- 
cation the  smallest  system  of  functions  closed  with  respect  to  these  three 
operations  we  obtain  a  very  important  new  integral  domain.  It  is  our  first 
purpose  in  this  chapter  to  study  the  members  of  this  integral  domain,  known 
as  polynomials.  We  shall  see  that  they  form  a  structure  similar  in  many  ways 
to  that  of  J^",  the  set  of  integers.  We  shall  then  turn  our  attention  to  the 
rational  functions,  whose  role  among  functions  is  analogous  to  that  of  the 
rational  numbers  among  the  real  numbers. 

*702.  POLYNOMIALS 

Definition  I.  A  polynomial^ ,  or  polynomial  function,  in  the  variable  x 
is  a  function  f  on  &  into  &  defined  by  an  expression  of  the  form 

(1)  f{x)  =  a0x°  +  (hx1  +  a2x2  +  •  •  •  +  anxn 

=  a0  +  aYx  +  a2x2  +  •  •  •  +  anxn, 

t  For  a  discussion  of  the  algebraic  concept  of  a  polynomial  as  an  abstract  form,  where 
the  letter  x  is  an  "indeterminate"  symbol  rather  than  a  member  of  3%  or  any  other  particular 
set,  see  the  references  in  the  footnote  of  §  606.  In  the  present  text  the  single  word  poly- 
nomial is  restricted  to  apply  only  to  a  polynomial  function  on  £%  into  ^.  The  statements  of 
this  chapter  are  valid  if  &  is  any  ordered  field,  and  practically  all  of  them  that  do  not  involve 
the  order  relation  of  *&  are  true  if  2?  is  replaced  by  any  infinite  field.  However,  if  the 
coefficients  are  drawn  from  a  finite  field  the  approach  to  the  study  of  polynomials  must  be  by 
indeterminants  and  not  by  functions. 

84 
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where  xel  and  ak  e  0t,  k  =  0,  1,  •  •  • ,  n.  The  expression  (1)  is  also  called 
a  representation  of  the  polynomial  f.  The  numbers  ak,  k  =  0,  1,  •  •  •  ,  n  are 
called  coefficients  off,  in  the  representation  (1).  The  number  ak  is  also  called 
the  coefficient  of  xk  and  of  the  term  akxk,  k  =  0,  1,  •  •  • ,  n.  The  zero 
polynomial,  denoted  0  and  defined 

(2)  0(x)  =  0    for  every    xel, 

is  defined  by  (1)  in  case  every  coefficient  vanishes:  ak  =  0,  k  =  0,  1,  •  •  • ,  n. 
A  nonzero  polynomial  is  any  polynomial  other  than  the  zero  polynomial. 

Examples  1.    The  following  are  polynomials: 

(/)  2  +  Ox  +  Ox2  +  J*3,  (//)  3x  -  fx2  +  Ox3  +  0x\ 

(Hi)   -5  +  i*3  -  17x10,  (iv)  4. 

Before  we  can  proceed  much  further,  even  with  definitions,  it  is  necessary 
to  establish  an  important  basic  uniqueness  theorem  (Theorem  II,  below). 
We  start  with  a  special  case  of  that  theorem.  (Cf.  §  705  for  stronger  forms  of 
these  theorems.) 

Theorem  I.  The  only  representations  of  the  zero  polynomial  are  those  with 
every  coefficient  equal  to  zero.     That  is,  if  h  is  a  polynomial  defined: 

(3)  h(x)  =  c0  +  c±x  +  •  •  •  +  crxr, 

and  if  h(x)  =  0  for  every  x  e  £ft,  then  ck  =  Ofor  k  =  0,  1,  •  •  •  ,  r. 

Proof.  Assume  that  there  exists  a  representation  (3)  for  the  zero  poly- 
nomial for  which  at  least  one  coefficient  is  nonzero.  Let  n  be  the  greatest 
subscript  of  the  nonzero  coefficients  in  (3),  so  that  h(x)  can  be  written  in  the 
form  c0  +  c±x  +  •  •  ■  +  cnxn,  where  cn  ^  0.  If  cn  >  0,  let  /  ==  h,  and  if 
cn  <  0  let  /=  —h.     In  either  case,  we  have  a  polynomial  of  the  form 

(4)  f(x)  =  a0  +  axx  + h  anxn, 

where  an  >  0,  and  such  that  f(x)  =  0  for  all  real  numbers  x.  We  shall 
obtain  a  contradiction  to  this  as  a  consequence  of  the  following  lemma: 

Lemma.  Iff  is  a  polynomial  of  the  form  (4),  where  an  >  0  and  n  >  0, 
there  exists  a  positive  number  b  such  that  f(x)  >  1  whenever  x  >  b. 

Proof  of  Lemma.  Let  P(n)  be  the  proposition  that  the  statement  of  the 
lemma  is  true  for  the  positive  integer  n.  Then  P(l)  is  true  since  the  poly- 
nomial a0  +  a±x,  where  ax  >  0,  is  greater  than  1  in  case  x  >  (1  —  «0)/fli- 
Now  assume  that  P(n)  is  true  for  a  particular  positive  integer  n,  and  consider 
P(n  +  1).  Write  the^  polynomial /(x)  =  a0  +  axx  +  •  •  •  +  an+1xn+1,  where 
an+1  >  0,  in  the  form : 

(5)  /(*)  =  a0  +  x(ax  +  a2x  +  •  •  •  +  an+1xn). 
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By  the  induction  assumption  there  exists  a  positive  number  b  such  that  the 
quantity  in  parentheses  in  (5)  is  greater  than  1  whenever  x  >  b.  If  x  > 
max  (b,  1  —  a0),  then/O)  >  a0  +  x(l)  >  a0  +  (1  —  a0)  =  1,  and  P(n  +  1) 
is  true.  By  the  Fundamental  Theorem  of  Mathematical  Induction,  the  proof 
of  the  lemma  is  complete. 

Finally,  since  the  special  case  n  =  0  is  trivial,  and  for  n  >  0  the  statement 
of  the  lemma  is  stronger  than  needed,  the  proof  of  Theorem  I  is  complete. 

Theorem  II.  Any  two  representations  of  a  polynomial  are  identical  except 
possibly  for  zero  coefficients.     That  is,  if  f  is  a  polynomial  and  if 

if{x)  =  a0  +  axx  +  a2x2  + \-  amxm, 

(6)  { 

[f(x)  =  b0  +  btx  +  b2x2  +  •  •  •  +  bnxn, 

where  m  ^  n,for  every  x  e  0t,  then  ak  =  bkfor  k  =  0,  1,  •  •  •  ,  m  and  bk  =  0 
for  k  =  m  +  1,  m  -f-  2,  •  •  • ,  n. 

Proof  Letting  ck  =  bk  —  ak  for  k  =  0,  1 ,  •  •  • ,  m  and  ck  =  bk  for  k  = 
m  +  1,  m  +  2,  •  •  ■ ,  7i,  and  forming  the  difference  between  the  two  right-hand 
members  of  (6),  we  obtain  the  following  representation  for  the  zero  poly- 
nomial : 

(7)  0O)  =  c0  +  ax  +  czx2  +  •  •  •  +  cnxn 

By  Theorem  I,  ck  =  0  for  k  =  0,  1,  •  •  •  ,  n,  and  the  proof  is  complete. 

The  import  of  Theorem  II  is  that  two  polynomials  are  equal  as  functions  if 
and  only  if  they  are  represented  by  expressions  (1)  of  the  same  form — except 
possibly  for  terms  having  zero  coefficients.  Thus,  x  +  Ox2  —  x3  and  x  — 
x3  +  Ox4  are  equal  polynomials,  whereas  x  +  x2  and  x  +  x3  are  not  equal 
polynomials.  Theorem  II  makes  the  following  definition  possible  without 
ambiguity : 

Definition  II.  Letf  be  a  nonzero  polynomial  in  the  variable  x,  and  let 
f(x)  be  expressed  in  the  form  (1).  The  degree  off  written  degfor  deg/(x), 
is  the  exponent  of  the  highest  power  of  x,  appearing  in  (1),  that  has  a  nonzero 
coefficient.  The  zero  polynomial  has  no  degree.  A  polynomial  of  degree  zero 
is  a  nonzero  constant  polynomial.  A  polynomial  of  positive  degree  is  a 
nonconstant  polynomial.  A  polynomial  of  degree  1,  2,  3,  4,  or  5  is  a 
linear,  quadratic,  cubic,  quartic,  or  quintic  polynomial,  respectively. 
The  coefficient  of  xn  in  a  polynomial  of  degree  n  is  called  the  leading 
coefficient.  The  coefficient  of  x° — that  is,  in  (1),  the  number  a0 — is  called 
the  constant  term. 

It  was  observed  in  the  Note,  §  501,  that  the  integers  constitute  an  integral 
domain;  that  is,  they  form  a  system  that  satisfies  all  of  the  axioms  of  a 
field  enumerated  in  §  102  except  that  the  existence  of  a  reciprocal  is  replaced 
by  the  weaker  assumption  that  the  product  of  any  two  nonzero  numbers  is 
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nonzero.  Using  the  operations  of  addition  and  multiplication  of  functions 
given  in  Note  3,  §310,  we  shall  presently  prove  (Theorem  III,  below)  a 
similar  result  for  polynomials. 

Examples  2.     Iff  and  g  are  the  polynomials 

f{x)  =  1  +  3x  -  x2,        g{x)  =  2  +  x2  -  4x\ 
then/  +  g  and^-  are  the  polynomials 
f(x)  +  gix)  =  3  +  3x  -  4jc3,    f(x)gix)  =  2  +  6x  -  x2  -  jc3  -  13x4  +  4x\ 

Theorem  III.  Iffandg  are  any  two  polynomials  on  &  into  &  and  if  their 
sum  p  =f-\-g  and  product  q  =fg  are  defined: 

(8)  p{x)  =  f(x)  +  gix),        q(x)  =  f(x)g(x), 

then  the  set  of  all  polynomials  on  &  into  &  is  an  integral  domain.  The  degrees 
off  +  g  andfg  are  subject  to  the  following  laws  whenever  the  quantities  involved 
exist  ithat  is,  whenever  the  zero  polynomial  is  not  present) : 

(9)  deg  if+g)^  max  (deg/,  deg  g),        deg  (fg)  =  deg/  +  deg  g. 

Proof  Showing  that  the  sum  and  product  of  two  polynomials  are  poly- 
nomials is  a  matter  of  repeated  use  of  associative,  commutative,  and 
distributive  laws  of  real  numbers  with  suitable  collection  of  terms,  as 
illustrated  by  Examples  2.  The  details  are  left  to  the  reader.  Checking  the 
axioms  defining  an  integral  domain  is  almost  completely  routine.  For 
example,  the  commutative,  associative,  and  distributive  laws  hold  since  they 
hold  for  the  real  number  system  in  which  the  polynomial  functions  have 
their  values  (these  three  laws,  in  fact,  hold  for  any  real-valued  functions 
defined  on  any  common  domain).  The  zero  of  Axiom  \{iii)  is  the  zero 
polynomial.  The  negative  of  a0  +  axx  +  •  •  •  +  anxn  is  —  a0  —  axx  —  •  •  •  — 
anxn.  The  unity  of  Axiom  II(//7)  is  the  nonzero  constant  polynomial  1. 
If  /  and  g  are  nonzero  polynomials  with  leading  coefficients  am  and  bn, 
respectively,  then  their  product  j£  has  the  nonzero  leading  coefficient  ambn 
and  is  therefore  a  nonzero  polynomial.  This  last  fact  shows  that  whenever 
deg/  and  deg  g  exist,  so  does  deg  ifg),  and  deg  ifg)  ==  m  +  n  =  deg/  + 
deg  g.  The  inequality  in  (9)  follows  from  the  obvious  impossibility  of  the 
contrary  inequality  deg  (/+#)>  max  (deg/,  deg  g). 

Corollary.  In  the  integral  domain  of  polynomials  the  cancellation  law  for 
multiplication  holds:  If  f  is  not  the  zero  polynomial,  the  equality  fg  =  fh 
implies  the  equality  g  =  h. 

Proof     This  follows  from  Theorem  III  by  the  Note,  §  501. 

*703.  DIVISORS  AND  MULTIPLES 

Nearly  all  of  Chapter  4,  which  concerns  problems  of  divisibility  among 
natural  numbers,  has  a  companion  theory  for  polynomials.     In  this  section 
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and  its  sequel  we  shall  sketch  some  of  this  theory.  When  the  analogy  is 
almost  complete,  we  shall  avoid  a  dull  repetition  of  discussion  already  given 
and  leave  such  details  to  the  reader.  It  might  be  well  at  this  point  for  the 
reader  to  look  once  more  at  the  first  paragraph  of  §  604  concerning  divisibility 
among  integers. 

Definition  I.  A  nonzero  polynomial  f  divides  a  polynomial  h  {in  symbols: 
f\h)  if  and  only  if  there  exists  a  polynomial  g  such  that  h  =fg.  Iff  \  h,  f  is 
is  called  a  divisor  or  factor  ofh,  and  h  is  called  a  multiple  off  A  polynomial 
h  is  called  reducible  or  composite  if  and  only  if  there  exist  nonconstant  poly- 
nomials f  and  g  such  that  h  =fg.  A  polynomial  f  is  irreducible  or  prime 
if  and  only  iff  is  of  positive  degree  and  not  reducible.  Two  nonzero  polynomials 
are  relatively  prime  if  and  only  if  their  only  common  divisors  are  constants. 

Many  elementary  properties  of  polynomials  are  similar  to  those  listed  in 
Theorem  I,  §  401,  and  in  the  first  paragraph  of  §  604.  In  particular,  every 
nonzero  polynomial  /  is  a  divisor  of  the  zero  polynomial  0:  f\  0.  If  c  is 
any  nonzero  constant  polynomial  and  if/ is  any  nonzero  polynomial,  then 
c  | /and/ 1/.  If/ 1  g  ana  g  \f  then  each  of/ and  g  is  a  nonzero  constant 
times  the  other,  and  conversely.  If/and  g  are  nonzero  polynomials  of  equal 
degree  and  if/ 1  g,  then  each  of/ and  g  is  a  nonzero  constant  times  the  other, 
and  conversely.  If/  is  the  polynomial /(x)  =  x,  then/|  g  if  and  only  if  the 
constant  term  of  g  is  0.  Every  linear  polynomial  is  prime.  lff\g  then 
deg/^deg£. 

Example  1.  Prove  that  every  reducible  polynomial  has  degree  at  least  2.  Show 
that  x2  +  1  is  prime. 

Solution.  If  h  is  reducible  and  h  =  fg,  where  /  and  g  are  nonconstant  poly- 
nomials, then  deg  h  =  deg/'+  deg^-  ^1  +  1=2.  If  x2  +  1  were  reducible  it 
would  have  the  form  x2  +  1  =  (ax  +  b)(cx  +  d)  =  acx2  +  (ad  +  bc)x  +  bd.  By 
Therem  II,  §  702,  ac  =  bd  =  1  and  ad  +  be  =0.  Therefore  be  =  —ad  and 
(ac)(bd)  =  (ad)(bc)  =  —(ad)2  =  1,  or  (ad)2  =  —1,  in  contradiction  to  the  fact  that 
the  square  of  any  nonzero  number  is  positive  (Example  5,  §  203). 

Theorem  I.  Every  nonconstant  polynomial  has  a  nonconstant  divisor  of 
least  degree.  This  divisor  is  prime.  Therefore  every  nonconstant  polynomial 
has  at  least  one  prime  divisor. 

Proof.  By  analogy  with  the  proof  of  Theorem  II,  §  401,  we  let  A  be  the 
set  of  all  natural  numbers  that  are  degrees  of  divisors  of  the  given  nonconstant 
polynomial/  Since /divides  itself  and  has  positive  degree,  A  is  nonempty 
and  contains  a  least  member  m.  If  g  is  any  divisor  of/  having  degree  m, 
then  g  must  be  prime,  since  otherwise  we  could  write  g  =  cf>tp,  where  the 
degrees  of  </>  and  y  would  be  natural  numbers  whose  sum  is  m  so  that  each 
would  be  a  nonconstant  polynomial  divisor  of/  of  degree  less  than  the  least 
possible ! 
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Theorem  V,  §  401,  becomes  (with  almost  identical  proof): 

Theorem  II.  Every  nonconstant  polynomial  is  a  product  of  a  finite  number  of 
prime  polynomials. 

Proof  Let /be  a  polynomial  of  positive  degree  n,  and  let  A  be  the  set  of 
all  natural  numbers  m  such  that  m  is  the  degree  of  a  divisor  g  off  that  is  a 
product  of  a  finite  number  of  prime  polynomials.  By  Theorem  I,  A  is  non- 
empty. Since  I  ^  m  <  n,  the  set  A  is  finite  and  has  a  greatest  member  k. 
We  wish  to  show  that  k  =  n.  Assume  k  <  n.  Then  there  exists  a  divisor 
g  off  that  has  degree  k  and  is  a  product  of  prime  polynomials.  Since /has 
the  form  /  ==  gh  and  deg/  =  k  +  deg  h,  h  has  positive  degree  and  hence 
(Theorem  I)  a  prime  divisor  </>.  Consequently  g<f>  is  a  divisor  off  that  is  a 
product  of  prime  factors  and  has  degree  greater  than  k,  which  was  assumed 
to  be  the  largest  possible  such  degree.  Finally,  with  k  =  n  established,  we 
have  /  =  eg,  where  c  is  a  nonzero  constant  and  g  is  a  product  of  prime 
factors.  Letting  c  be  incorporated  as  a  part  of  one  of  these  factors,  we  have 
/equal  to  a  product  of  prime  polynomials,  as  desired. 

*704.  THE  FUNDAMENTAL  THEOREM  OF  EUCLID. 
THE  DIVISION  ALGORITHM 

For  polynomials  the  Fundamental  Theorem  of  Euclid  is  formulated  as 
follows : 

Theorem.  Fundamental  Theorem  of  Euclid.  Iff  is  any  polynomial  and  g  is 
any  nonzero  polynomial,  then  there  exist  unique  polynomials  q  and  r  such  that 

(1)  r  =  0    or    degr<degg 
and 

(2)  fix)  =  q(x)g(x)  +  r(x),        x  e  Si. 

Proof  We  start  by  proving  uniqueness.  Let/(x)  =  q1(x)g(x)  +  r±(x)  = 
ftOOgO)  +  r2(x).  Thenr^x)  -  r2(x)  =  (q2(x)  -  ft(*))g(*).  If  ft  -  ft  were 
not  the  zero  polynomial  we  should  have  deg  (rx  —  r2)  —  deg  (q2  —  ft)  + 
deg  g,  and  hence  deg  (r±  —  r2)  2>  deg  g,  an  inequality  inharmonious  with  (1). 
Consequently  ft  —  ft  =  0,  and  hence  rx  —  rz  =  0.  That  is,  ft  =  q2  and 
r±  =  r2,  and  uniqueness  is  proved.  We  now  turn  our  attention  to  existence. 
There  are  two  cases.  If  g  divides/  then /has  the  form/=  qg,  or  (2)  with 
r  =  0,  and  there  is  no  more  to  prove.  Assume,  therefore,  that  g  is  not  a 
divisor  off  Let  A  be  the  set  of  all  nonnegative  integers  that  are  degrees  of 
polynomials  of  the  form/—  qg,  where  q  is  an  arbitrary  polynomial.  Then 
A  is  nonempty  (for  example,  the  polynomial/  —  1  •  g  has  a  degree  since,  with 
g  not  a  divisor  of//—  g  is  not  the  zero  polynomial),  and  hence  has  a  least 
member  m.  We  shall  show  that  m  <  deg  g  by  assuming  m  ^  n  =  deg  g 
and  obtaining  contradiction.     Accordingly,  let  q  be  any  polynomial  such 
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that  r  =/—  qg  is  a  polynomial  of  degree  ra,  with  leading  coefficient  am,  and 
let  the  leading  coefficient  of  g  be  bn.  With  the  assumption  that  m  ^  «  we 
can  subtract  from  both  sides  of  the  equation  f(x)  —  q(x)g(x)  =  r(x)  the 
expression  (—amlbn)xm~ng(x)  to  obtain 

(3)  fix)  -  Ux)  +  ^  x™-Ag(x)  =  r(x)  -  af  xm-ng(x). 

Since  g  is  not  a  divisor  off  the  right-hand  member  of  (3)  is  not  the  zero 
polynomial.  On  the  other  hand,  its  degree  is  less  than  that  of  r,  as  is  seen  by 
noting  that  the  highest  degree  term  of  r(x)  has  been  removed  by  subtraction. 
Thereby  a  contradiction  has  been  obtained,  since  m  was  assumed  to  be  the 
least  nonnegative  integer  that  is  the  degree  of  any  expression  of  the  form  (3). 
Finally,  if  r  denotes  a  polynomial  of  least  degree  having  the  form/  —  qg,  then 
the  conditions  (1)  and  (2)  of  the  theorem  are  satisfied,  and  the  proof  is 
complete. 

Note.  The  polynomial  r  of  the  preceding  theorem  is  called  the  remainder  when 
/is  divided  by^-.  The  polynomial  q  is  called  the  quotient,  and/and^-  are  called  the 
dividend  and  the  divisor,  respectively.  As  in  the  case  of  numbers,  the  word  quotient 
is  also  used  in  the  sense  of  the  ratio  of  two  functions,//^,  defined  by  f{x)jg{x).  In 
any  individual  case  the  context  should  indicate  which  usage  is  intended.  In  this 
book  (unless  a  contrary  statement  is  made)  the  single  word  quotient  should  be  inter- 
preted to  mean  a  ratio. 

In  practice  the  quotient  q  and  remainder  r,  of  formula  (2),  are  obtained  by 
a  standard  process  of  long  division.  This  process  is  called  the  division 
algorithm,  and  is  illustrated  in  the  following  examples. 

Example  1.  Find  the  quotient  q  and  the  remainder  r  of  formula  (2)  if  f(x)  =' 
6jc4  +  x2  -  7  and^O)  =  2x2  +  Sx  -  5. 

Solution.    The  first  step  of  the  standard  division  process  appears  thus: 


3x2 


(4) 


2x2  +  Sx  -  5)6jc4  +      x2 

6x*  +  24jc3  -  \5x2 


24x3  +  \6x2 


and  states  that 

(5)  6jc4  +  x2  -  7  =  3x2(2x2  +  Sx  -  5)  +  (-24x3  +  16x2  -  7). 

This  has  the  form  of  (2),  but  condition  (1)  is  not  satisfied,  since  deg(—  24*3  + 
16jc2  —  7)  >  deg  (2x2  +  Sx  —  5).     The  next  step  in  the  division  is 

-12* 


(6)  2x2  +  Sx  -  5)-24*3  +  16x2 

-24jc3  -  96jc2  +  60jc 


112*2  -60*  -7 
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whence   (-24*3  +  16*2  -  7)  =  -12*(2*2  +  8*  -  5)  +  (112*2  -  60*  -  7).     In 
conjunction  with  (5)  this  gives: 

(7)        6*4  +  x2  -  1  =  Ox2  -  12*)(2*2  +  Sx  -  5)  +  (112*2  -  60*  -  7). 

Since  deg  (112*2  -  60*  -  7)  -  deg  (2*2  +  8*  -  5),  condition  (1)  is  still  not  satis- 
fied and  we  continue  once  more : 

56 


(8)  2*2  +  Sx  -  5)1  12a:2  -    60*  -       7 

112*2  +  448*  -280 


-  508*  +  273 
and  (5)  takes  the  form 

(9)      6*4  +  x2  -  7  =  Ox2  -  \2x  +  56)(2*2  +  8*  -  5)  +  (-508*  +  273). 

Therefore  q{x)  =  3*2  -  12  +  56  and  r(x)  =  -508*  +  273.     Notice  that  degr  = 
1  <  deg^  =  2. 

In  practice,  the  three  division  steps  are  combined  into  a  single  familiar 
algorithm : 

3*2  -  12*    +  56 


+  8*- 

-  5)6*4  +           +        x2                    -1 

6*4+24*3-    15*2 

-24*3  +    16*2 

-24*3  -    96*2  +    60* 

112*2-    60* 

112*2  +  448*- 280 

-508*  +  273 

Example  2.  Find  the  quotient  q  and  the  remainder  r  of  formula  (2)  if  /(*) 
=  2*3  +  x2  -  Ix  -  11  and^(*)  =  3*2  -  *  -  2. 

Solution.  It  is  clear  at  the  outset  that  the  first  coefficient  of  q  involves  division  by 
3  and  that  there  are  two  steps  to  the  division  algorithm.  To  avoid  fractions  we 
multiply  /by  9,  and  suppress  the  powers  of*  in  the  following  form: 


6 

5 

18 

9 

-63 

-99 

18 

-6 

-12 

15 

-51 

15 

-  5 

-10 

-46 

-89. 

This  states  that 

18*3  +  9*2  - 

-  63*  -  99  =  (6* 

+  5)(3*2 

-  * 

-2)  +  ( 

-46* 

or,  if  both  members 

are  divided  by  9: 

2*3  +  x2  - 

7*  -  11  =(|*  + 

f)(3*2  - 

*  — 

2)  +  (- 

46        _ 
9  X 

Therefore  q(x)  =  f  * 

+  f  and  r(x)  =  - 

46,.           89 
9  *            9 

. 

89), 
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*705.  THE  REMAINDER  AND  FACTOR  THEOREMS 

The  Fundamental  Theorem  of  Euclid  takes  a  particularly  simple  but 
useful  form  in  case  the  divisor  is  linear  with  leading  coefficient  1 ,  and  it  gives 
us: 

Theorem  I.  Remainder  Theorem.  If  a  polynomial  f(x)  is  divided  by  a 
linear  polynomial  of  the  form  x  —  c,  where  c  is  a  real  number,  until  a  constant 
remainder  R  is  obtained,  this  remainder  is  equal  to  the  value  of  the  function  f 
when  x  is  equal  to  c: 

(1)  R  =  f(c). 

Proof  By  (1),  §  704,  the  remainder  in  the  Theorem,  §  704,  is  a  constant 
R  =  r(x),  and  by  (2),  §  704, 

(2)  f(x)  =  q(x)(x  ~c)  +  R, 

for  every  real  number  x.    In  particular,  (2)  holds  for  the  value  x  =  c: 
f(c)  =  q(c)(c  -  c)  +  R,  and  (1)  results. 

As  a  corollary  to  Theorem  I  we  have  the  well-known/zctor  theorem.  For 
the  sake  of  simplicity  of  statement  we  define  at  this  time  a  root  or  zero  of  a 
polynomial  f(x)  to  be  a  real  number  c  such  that /(c)  =  0. 

Theorem  II.  Factor  Theorem.  If  f(x)  is  a  polynomial  and  c  is  a  real 
number,  then  the  linear  polynomial  x  —  c  is  a  divisor  {or  factor)  off(x)  if  and 
only  if  c  is  a  root  (or  zero)  off(x):  /(c)  =  0. 

Proof  The  polynomial  x  —  c  is  a  divisor  of  f(x)  if  and  only  if  the 
remainder  R  in  (2)  is  equal  to  0.  But  since,  by  Theorem  I,  R  =  f(c),  R 
vanishes  if  and  only  if /(c)  vanishes:  /(c)  =  0,  and  the  proof  is  complete. 

Note.  The  factor  theorem  provides  us  with  a  new  means  of  proving  that  any  two 
representatives  of  a  polynomial  must  have  identical  nonzero  coefficients  (Theorem 
II,  §  702).    This  is  a  corollary  of  the  following  theorem: 

Theorem  III.  A  polynomial  of  degree  n  cannot  have  more  than  n  distinct 
roots. 

Proof.  Let  P(n)  be  the  proposition  that  the  statement  of  the  theorem  is 
correct  for  the  nonnegative  integer  n.  For  n  =  0  the  proposition  is  trivial 
since  it  states  that  a  nonzero  constant  is  never  zero.  For  n  =  1  the  pro- 
position merely  states  that  a  linear  equation  ax  +  b  =  0  (a  ^  0)  cannot  have 
two  distinct  roots;  this  fact  is  a  consequence  of  Exercise  29,  §  104.  Now 
assume  that  P(n)  is  true  for  a  particular  natural  number  n,  and  consider  a 
polynomial  of  degree  n  +  1 : 

(3)  f{x)  =  a0  +  alX  +  '  • '  +  anx»  +  an+1xn+\ 

where  an+1  ^  0.     Assume  now  that/(i)  has  m  distinct  roots  cl9  c2,  •  •  •  ,  cm, 
where  m  >  n  +  1.    In  particular,  the  real  number  cm  is  a  root  and  hence, 
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by  the  factor  theorem,  f(x)  has  the  quantity  (x  —  cm)  as  a  divisor  and  can 

thus  be  written : 

(4)  /(*)  =  (*  -  cjg(x), 

where  g(x)  is  a  polynomial  of  degree  n.     By  the  induction  assumption,  g(x) 

has  at  most  n  roots.     But  this  contradicts  our  assumption  that  cl9  c29  •  *  • , 

cm_v   where   m  —  1  >  n,    are   all   roots    of  g(x)    since,   by   (4),  f(ck)  = 

fo  -  cm)g{ck)  =  0  implies  g(cfc)  =  0  since  ck  -  cm  ^  0,  for  fc  =  1,  2,  •  •  •  , 

m  —  1.     With  this  contradiction,  and  use  of  the  Fundamental  Theorem  of 

Mathematical  Induction,  the  proof  is  complete. 

Corollary.  Iffandg  are  nonzero  polynomials,  each  of  degree  at  most  n,  and 
tff(x)  =  g(x)for  more  tnan  n  distinct  values  ofx,  then  fix)  =  g(x)for  all  real 
numbers  x,  andf  =  g. 

Proof  If/(X)  =  g(x)  for  more  than  n  distinct  values  of  x  and/  ^  g,  then 
the  nonzero  polynomial/—  g,  of  degree  at  most  n,  has  more  than  n  distinct 
roots. 

Example  1.    If/(x)  =  5x3  -  Sx  -  1,  find/(-2)  by  division. 

Solution.     By  the  Remainder  Theorem  we  find  the  remainder  after /"(x)  is  divided 

by  x  -  (-2)  =  x  +  2: 

5x2  -  \0x  +     12 


x  +  2)5x3 

8x  -   1 

5x*  +  10.x2 

-  10x2 

-  \0x2  - 

-20* 

12* 

12x  +  24 

-25. 

Therefore  /(-  2)  =  -25. 

Example  2.     Show  that  x  —  1  is  a  factor  of 

/(*)    =  JC100 

37x19  +  36. 

Solution.     By  the  Factor  Theorem,  since  f{\)  =  0,  1  is  a  root  of/and  hence  x 
is  a  factor. 
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We  adapt  for  the  integral  domain  of  polynomials  on  &  into  &  most  of  the 
theorems  and  some  of  the  proofs  of  §  404. 

Theorem  I.  A  prime  polynomial  p  cannot  be  a  divisor  of  the  product  of  two 
polynomials  f  and  g  each  of  which  is  a  nonzero  polynomial  of  degree  less  than 
that  of  p. 

Proof  Assume  that  p  \fg  and  that  deg/<  deg/?  and  degg  <  deg/7. 
Let  h  be  a  nonzero  polynomial  of  least  degree  such  that  p  \fh.     Then 
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0  <  deg  h  ^  deg  g  <  deg/?.  (If  the  degree  of  h  were  0,  then  h  would  be  a 
nonzero  constant  and  the  degrees  of  p  and/ would  be  equal.)  Let  q  and  r  be 
polynomials,  according  to  the  Fundamental  Theorem  of  Euclid  (§  704),  such 
that  p  =  qh  +  r,  where  deg  r  <  deg  h.  (Since  p  is  prime,  r  cannot  be  the 
zero  polynomial.)  Multiplying  by  the  polynomial /and  rearranging  terms, 
we  have/r  =fp  —  q(fh),  which  is  divisible  by  p.  In  other  words,  r  is  a 
polynomial  of  degree  less  than  that  of  h  such  that/?  \fr,  whereas  h  was  assumed 
to  be  a  polynomial  of  the  least  possible  degree  such  that  p  \fh.  With  this 
contradiction  the  proof  is  complete. 

Theorem  II.  If  p  is  a  prime  polynomial,  and  if  f  and  g  are  polynomials  such 
that  p  \fg,  then  p  \f  or  p  |  g  (or  both). 

Proof.  Assume  that/?  is  a  divisor  of  fg  but  a  divisor  of  neither  f  nor  g. 
Then  both/and  g  are  nonzero  polynomials  and,  by  the  Fundamental  Theorem 
of  Euclid,  there  exist  polynomials  q,  r,  s,  and  t,  where  r  and  t  are  nonzero 
polynomials  of  degree  less  than  that  of  /?,  such  that  f=qp  +  r  and  g  = 
sp  +  t.  Then,  since  fg  =  (qsp  +  qt  +  rs)p  +  rt  it  follows  that  p  |  rt,  in 
contradiction  to  Theorem  I. 

As  a  corollary  (see  Theorem  III,  §  404,  for  a  proof)  we  have : 

Theorem  III.  A  prime  polynomial  that  divides  the  product  of  n  polynomials 
must  divide  at  least  one  of  the  n  factors. 

It  is  left  to  the  reader  to  verify  that  the  details  of  the  proof  of  Theorem  IV, 
§  404,  can  be  adapted — almost  without  change — to  a  proof  of  the  following 
theorem : 

Theorem  IV.  Iff  g,  and  h  are  polynomials,  if  h  and f  are  relatively  prime, 
and  if  h  \  fg,  then  h  |  g. 

*707.   UNIQUE  FACTORIZATION  THEOREM 

As  might  be  expected,  the  Unique  Factorization  Theorem  for  natural 
numbers  has  its  counterpart  for  polynomials.  Both  in  the  statement  of  the 
following  theorem  and  in  its  proof  the  inequalities  of  §  405  are  replaced  by 
inequalities  among  the  degrees  of  the  polynomials  involved.  The  details  are 
left  for  the  reader.  The  Unique  Factorization  Theorem  for  polynomials  is 
a  uniqueness  theorem  for  the  representation  of  a  nonconstant  polynomial  as 
a  product  of  prime  polynomial  factors,  guaranteed  to  exist  by  Theorem  II, 
§703. 

Theorem.  Unique  Factorization  Theorem.  The  representation  of  a 
nonconstant  polynomial  as  a  product  of  prime  polynomials  is  unique  except  for 
the  order  of  the  factors  and  the  multiplication  by  nonzero  constants.  If  the 
prime  factors  are  arranged  according  to  the  order  of  their  degrees  the  represen- 
tation is  unique  except  for  nonzero  constant  multipliers.     In  other  words,  if 
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Pv> P&'  '  '  iPr  and  av  fo  '  '  '  j  °s  are  Prime  polynomials  of  (positive)  degrees 
m1  <  m2  ^  •  •  •  ^  mr  and  nx  ^  n2  ^  •  •  •  ^  n8>  respectively,  and  if 

(1)  P1P2-  'Pr  =  qift"m4* 

then  r  =  s  and  there  exist  nonzero  constants  cl9  c2,  •  •  •  ,  cr  such  that  pk  =  ckqk 
for  1  <  k  <  r  =  s. 
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The  Euclidean  Algorithm  for  polynomials  (cf.  §  407)  takes  the  following 
form  (whose  derivation  is  left  to  the  reader — Ex.  7,  §  710): 

Theorem.  Euclidean  Algorithm.  Iff  and  g  are  nonzero  polynomials,  with 
deg/^  degg,  and  if  g  does  not  divide  f  then  there  exist  nonzero  polynomials 
a\i  °2i  '  '  '  •>  ak+i  and  ri>  r2>  '  ' ,'■  >  rki  where  k  ^  1,  such  that 

f=aig  +  rl9  deg  rx  <  deg  g, 

g  =  Wi  +  r2>  deg  r2  <  deg  rl5 

(1)  h  =  q^2  +  r3,  deg  r3  <  deg  r2, 

V2  =  qtfur-i  +  **.        deg  ^  <  deg  rk-i, 

"k-1  ==  ak+lrk' 

In  case  k  =  1,  the  last  equation  of(\)  should  be  interpreted  as  r0  =  g  =  q2rv 
In  case  g  \f  system  (1)  reduces  to  the  single  equation  f  '=  qxg  which,  with 
r_x  =f  and  r0  =  g,  is  the  last  equation  of(\)  with  k  =  0. 

Example.  Apply  the  Euclidean  Algorithm  to  the  polynomials  3x3  +  5x2  +  5x  + 
2andl2x2-7x  -  10. 

Solution.     We  start  by  dividing  the  cubic  polynomial  by  the  quadratic : 
12jc2  -  Ix 


ix  + 

9 

16 

10)3x3 
3jc3  - 

-  5x2 

7.^.2 

+ 

5x  +  2 
2x 

2  7     2 
4  X 

27     2 
4  X 

+ 

2  ■* 

^r  - 
16x 

45 

8 

183v 
16  ■* 


The  remainder  is  fe(3*  +  2).     To  simplify  the  next  step  we  temporarily  set  aside 
the  constant  factor  fj,  and  divide  12x2  -  7x  -  10  by  3x  +  2: 


4x 


3x  +  2)l2x2  -    7*  -  10 
12jc2  +    Sx 

-  15* 

-  15*  -  10 

0. 
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Putting  the  two  divisions  together,  we  have  for  the  Euclidean  Algorithm  in  the  form 
(1),  with/0:)  =  3x*  +  5x2  -f  5x  +  2  and^U)  =  \2x2  -  Ix  -  10: 

3x3  +  5x2  +  5x  +  2  =  (\x  +  ^){\2x2  -  Ix  -  10)  +  fi(3*  +  2), 
\2x2  -  Ix  -  10  =  [±f(4x  -  5)][«<3jc  +  2)]. 
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The  discussion  of  GCD  and  LCM  for  natural  numbers  (§  408)  has  its 
parallel  for  polynomials.  The  principal  difference  is  that  with  polynomials 
greatest  common  divisors  and  least  common  multiples  are  not  unique  without 
special  restriction.  To  this  end  we  define  a  monic  polynomial  to  be  a  poly- 
nomial whose  leading  coefficient  is  equal  to  1 . 

In  this  section  the  proofs  are  omitted  since  the  details  are  mere  adaptations 
of  those  of  §  408.  These  details  may  be  supplied  by  the  reader.  (Exs.  8-12, 
§710.) 

Definition  I.     A  nonzero  polynomial  h   is  called  a  greatest  common 
divisor,  or  a  GCD  for  short,  of  the  two  nonzero  polynomials  f  and  g  if  and  only 
if  it  has  the  following  two  properties: 
(i)h\fandh\g; 

(ii)  whenever  <j>  is  a  nonzero  polynomial  and  <j>  \f  and  <f>  |  g,  then  <f>  |  h. 
The  greatest  common  divisor,  or  the  GCD  for  short,  off  and  g  is  the  monic 
polynomial  H  that  is  a  GCD  offandg,  with  the  notation 
(1)  The  GCD  offandg  =  H  =  (f  g). 

Theorem  I.  Iff  and  g  are  any  two  nonzero  polynomials,  the  GCD  offandg 
exists  and  is  unique.  Any  two  greatest  common  divisors  offandg  are  nonzero 
constant  multiples  of  each  other.  In  the  notation  of  the  Euclidean  Algorithm 
{Theorem,  §  708),  if  c  is  the  leading  coefficient  of  rk, 

if,  S)  =  -  rk. 
c 

Example  1.    By  the  Example,    §  708,  the  GCD  of  3*3  +  5x2  +  5x  +  2  and 

12x2  -  7x  -  10  is  i(3x  +  2)  =  x  +  f . 

Theorem  II.  Two  nonzero  polynomials  f  and  g  are  relatively  prime  if  and 
only  if  the  GCD  off  and  g  is  1 :   (/,  g)  =  1 . 

Theorem  III.     Iff  and  g  are  nonzero  polynomials,  ifh  is  a  GCD  off  and  g, 

and  iff  =  f1h  and  g  =  gxh,  then  fx  and  g1  are  relatively  prime:   (f^gx)  =  1. 

Definition  II.     A  nonzero  polynomial  v  is  called  a  least  common  multiple, 

or  an  LCM.  for  short,  of  the  nonzero  polynomials  f  and  g  if  and  only  if  it  has  the 
following  two  properties: 

(i)f\vandg\v; 

(ii)  whenever  <f>  is  a  nonzero  polynomial  and  f  |  cf>  and  g  |  <f>,  then  v  |  <j>. 
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The  least  common  multiple,  or  the  LCM  for  short,  off  and  g  is  the  monic 
polynomial  V,  that  is  an  LCM  off  and  g,  with  the  notation 

(2)  The  LCM  off  and  g  =  V  =  [f  g]. 

Theorem  IV.  Iff  and  g  are  any  two  nonzero  polynomials,  the  LCM  of  f  and 
g  exists  and  is  unique.  Any  two  least  common  multiples  offandg  are  nonzero 
constant  multiples  of  each  other.     The  GCD  and  LCM  offandg  are  related: 

(3)  (f,g)lf,g]=-cfg> 

where  c  is  the  leading  coefficient  offg. 

Example  2.     By  Example  1  and  Theorem  IV, 

[3jc3  +  5x2  +  5x  +  2,  \2x2  -  Ix  -  10] 

1     (3jc3  +  5x2  +  5x  +  2)(12x2  -  7x  -  10) 
=  12  3*+~2 

=  7^(12x4  +  5x3  -  5x2  -  17*  -  10). 

Continuing  the  analogy  with  §  408,  we  have  the  representation  of  any  GCD 
of  two  nonzero  polynomials  /  and  g  as  a  linear  combination  of/ and  g: 

Theorem  V.  Iff and  g  are  nonzero  polynomials  and  ifh  is  a  GCD  offandg, 
then  there  exist  polynomials  cf>  and  \p  such  that 

(4)  <j>f+n  =  h. 

The  nonzero  polynomials  f  and  g  are  relatively  prime  if  and  only  if  there  exist 
polynomials  </>  and  \p  such  that 

(5)  </>f+Wg=l. 

Note.  The  polynomials  <f>  and  ip  of  Theorem  V  are  by  no  means  unique  since,  if 
4>  and  xp  satisfy  (4)  or  (5),  so  do  <f>  +  %g  and  ip  —  %/for  an  arbitrary  polynomial  %. 

Example  3.     Find  polynomials  $  and  y  such  that 

<£U)(3x3  +  5x2  +  5*  -f  2)  +  y(x)(12x2  -  Ix  -  10)  =  3x  +  2. 
Solution.     From  the  first  part  of  the  solution  of  the  Example,  §  708,  we  have 
3jc3  +  5x2  +  5x  +  2  =  (Ix  +  ^6)(12jc2  -  Ix  -  10)  +  fi(3x  +  2). 
Therefore 

3x  +  2  =  if(3x3  +  5x2  +  5x  +  2)  +  (-£*  -  £)(12jt2  -  7*  -  10), 
and  a  determination  of  <j>  and  y>  is  given  by 


<£(*)=  if        V(*)  =  -A* 


61' 
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Example  4.     Find  polynomials  <f>  and  y  such  that 

<f>(x)(x3  +  1)  +  w{x){x^  +  1)  =  1. 

Solution.    The  Euclidean  Algorithm  gives 

pc4  +  1     =  jc(x3  +  1)  +  (-jc  +  1), 

x3  +  j     =  (_x2  _  ^  _  1)(_x  +  1)  +  2, 

x  +  1  =  (-■ |*  +|)2, 
from  which  we  get : 

2  =  O3  +  1)  +  (x2  +  x  +  l)[(x4  +  1)  -  x(*3  +  1)] 

=  (-jc3  -  x2  -  x  +  l)(;t3  +  1)  +  (x2  +  X  +  l)(x4  +  1). 

We  can  therefore  choose : 

m  =  -i^3  -  jx2  -  \x  +  J,     vw  =  i*2  +  **  +  *. 

*7I0.  EXERCISES 

1.  Give  an  example  of  nonzero  polynomials  f^ndg  such  that/  +  £■  is  nonzero 
and  deg  (/  +  g)  <  deg/ and  deg  (/  +  g)  <  degg. 

2.  Prove  that  if /"is  a  prime  polynomial  and  if  c  is  a  nonzero  constant  then  cf  is  a 
prime  polynomial. 

3.  Prove  that  x2  +  x  +  1  is  prime. 

In  Exercises  4-5,  find  the  quotient  q  and  the  remainder  r  of  formula  (2),  §  704,  for 
the  given  polynomials/ and g. 

4.  f(x)  =  3x2  +  2x  +  1,^(jc)  =  4jc2  +  3x  +  2. 

5.  /(*)  =  a4  -  x3  +  x2  -  x  +  \,g(x)  =  2x2  -  1. 

6.  Use  the  factor  theorem  to  prove  the  special  case  of  Theorem  II,  §  706,  where/? 
is  a  linear  monic  polynomial. 

7.  Prove  the  Theorem,  §  708.  8.  Prove  Theorem  I,  §  709. 
9.  Prove  Theorem  II,  §  709.                 10.  Prove  Theorem  III,  §  709. 

11.  Prove  Theorem  IV,  §  709.  12.  Prove  Theorem  V,  §  709. 

In  Exercises  13-14,  find  a  GCD  and  an  LCM  of  the  two  given  polynomials. 

13.  x4  +  x3  +  2x2  -  x  +  3,  3x4  -  x3  +  2x2  +  x  +  1. 

14.  x5  -  3x2  -  25*  -  15,  jc6  -  5x4  -  15*  -  9. 

In  Exercises  15-16,  find  polynomials  <f>  and  y  such  that  <f>f  +  y)g  =  1,  for  the  given 
polynomials  fandg  of  the  indicated  Exercises. 

15.  Exercise  4.  16.  Exercise  5. 

17.  If  fig,  and  h  are  nonzero  polynomials,  if/ and  h  are  relatively  prime,  and  if^ 
and  h  are  relatively  prime,  prove  that/*  and  h  are  relatively  prime.  If  /  and  h  are 
relatively  prime  and  n  is  a  natural  number,  prove  that/"71  and  h  are  relatively  prime. 

18.  If  fig,  and  h  are  nonzero  polynomials,  if /and  g  are  relatively  prime,  if /|  h, 
andg 1  h,  prove  that  fg  |  h. 

19.  Prove  that  polynomials  <f>  and  ip  exist  such  that  <f>f  +  y>g  =  h,  where/  g,  and  h 
are  given  nonzero  polynomials,  if  and  only  if  (fig)  \  h. 

20.  Prove  the  rational  roots  theorem  of  college  algebra:  If  f  is  a  polynomial'. 
(1)  fix)  =  a0  +  axx  +  a2x2  +  •  •  •  +  anxn, 
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all  of  whose  coefficients  a0,  alf  a2,  •  •  • ,  an  are  integers,  if  a0  #  0,  if  an  #  0,  and  if 
r  =  p/q  is  a  rational  root  off{f(r)  =  0),  where  p  andq  are  integers  and  the  fraction  p/q 
is  in  lowest  terms,  then p  j  a0  andq  |  an.     Hint:  Write  qnf(plq)  =  0  in  the  forms: 
qiaoq"-1  +  •  •  •  +  a^p^1)  =  -anpn, 
pia^-1  +  •  •  •  +  anpn^)  =  -a0qn, 
and  use  the  ideas  of  Exercise  15,  §  409,  and  Exercise  17  above. 

21.  As  a  corollary  of  Exercise  20,  prove  that  there  is  no  rational  number  whose 
square  is  equal  to  2.  (Cf.  Theorem  III,  §905.)  Prove  that  there  is  no  rational 
number  whose  square  is  any  one  of  the  following:  3,5,6,7,8,  10,  11,  12.  (Cf.  Exs. 
5-6,  §  1010.) 

22.  If  /  is  the  integral  domain  of  polynomials  and  if  A  is  any  ideal  in  /  containing  a 
nonzero  member,  prove  that  there  exists  a  unique  monic  polynomial  h  such  that  A 
consists  of  all  polynomials  of  the  form  <f>h,  where  </>  is  an  arbitrary  polynomial.  (Cf. 
Theorem  III,  §  607.) 

23.  In  the  integral  domain  /  of  polynomials,  discuss  the  concepts  of  the  ideal 
generated  by  a  nonzero  polynomial,  the  ideal  generated  by  two  nonzero  polynomials, 
and  state  and  prove  the  analogue  of  Theorem  IV,  §  607. 

24.  Adapt  Exercise  31,  §  609,  to  the  integral  domain  of  polynomials. 
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If/  and  g  are  any  two  nonzero  polynomials,  then  the  function  </>  defined 
by  the  equation 

for  all  numbers  x  for  which  the  denominator  is  nonzero,  has  a  domain  of 
definition  that  consists  of  all  but  a  finite  number!  of  real  numbers  (Theorem 
III,  §  705).  If/ and  g  have  a  nonconstant  common  divisor  h,  with  f  =  f±h 
and  g  =  gjt9  then  a  reduction  of  the  fraction  in  (1)  to  lower  terms  by  can- 
cellation of  the  common  factor  h(x)  (whenever  h(x)  ^  0)  leads  to  a  simplified 
equation 

(2)  V(x)=£% 

where  the  polynomials  fx  and  g±  are  relatively  prime  (Theorem  III,  §  709). 

The  values  of  the  function  xp  of  (2)  are  equal  to  those  of  </>  for  all  x  in  the 

domain  of  (/>,  since  h{x)  ^  0  whenever  g(x)  =£  0.     However,  the  function  tp 

might  not  be  the  same  as  the  function  <f>  since  the  domain  of  ip  might  be  larger 

than  that  of  </>. 

x  1 

Example  1.     If  <f>(x)  =  — -,  and  if  y(x)  = -,  then  the  domain  of  <f> 

x(x  —  1)  x  —  1 

consists  of  all  real  numbers  with  the  two  exceptions  0  and  1 .     The  domain  of  y,  on 

the  other  hand,  includes  the  number  0  as  well. 

t  The  empty  set  is  considered  to  be  a  finite  set  with  the  finite  number  of  0  elements.  The 
entire  set  9t  of  real  numbers,  then,  consists  of  all  but  a  finite  number  of  real  numbers. 
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Since,  in  defining  a  function,  it  is  necessary  to  have  the  domain  of  definition 
— as  well  as  the  values — specified,  it  is  important  to  ensure  uniqueness  of 
domain  for  any  function  defined  by  an  equation  of  the  form  (1).  Our  main 
objective  in  this  section  will  be  to  study  and  resolve  this  problem.  We  start 
with  some  definitions  involving  ordered  pairs  of  polynomials.  The  notation 
f:g  is  suggested  by  (1),  and  is  used  to  avoid  confusion  with  the  notation 
(/,  g)  for  the  GCD  of/ and  g. 

Definition  I.  Whenever  f  and  g  are  polynomials,  the  expression  f:g  denotes 
the  ordered  pair  whose  first  coordinate  is  f  and  whose  second  coordinate  is  g, 
where  g  is  a  nonzero  polynomial.  The  ordered  pair  f:g  is  in  lowest  terms 
if  and  only  if  either  f  —  0  and  g  is  a  nonzero  constant  or  f  and  g  are  relatively 
prime  nonzero  polynomials.  The  ordered  pair  f:g  is  in  canonical  form  if 
and  only  iff'.g  is  in  lowest  terms  and  g  is  monic. 

Example  2.  In  Example  1,  x\x(x  —  1)  is  an  ordered  pair  of  polynomials  that  is 
not  in  lowest  terms;  l:(x  —  1)  is  in  lowest  terms  and  in  canonical  form.  The 
following  are  in  lowest  terms  but  not  in  canonical  form : 

1:(2jc  -  1),    0:3,    (5x  -  1):(1  -  x). 

Definition  II.  Equivalence  between  ordered  pairs  of  polynomials  is  defined 
as  follows:  f:g  is  equivalent  to  r:s,  written 

(3)  f:g~r:s, 

if  and  only  if  fs  =  gr. 

Example  3.  The  first  two  ordered  pairs  of  Example  2,  drawn  from  Example  1, 
are  equivalent. 

Theorem  I.     The  relation  defined  by  (3)  is  an  equivalence  relation. 

Proof  It  is  obvious  that f:g  ~f:g  and  that  iff'.g  ~  r:s  then  r:s  ~f:g. 
To  prove  transitivity  we  assume  that/:g  ^  r.s  and  that  r:s  ^  u:v;  in  other 
words,  that/s  =  grand™  =  su.  After  multiplication  by  v  and  ^respectively, 
these  equations  become  fsv  =  grv  and  grv  =  gsu.  Consequently,  fsv  =  gsu 
and  by  the  cancellation  law  for  multiplication,  since  s  ■=£  0,  fv  =  gu  and 
f\g~u:v. 

A  connection  between  equivalence  of  ordered  pairs  of  polynomials  and 
proportionality  of  their  values  is  given  in  the  theorem : 

Theorem  II.  Iff  and  r  are  any  polynomials  and  g  and  s  are  any  nonzero 
polynomials,  then 

(0  f'-g~r:s 

if  and  only  if 

fix)      r(x) 

(ii)  =  -—  for  infinitely  many  x. 

g(x)      s(x)J 
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Proof.  If  (/)  is  true,  then  f(x)s(x)  =  g(x)r(x)  for  all  real  numbers  and 
hence  for  all  numbers  x  for  which  g(x)s(x)  ^  0;  hence  for  all  but  a  finite 
number  of  real  numbers  x;  hence  for  infinitely  many  x.  Division  by  the 
nonzero  quantity  g(x)s(x)  gives  (if).  On  the  other  hand,  if  (if)  holds,  then 
the  polynomials/?  and  gr  have  equal  values  for  infinitely  many  x:  f(x)s(x)  = 
g(x)r(x)  and  hence,  by  the  Corollary  to  Theorem  III,  §  705,  must  be  identical: 
fs  =  gr,  so  that  f:g  «v  r:s. 

Theorem  III.  Ordered  pairs  of  polynomials  have  the  following  properties 
involving  equivalence: 

(i)lfh^O,f:g~fh:gh. 

(ii)  Iff  and  g  are  polynomials  and  if  g  7^  0,  there  exist  polynomials  F  and  G, 
where  G/0,  such  that  f:g  ~  F:G  and  F:  G  is  in  lowest  terms. 

(ih)  Iffandg  are  polynomials  and  if  g  ^  0,  there  exist  unique  polynomials 
F  and  G,  where  G^0,  such  that  f:g  ^  F:G  and  F:G  is  in  canonical  form. 

Proof,    (i):  fgh=fgh.    (ii):    If/=0,  then  0:g~0:l.     If  f^0,  let 

h  =  (/» g\f  =  hF>  and  g  =  hG-  Then  (F>  G)  =  l  and/:£  ~  hF' hG  ~  F:  G> 
by  (i).  (in):  If/=  0,  0:^^-^0:1,  and  1  is  the  only  constant  monic  poly- 
nomial. If/^  0,  let  h  in  the  proof  of  (ii)  have  leading  coefficient  equal  to 
that  of  g.  Then  G  is  monic.  Finally,  if  F:  G  —  R :  S,  where  (F,  G)  =  (R,  S) 
=  1  and  G  and  S  are  monic,  from  FS  =  GR  we  infer  (by  means  of  Theorem 
IV,  §  706)  that  G  \  S  and  S  \  G  and  therefore  that  G  =  S;  consequently 
F  =  R. 

We  return  to  the  matter  of  defining  rational  functions. 

Definition  IILf  A  rational  function  is  a  real-valued  function  <f>  of a  real 
variable  x  whose  value  for  a  given  x  is  given  by  an  expression  of  the  form 

(4)  m  =  g^J , 

G(x) 

where  F:  G  is  in  canonical  form,  and  whose  domain  of  definition  is  the  set  of  all 
real  numbers  such  that  G(x)  ^  0. 

It  is  clear  from  Definition  III  that  any  ordered  pair  of  polynomials  F:  G  in 
canonical  form  uniquely  determines  a  rational  function  <j>  by  means  of 
formula  (4).     The  converse  is  also  true. 

Theorem  IV.  If F:G  and  R :  S  are  ordered  pairs  of  polynomials  in  canonical 
form  and  if  <f>  is  a  rational  function  such  that  </>(*)  =  F(x)jG(x)  whenever 
G(x)  ^  0  and  such  that  </>(x)  =  R(x)/S(x)  whenever  S(x)  ^  0,  then  F:G  = 
R:S;  that  is,  F=  R  and  G  =  S. 

t  A  definition  equivalent  to  Definition  III  is  obtained  by  replacing  the  words  canonical 
form  by  the  words  lowest  terms.  The  present  formulation  has  been  chosen  in  order  to 
ensure  uniqueness  of  the  representation  (4)  (cf.  Theorem  IV). 
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Proof.  By  Theorem  II,  F:G~  R:S  and  hence,  by  part  (in)  of  Theorem 
III,  F  =  R  and  G  =  S. 

Since  any  ordered  pair/:g  of  polynomials  the  second  of  which  is  nonzero 
uniquely  determines  an  ordered  pair  F:G  which  is  equivalent  to  f'.g  and  is 
in  canonical  form,  the  ordered  pair  f'.g  uniquely  determines  a  rational 
function  that  is  related  to  it  in  a  natural  way.  We  specify  this  correspond- 
ence, and  introduce  a  special  notation  for  it,  in  the  following  definition: 

Definition  IV.  Iff  is  any  polynomial  and  if  g  is  any  nonzero  polynomial,  let 
F:G  be  the  {unique)  ordered  pair  of  polynomials  equivalent  to  f:g  and  in 
canonical  form,  and  let  c/>  be  the  rational  function  defined  by  (4).  The  symbol 
[fg]  denotes  this  rational  function: 

(5)  [f:g]  =  <f>. 

A  few  elementary  properties  of  the  correspondence  that  determines  by 
means  of  (5)  a  rational  function  </>  in  terms  of  a  given  ordered  pair  fig  of 
polynomials  (g  ^  0)  are  given  in  the  theorem : 

Theorem  V.     If  f  and  r  are  any  polynomials,  if  g,  h,  and  s  are  any  nonzero 
polynomials,  and  if  0  and  1  denote  the  constant  polynomials  identically  equal 
to  the  real  numbers  0  and  1,  respectively,  then: 
(0  ifg]  =  [r:s]  if  and  only  if  f'.g  ~r:s; 

(ii)[fh:gh]  =  [fg]; 

(iii)lfl]=f; 

(iv)  [h:h]  =  [1:1]  =  1; 
(v)  [0:£]  =  [0:1]=0. 

Proof  (i):  If  [fg]  =  [r:s]  =  <f>9  then,  by  Theorem  IV,  the  ordered  pairs 
f\g  and  r.s  are  separately  equivalent  to  the  same  ordered  pair  in  canonical 
form,  and  hence  are  equivalent  to  each  other :  f:g  ~r:s.  On  the  other  hand, 
if  f:g~  r.s,  then  the  unique  ordered  pair  F:G  in  canonical  form  to  which 
f'.g  is  equivalent  must  be  equivalent  to  r:s  and  hence  must  be  the  unique 
ordered  pair  R:S  in  canonical  form  to  which  r:s  is  equivalent.  Therefore 
[fg]  —  [r:s].  (//):  True  by  part  (i),  Theorem  III.  (Hi):  Since  f\\  is  in 
lowest  terms  and  1  is  monic,  if  </>  =  [/:  1],  then  for  every  real  number  x  (the 
polynomial  1  never  vanishes)  the  following  equation  holds:  cf)(x)  =  f(x)j\  = 
f(x),  and  cf>=f  (iv) :  By  (w)  and  (Hi),  [h :  h]  =  [1 : 1]  =  1 .  (v) :  By  (ii)  and 
(in),  [0:g]  =  [0:1]  =  0. 

Finally,  a  useful  criterion  for  (5)  to  hold,  expressed  in  terms  of  the  values  of 
the  functions  concerned,  is  given  in  the  theorem : 

Theorem  VI.  The  equation  </>  =  [f'.g],  where  c/>  is  a  rational  function,  holds 
if  and  only  if  the  equation  between  real  numbers: 

(6)  <K*)=fJ£ 

g(x) 

holds  for  infinitely  many  real  numbers  x. 
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Proof.  Assume  that  a  rational  function  </>  is  given  in  the  form  <j>  =  [R'-S], 
where  R: S  is  in  canonical  form,  and  that  equation  (6)  holds  for  infinitely 
many  values  of  x.  Since  (/>(x)  =  R(x)/S(x)  for  all  but  a  finite  number  of 
real  numbers  x  (that  is,  except  when  S(x)  =  0 — cf.  Theorem  III,  §  705),  there 
must  be  infinitely  many  x  such  that  the  three  quantities  cf>(x),f(x)lg(x),  and 
R(x)/S(x)  are  all  defined  and  equal.  Therefore,  by  Theorem  II, /:g  ~  R:S 
and  hence,  by  part  (/)  of  Theorem  V,  [f:g]  =  [R:S]  =  <f>.  On  the  other  hand, 
if  </>  =  [f:g]  =  [F:G],  where  F:G  is  in  canonical  form,  then  (by  part  (/), 
Theorem  V),/:g  ~  F:  G,  and/G  =  gF.  Therefore  the  equation  f(x)G(x)  = 
g(x)F(x)  holds  for  all  x  and  certainly  for  all  x  except  for  the  finite  set  for  which 
g(x)G(x)  ^  0.  Thus,  the  equation  f(x)/g(x)  =  F(x)/G(x)  =  </>(*)  holds 
whenever  the  quantities  involved  are  defined;  hence,  for  all  but  a  finite 
number  of  x;  hence,  for  infinitely  many  x. 

Note.  For  convenience,  such  a  phrase  as  "the  rational  function  x2/(x  +  1)"  will 
be  considered  as  an  abbreviation  for  "the  rational  function  <f>  =  [f'-g\,  where/  and^- 
are  polynomials  defined  by  the  equations /(x)  =  x2  and^(x)  =  x  +  1." 

*7I2.  THE  FIELD  OF  RATIONAL  FUNCTIONS 

In  most  cases,  when  functions  are  combined  by  addition  or  multiplication 
they  are  assumed  to  have  a  common  domain  of  definition.  For  example, 
when  polynomials  are  added  and  multiplied  they  have  the  entire  real  number 
system  as  their  common  domain,  and  the  definitions  and  properties  of  addi- 
tion and  multiplication  (Theorem  III,  §  702)  are  relatively  simple. 

With  rational  functions,  however,  the  situation  is  quite  different.  There  is 
no  common  domain  of  definition  and,  in  fact,  there  can  be  no  common  domain 
of  definition  (unless  by  some  irrelevant  and  inappropriate  artifice  such  as 
assigning  the  value  0  whenever  a  function  is  not  otherwise  defined).  For 
example,  the  rational  function  <f>(x)  =  1  j(x  —  a)  is  undefined  when  x  is  equal 
to  the  real  number  a,  and  we  conclude  that  every  real  number  is  excluded  from 
the  domain  of  definition  of  some  rational  function.  On  the  other  hand,  we 
wish  to  show  in  the  first  part  of  this  section  that  the  rational  functions  form 
a  field.  This  will  mean,  in  particular,  that  every  rational  function  other  than 
the  one  that  is  identically  zero  must  have  a  reciprocal.  For  example,  the 
function  x/(x  —  1)  must  have  a  reciprocal  (presumably  (x  —  l)/x)  such  that 
the  product  (in  some  sense)  is  equal  to  the  rational  function  1 ,  which  is  equal 
to  the  number  1  for  all  real  numbers  x,  including  both  0  and  1 .  ( !)  It  was  for 
the  purpose  of  resolving  such  embarrassing  paradoxes  as  this  that  such  an 
elaborate  treatment  of  rational  functions  was  presented  in  §  711. 

We  start  by  defining  the  operations  of  addition  and  multiplication  for 
rational  functions,  and  then  show  that  these  definitions  are  meaningful 
(unambiguous).  After  this  we  shall  show  that  the  rational  functions  form  a 
field,  and  finally,  in  §  713,  that  they  form  an  ordered  field.  The  ordered  field 
of  rational  functions  will  be  denoted  3tif. 
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Definition  I.  Addition  and  multiplication  of  rational  functions  [fig]  and 
[r:s]  are  defined  as  follows: 

(0  lf-g\  +!»■:*]  -lfi  +  gr:gs\; 
00  [f:g]  ■  [r:s]  m  [frigs]. 

Theorem  I.  The  definitions  of  addition  and  multiplication  given  in  Definition 
I  are  independent  of  the  particular  polynomials  f  g,  r,  and  s  used.  That  is, 
if  IP'-q]  =  If'-g]  and  if  iu:v]  =  ir:sl  then  [pv  +  qw.qv]  =  [fs  +  grigs],  and 
[puiqv]  =  [frigs]. 

Proof.  By  (i),  Theorem  V,  §  71 1,  let  us  assume  that  gp  =  fq  and  su  =  rv, 
and  seek  to  establish  the  two  equalities  gs(pv  +  qu)  =  qv(fs  +  gr)  and 
(pu)(gs)  =  (qv)(fr).  The  first  of  these  is  obtained  as  follows:  gs(pv  +  qu)  = 
(gp)(sv)  +  (gq)(su)  =  (fq)(sv)  +  (gq)(rv)  =  qv(fs  +  gr),  while  the  second 
results  thus:  (pu)(gs)  =  (&?)(sw)  =  (jfy)(™)  =  (?y)(/r). 

In  the  proof  of  the  next  theorem  a  lemma  will  be  convenient: 

Lemma,     [fig]  +  [hig]  '=  [</+  h)ig]. 

Proof,  [fi.g]  +  [h:g]  =  [(fg  +  gh)  :g*]  =  [g(f  +  h)  :g*\  =  [(/  +  A)  :g],  by 
(ii),  Theorem  V,  §711. 

Theorem  II.  The  rational  functions  form  afield.  That  is,  with  the  defini- 
tions of  addition  and  multiplication  of  Definition  I,  the  Axioms  I,  II,  and  HI 
of  §  102  are  satisfied.  The  additive  identity,  or  zero,  is  the  rational  function 
[0: 1]  =  0,  which  is  identically  equal  to  Ofor  all  real  numbers,  and  the  additive 
inverse  of  [fig]  is  [—fig],  so  that  we  may  write  —[fig]  =  [—fig]-  The 
rational  function  [fig]  is  equal  to  zero  ([fig]  =  [0:1])  if  and  only  iff—  0; 
equivalently,  [fig]  is  nonzero  if  and  only  if f is  nonzero.  The  multiplicative 
identity,  or  unity,  is  the  rational  function  [1:1]  =  1.  which  is  identically  equal 
to  1  for  all  real  numbers,  and  the  multiplicative  inverse  of  the  nonzero  [fig]  is 
[g'f],  so  that  we  may  write  [fig]-1  =  [gif]- 

Proof.  I(i) :  This  was  proved  in  Theorem  I.  1(h):  [fig]  +  ([piq]  + 
[ris])  =  [fi.g]  +  ftps  +  qr)iqs]  ==  [(f(qs)  +  g(ps  +  qr))ig(qs)]  =  [(fqs  +  gps 
+  gqr)igqs]  =  [((fq  +  gp)s  +  (gq)r)  i  (gq)s]  =  [(fq  +  gp)igq]  +  [ris]  = 

([fg]  +  [P-q])  +  [r:sd>  10"):  [fg]  +  [0:1]  =  [(/'  1  +  g  ■  0)ig  •  1]  = 
[fig].  l(iv)i  [f:g]  +  [(-f):g]  =  [(f-f)ig]  =  [0ig]  =  [0il],bytheLemmii, 
and  Theorem  V,  §711.  I(v)i  [fig]  +  [ris]  =  [(fs  +  gr):gs]  =  [ris]  +  [fig]. 
11(f) :  This  was  proved  in  Theorem  I.  II(z7):  [fg]([piq][ris])  =  [fg][priqs] 
=  Upr-gqs]  =  [fpigqlns]  =  ([fg][piq])[ris].  U(iii)i  [1:1]  #  [0:1],  since 
1  •  1  ^  1  •  0,  and  [fg][lil]  =  [f.l:g-l]  =  [fi.g].  ll(iv)i  If  [fig]  # 
[0:1],  then/-  1  ^  g  •  0  and/V  0;  also,  [/:g]fe:/]  =  [/#:/#]  =  [1:1],  by 
Theorem  V,  §  711.  II(i>):  [fig][ns]  =  [frigs]  =  [rfi.sg]  =  [ris][fiig].  Ill: 
[fg](lP-q]  +>:*])  =  [f'-gKps  +  qr)iqs]  =  [(fps  +fqr)igqs]  =  [fpsigqs]  + 
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[fqv.gqs]  =  [fp:gq]  +  [fr.gs]  =  [f:g][p:q]  +  [f:g][r:s]  (with  the  aid  of  the 
Lemma). 

It  has  already  been  indicated,  in  part  (Hi)  of  Theorem  V,  §  711,  that  the 
field  ojf  rational  functions  includes  the  integral  domain  of  polynomials  as  a 
subset  by  means  of  the  correspondence 

(1)  [f :!]<->  f. 

This  is  a  one-to-one  correspondence,  since  for  all  real  numbers  x  the  values  of 
the  rational  function  [f:  1]  and  the  values  of  the  polynomial  /  are  identical. 
It  is  in  this  sense  that  we  write  equality : 

(2)  [/:!]=/ 

In  the  spirit  of  algebraic  structure,  the  correspondence  (1)  is  much  more  than 
a  mere  correspondence  since  there  are  two  operations,  addition  and  multi- 
plication, that  apply  both  to  rational  functions  and  to  polynomials.  The 
basic  question  is  this :  "Suppose  we  have  two  functions  each  of  which  can  be 
regarded  as  either  a  rational  function  or  a  polynomial,  and  suppose  we  wish 
to  add  (or  multiply)  these  two  functions.  Does  it  matter  whether  we  add 
(or  multiply)  them  as  rational  functions  or  as  polynomials?"  Happily,  the 
answer  is  in  the  negative : 

Theorem  III.  Let  f  and  g  be  any  polynomials,  and  let  [/:  1]  and  [g'A]  be 
their  corresponding  rational  functions,  according  to  the  correspondence  (1). 
Then  the  sum  and  product  offandg  as  polynomials  correspond  to  the  sum  and 
product  of[f:  1]  and  [g:  1]  as  rational  functions : 

(3)  [/:  11  +  [/:  11*+/+  g,        If:  Vfg:  l]~jg. 

That  is,  the  correspondence  (1)  is  an  isomorphism  with  respect  to  addition  and 
multiplication,     (cf.  §§  311,  502,  505,  906.) 

Proof  By  the  Lemma  to  Theorem  II,  and  by  definition  of  multiplication 
of  rational  functions : 

l/:l]  +  fe:l]  =  [(/■+*):  11  l/;lfe:l]  =  lfg'^1 
The  result  just  obtained  can  be  expressed  in  three  equivalent  ways:  (i)  In 
the  field  of  rational  functions  those  rational  functions  of  the  form  [f:  I]  form  an 
integral  domain  isomorphic  to  the  integral  domain  of  the  polynomials, 
(ii)  The  integral  domain  of  the  polynomials  is  embedded  in  the  field  of  the 
rational  functions.  (Hi)  The  field  of  the  rational  functions  is  an  extension 
of  the  integral  domain  of  the  polynomials. 

Note.  By  virtue  of  Theorem  III,  it  is  immaterial,  when  we  are  adding  or  multi- 
plying functions,  whether  we  refer  to  the  polynomials/ and g  as  polynomials  or  as 
rational  functions.  The  notations  [/:  1  ]  and/can  be  considered  alternative  methods 
of  representing  the  rational  function  [/:!]. 
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We  have  just  seen  what  happens  when  we  add  or  multiply  rational  functions 
[/:  1]  and  [g:  1]  that  correspond  to  polynomials /and  g.  A  similar  statement 
holds  for  subtraction :  [/:  1]  —  [g :  1]  <-»/  —  g.  What  happens  with  division  ? 
The  following  theorem  shows  that  any  rational  function  can  be  considered 
as  a  fraction  whose  numerator  and  denominator  are  polynomials  (the 
denominator  being  nonzero).  This  is  strictly  analogous  to  the  parallel 
situation  in  the  real  number  system,  where  every  rational  number  is  equal  to 
a  fraction  whose  numerator  and  denominator  are  integers  (the  denominator 
being  nonzero). 

Theorem  IV.  If[f'g]9  g  ^  0,  is  an  arbitrary  rational  function,  then,  in  the 
field  £?  of  rational  functions, 

(4)  U:gl  =  LLAl    I. 

18  :  1]      g 
Proof     Since,  by  Theorem  II,  [g:  l]-1  =  [1  :g],  [/:  l]/fc:  1]  =  [/:  1][1  :g]  = 

if-.gi 

*7I3.  THE  ORDERED  FIELD  OF  RATIONAL  FUNCTIONS 

We  have  come  now  to  the  final  part  of  our  study  of  rational  functions — the 
part  having  to  do  with  order.  As  stepping  stones  toward  proving  that  the 
field  of  rational  functions  is  an  ordered  field  we  introduce  (and  justify)  a 
definition,  and  establish  a  lemma. 

Definition  I.  The  subset  &  of the  field 3F  of  rational  functions  consists  of  all 
rational  functions  [f:g]  such  that  f  and  g  are  nonzero  and  have  leading  coefficients 
of  the  same  sign. 

Theorem  I.  Definition  I  is  independent  of  the  polynomials  f  and  g  used  in  its 
formulation.  That  is,  iff'.g  ~  r:s,  if  f  ^  0,  and  if  the  leading  coefficients  of 
f  and  g  have  the  same  sign,  then  r  ^  0  and  the  leading  coefficients  of  r  and  s 
have  the  same  sign. 

Proof.  If/ t^  0  and/?  =  gr,  then  r  ^  0.  Assume  that  the  leading  coeffi- 
cient am  off  and  the  leading  coefficient  bn  of  g  have  the  same  sign,  and  let 
Cj  and  dk  be  the  leading  coefficients  of  r  and  s,  respectively.  From  the 
equation  fs  —  gr  we  can  infer  in  particular  that  the  leading  coefficient  amdk 
of  fs  must  be  equal  to  the  leading  coefficient  bnCj  of  gr,  and  hence  that 
ajbn  =  cjdk.  Since  am\bn  is  assumed  to  be  positive  we  conclude  that  c,  and 
dk  are  of  the  same  sign,  as  desired. 

Lemma.  For  any  member  [fg]  of  &,  f  and  g  can  be  chosen  so  that  both 
have  positive  leading  coefficients. 

Proof.  If  [f:g]  e  &*,  and  if  both /and  g  have  negative  leading  coefficients 
multiplying  both /and  g  by  (—1),  and  use  the  fact  that  [—f.—g]  =  [f'.g\- 
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Theorem  II.     The  field  3tf  of  rational  functions  is  an  ordered  field. 

Proof  We  must  show  that  the  set  0  of  Definition  I  satisfies  the  three 
parts  of  Axiom  IV,  §  202.  For  IV(/)  and  («"),  for  any  two  given  members 
of  0,  [fg]  and  [r:s],  choose/,  g,  r,  and  s  so  that  all  four  leading  coefficients 
are  positive.  Then  the  leading  coefficients  of  the  three  polynomials/?  +  gr, 
fr,  and  gs  are  positive  and  consequently  both  [fig]  +  [r:s]  =  [(fs  +  gr):gs] 
and  [fg][r:s]  =  [frigs]  are  members  of  0.  Finally,  for  IV (Hi),  let  [fig]  be 
an  arbitrary  rational  function,  and  assume  (without  loss  of  generality.)  that 
the  leading  coefficient  of  g  is  positive.  Then  there  are  exactly  three 
possibilities  for/  exactly  one  of  which  is  true:  (first  possibility) /is  nonzero 
and  its  leading  coefficient  is  positive,  and  [fig]  e  0;  (second  possibility) 
/=  0,  and  [fig]  is  the  zero  rational  function;  (third  possibility) /is  nonzero 
and  its  leading  coefficient  is  negative,  and  —[fig]  =  [—fg]  e  0- 

Note  1 .  From  the  preceding  considerations  we  see  that  the  rational  function 
[fig]  is  positive  if  and  only  if  the  leading  coefficients  offandg  have  the  same  sign,  and 
[fig]  is  negative  if  and  only  if  the  leading  coefficients  offandg  have  opposite  signs.  In 
particular,  a  nonzero  polynomial  is  positive  or  negative  according  as  its  leading 
coefficient  is  positive  or  negative. 

As  in  Chapter  2,  a  transitive  order  relation  satisfying  the  law  of  trichotomy 
is  defined  for  the  field  of  rational  functions. 


x2  +  1       2x4  -  1  2x4  -  1       x2  +  1 

— r  <  —5 -,  since  the  difference  —5 -. 

3jc  -  1        x2  +  4  x2  +  4        3x  -  1 

6x5  -  3x4  -  5jc2  -  3x  -  3 


expressed  in  the  form — — - — ,  has  positive  leading  coefficients 

in  both  numerator  and  denominator. 

— x  2  • —  x  2  —  x  — x 

Example  2. <  — — ,    since    the    difference    — —  — -,    when 

3x  —  1  3x  3x  3x  —  1 

Ix  -2 
expressed  in  the  form  — — — ,  has  positive  leading  coefficients  in  both  numerator 

and  denominator.  ^  ' 

It  will  be  shown  later  (§  903),  as  a  consequence  of  the  Axiom  of  Com- 
pleteness (§  902)  that  the  real  number  system  has  the  property  specified  in  the 
following  definition : 

Definition  II.  An  ordered  field  &  is  Archimedean  if  and  only  if  for  any 
two  positive  members  a  and  b  of  &  there  exists  a  natural  number  n  such  that 
na  >  b.  An  ordered  field  is  non-Archimedean  if  and  only  if  it  fails  to  be 
Archimedean. 

Theorem  III.     The  ordered  field  Jt?  of  rational  functions  is  non- Archimedean. 
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Proof.  Let  a  =  1  and  let  b  be  the  linear  polynomial  /  where  f(x)  =  x. 
Then  for  every  natural  number  n,  na  <  b  since  the  difference  b  —  na  is  a 
linear  polynomial  with  positive  leading  coefficient  1 . 

Example  3.  Let  /  and  g  be  any  two  nonzero  polynomials  with  positive  leading 
coefficients  such  that  deg/  <  deg^,  and  let  c  be  an  arbitrary  positive  real  number. 
Prove  that 

(1)  0<f-<c<g7. 

8  f 

Solution.    The  first  inequality  is  true  by  definition.     The  second  inequality  is  true 

since  /»  r 

c_  _f_      c8  -/ 

1      8         8 

and  the  numerator  and  denominator  both  have  positive  leading  coefficients.    The 
third  inequality  follows  similarly  from 

8  _£  _g  ~cf 
7       1  / 

Note  2.  Example  3  shows  that  in  the  ordered  field  of  rational  functions  there  is 
an  infinite  set  located  between  zero  and  the  set  of  positive  real  numbers,  and  there  is 
another  infinite  set  every  member  of  which  is  greater  than  every  real  number. 

For  further  discussion  of  non-Archimedean  ordered  fields  the  reader  is 
referred  to  the  following  books  and  article,  and  the  references  contained 
therein:  B.  L.  Van  der  Waerden,  Modern  Algebra  (New  York,  Frederick 
Ungar  Publishing  Co.,  1949),  pp.  208-211,  Paul  Dubreil,  Algebre  (Paris, 
Gauthiers-Villars,  1946),  pp.  163-185,  and  B.  H.  Neumann,  "On  Ordered 
Division  Rings,"  Transactions  of  the  American  Mathematical  Society,  volume 
66  (1949),  pp.  202-252. 

*7I4.  EXERCISES 

1.  Show  that  a  positive  rational  function  <f>  may  have  some  negative  values: 
<f>(x)  <  0.  Prove  that  if  <f>  >  0,  then  there  exists  a  real  number  N  such  that  <f>(x)  >  0 
whenever  x  >  N. 

2.  If  c  is  any  real  number,  construct  an  infinite  class  A  of  rational  functions  <f>  such 
that  for  each  member  <f>  of  A  the  following  inequalities  hold  for  every  real  number  d 
greater  than  c: 

c  <  <f>  <  d. 

3.  Simple  Simon  suggests  the  following  operation  on  rational  functions: 

lf:g]®lr:s]  ^lf+r:gs]. 
Comment. 
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801.  THE  REAL  AXIS 

Geometrical  intuition  can  be  one  of  the  most  potent  guides  for  mathe- 
matical study  and  discovery.  At  the  same  time  it  can  be  one  of  the  most 
deceptive  of  counselors.  Throughout  the  first  seven  chapters  of  this  book  we 
have  assiduously  avoided  drawing  figures  or  pictures  in  order  to  concentrate 
attention  on  the  axioms  and  their  consequences  without  subjecting  ourselves 
to  irrelevant  and  possibly  improper  influence.  The  time  ultimately  arrives, 
however,  when  a  geometrical  graph — kept  under  proper  control — can  be  more 
of  an  asset  than  a  liability.  The  reader  should  bear  constantly  in  mind  that 
whatever  geometry  appears  in  this  book  is  incidental  to  the  mathematical 
analysis,  and  should  be  regarded  as  a  servant  rather  than  master.  These 
remarks  are  not  intended  to  detract  in  any  way  from  the  status  and  dignity 
of  geometry  as  a  mathematical  discipline,  but  rather,  to  point  up  the  analytic 
and  algebraic  emphasis  of  the  present  volume.  Although  the  ideas  of  some 
of  our  proofs  may  stem  from  geometry,  their  proofs  must  be  shorn  of  their 
intuitive  aspects  and  formulated  in  terms  of  the  original  axioms,  or  in  terms 
of  theorems  derived  deductively  from  those  axioms.  For  discussion  of  the 
axiomatic  foundations  of  geometry,  the  reader  is  referred  to  the  following 
books:  D.  Hilbert,  The  Foundations  of  Geometry  (La  Salle,  111.,  The  Open 
Court  Publishing  Company,  1938),  R.  L.  Wilder,  The  Foundations  of  Mathe- 
matics (New  York,  John  Wiley  &  Sons,  Inc.,  1952),  and  H.  Eves  and  C.  V. 
Newsom,  An  Introduction  to  the  Foundations  and  Fundamental  Concepts  of 
Mathematics  (New  York,  Holt,  Rinehart  and  Winston,  1953). 

The  real  numbers  are  commonly  represented  by  means  of  points  on  a  line 
in  a  one-to-one  correspondence  with  the  real  numbers.  This  line  is  said  to 
be  provided  with  a  number  scale,  and  is  called  the  real  axis.  It  is  usually 
taken  to  be  "horizontal" — and  it  is  not  our  responsibility  here  to  be  concerned 
with  the  meaning  of  the  word  horizontal,  or  even  to  care  whether  it  has  any 
absolute  mathematical  meaning  at  all !  The  positive  numbers  correspond  to 
points  to  the  "right"  of  the  point  0  that  represents  the  number  0,  and  the 
negative  numbers  correspond  to  points  to  the  "left"  of  0t  More  generally, 
if  x  and  y  are  any  two  numbers  such  that  x  <  y  (or,  equivalently,  y  >  x), 
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then  the  corresponding  points  x  and  y  are  located  so  that  x  is  to  the  left  of  y, 
(or,  equivalently,  y  is  to  the  right  of  x).  The  points  representing  integers 
are  spaced  out  so  that  the  distance  between  0  and  1  is  the  same  as  the  distance 
between  n  and  n  +  1  for  every  integer  n — where  we  have  again  represented 
points  by  the  symbols  normally  attached  to  the  corresponding  points.  More 
generally,  in  terms  of  the  distance  between  0  and  1  as  a  unit,  the  distance 
between  any  two  points  x  and  y,  where  x  <  y,  is  y  —  x.  Figure  801  indicates 
the  real  axis,  with  a  few  points  specifically  labeled. 

For  convenience,  much  of  the  notation  and  terminology  of  real  numbers 
will  be  used  for  points  of  the  real  axis.     The  context  should  dispel  any 


-2      -¥  -1  ~i  0      i  1         I  2 

FIG.  801 

possible  misinterpretation.  One  instance  is  our  use  of  the  same  symbol, 
say  x,  to  refer  to  a  number  and  to  its  corresponding  point  on  the  real  axis  as 
well.  Another  is  the  use  of  the  word  between:  if  the  point  x  is  to  the  left 
of  the  point  z  (that  is,  the  numbers  x  and  z  bear  the  relation  x  <  z)  then  the 
point  y  is  between  x  and  z  (y  is  to  the  right  of  x  and  to  the  left  of  z)  if  and  only 
if  the  number  y  is  between  the  numbers  x  and  z :  x  <  y  <  z. 

Further  properties  of  the  real  number  system,  as  deduced  from  the  Axiom 
of  Completeness  in  Chapter  9,  will  demonstrate  the  appropriateness  of  the 
real  axis  (Fig.  801)  as  a  visual  representation  of  the  real  numbers.  Without 
the  axiom  of  completeness  the  real  axis  may  be  a  very  improper  model  for  an 
ordered  field,  as  indicated  in  the  following  note : 

Note.  The  ordered  field  Jf  of  rational  functions  (§  71 3)  cannot  be  represented  on 
a  line  in  the  manner  shown  in  Figure  801 .  For  example,  the  linear  polynomial  x  is 
greater  than  every  natural  number  and  would  need  to  be  represented  by  a  point 
lying  to  the  right  of  every  point  of  Figure  801,  and  hence  at  an  infinite  distance. 
Also,  the  rational  function  \jx  satisfies  the  inequalities  0  <  \jx  <  \\n  for  every 
positive  integer  n,  and  would  therefore  need  to  be  represented  by  a  point  lying  to  the 
right  of  0  and  to  the  left  of  \\n  for  every  positive  integer  n,  whereas  between  0  arid 
every  point  to  the  right  of  0  lies  a  point  of  the  form  1/n.  At  the  root  of  our  para- 
doxical troubles  is  the  fact  that  the  system  of  rational  functions  is  non- Archimedean. 

802.  FINITE  INTERVALS 

In  this  and  the  following  section  various  types  of  sets,  known  as  intervals, 
will  be  defined.  Each  of  these  intervals  is  defined  by  means  of  inequalities 
and  is  therefore  formulated  most  naturally  in  terms  of  the  real  numbers. 
However,    the   geometrical   counterpart    of  any    interval   of  numbers   is 
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immediately  available  and  is  called  an  interval  of  points.  Henceforth  we  shall 
make  no  serious  effort  to  distinguish  between  sets  of  numbers  and  sets  of 
points  when  the  sense  is  clear.  Unless  there  is  good  reason  for  careful 
distinction  we  shall  feel  free  to  use  the  words  number  and  point  interchangeably. 

Definition.  Let  a  and  b  be  any  two  real  numbers  such  that  a  <  b.  Then  the 
open  interval  from  a.  to  b,  written  (a,  b),f  is  the  set  of  all  numbers  x  between 
a  and  b:  a  <  x  <  b.  The  closed  interval  from  a  to  b,  written  [a,  b],  is  the 
set  of  all  numbers  x  between  a  and  b  together  with  a  and  b:  a  ^  x  ^  b.  The 
half -open  intervals  (a,  b]  and  [a,  b)  are  defined  by  the  inequalities  a  <  x  <  b 
and  a  ^  x  <  b,  respectively.  In  each  of  these  cases  the  interval  is  called  a 
finite  interval  and  the  points  a  and  b  are  called  endpoints,  a  being  the 
left-hand  endpoint  and  b  being  the  right-hand  endpoint.  Any  point 
of  an  interval  that  is  not  an  endpoint  is  called  an  interior  point  of  the  interval. 
The  point  \{a  +  b)  is  the  midpoint  of  each  interval  defined  above. 

Example.  The  point  3  is  the  left-hand  endpoint  (but  not  a  member)  of  the  open 
interval  (3,  10),  the  right-hand  endpoint  (and  a  member)  of  the  closed  interval 
[—2,  3],  and  the  midpoint  of  the  half-open  interval  (—2,  8]. 

803.  INFINITY  SYMBOLS.    INFINITE  INTERVALS 

We  introduce  now  two  symbols  for  concepts  that  are  useful  adjuncts  to  the 
real  number  system.  These  are  +  oo,  known  as  plus  infinity,  and  —  oo,  known 
as  minus  infinity.  These  are  related  to  the  real  numbers  by  order  alone,  and 
not  by  the  algebraic  operations  of  addition  or  multiplication.  %  The  two 
infinities  are  related  to  the  real  numbers  as  follows:  minus  infinity  is  less 
than  every  real  number,  and  every  real  number  is  less  than  plus  infinity: 

(1)  —  oo  <  x  <  -f-  °o,    for  every  real  number  x. 

The  set  consisting  of  all  real  numbers  x  and  both  infinities,  subject  to  the 
inequalities  (1),  is  called  the  extended  real  number  system.  It  is  important  to 
remember  that  +°o  and  —  oo  are  not  numbers  (and  therefore  will  not  be 
referred  to  herein  as  points),  and  that  the  extended  real  number  system  is  not 
afield,  since  addition  and  multiplication  are  not  defined  for  all  its  members. 
(In  fact,  it  is  impossible  to  extend  the  operations  of  addition  and  multiplication 
to  the  extended  real  number  system  and  retain  the  structure  of  a  field — cf. 
Ex.  28,  §  806.) 

t  Because  of  context,  the  use  of  parentheses  for  open  intervals  is  not  likely  to  be  confused 
with  their  use  for  ordered  pairs  or  GCD.  Other  notations  for  the  open  interval  (a,  b)  are: 
]a,  b[  and  (a,  b). 

%  It  is  possible  to  define  restricted  operations  among  numbers  and  infinities  and  to  use 
these  in  the  theory  of  limits.  We  shall  have  no  occasion  in  this  book  to  consider  such 
combinations.  For  a  brief  discussion  of  algebraic  operations  involving  +  oo  and  —  oo,  see 
the  author's  Advanced  Calculus  (New  York,  Appleton-Century-Crofts,  Inc.,  1961),  p.  42 
(Exs.  43-56). 
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We  are  now  ready  to  complete  our  catalog  of  intervals  by  adding  to  the 
family  of  finite  intervals  of  §  802  the  infinite  intervals  of  the  following 
definition : 

Definition.  Let  a  be  an  arbitrary  real  number.  Then  the  sets  of  real 
numbers  denoted  and  defined  as  follows  are  infinite  intervals  having  a  as 
endpoint: 

(a,  +oo):  a  <  x  <  +  oo,  or  a  <  x; 
[a,  +oo):  a  <  x  <  +  oo,  or  a  ^  x; 
(—oo,  a):  —co<x<a,  or  x  <  a; 
(—oo,  a]:  —co<x^a,  or  x  ^  a. 
The  set  &  of  all  real  numbers  is  an  infinite  interval,  also  denoted: 
(—  oo,  +oo):   —  oo<x<+oo,    or    xel, 

Any  point  of  an  interval  that  is  not  an  endpoint  of  that  interval  is  called  an 
interior  point  of  the  interval. 

804.  ABSOLUTE  VALUE.    NEIGHBORHOODS 

Definition  I.     The  absolute  value  of  a  number  x,  written  \x\,  is  defined: 

x    if    x^O, 


1*1 

x    if    x  <  0. 

Example  1.     |5|  =  5,  |  -3|  =  3,  |0|  =  0. 

The  absolute  value  of  a  number  can  be  thought  of  as  its  (nonnegative) 
distance  from  the  origin  0  in  Figure  801.  Similarly,  the  absolute  value  of  the 
difference  between  two  numbers,  \x  —  y\,  is  the  distance  between  the  two 
points  x  and  y.  Some  of  the  more  useful  properties  of  absolute  value  are 
given  in  the  theorem : 

Theorem  I.    Properties  of  Absolute  Value 

I.  \x\  ^  0;   |jc|  =  0  if  and  only  if  x  =  0. 
II.  \xy\  =  \x\  •  \y\. 

y\     \y\ 

IV.  If  e  >  0,  the  inequality  \x\  <  e  is  equivalent  to  the  simultaneous 

inequalities  —  e  <  x  <  e. 

V.  If  e  ^  0,  the  inequality  \x\  ^  €  is  equivalent  to  the  simultaneous 

inequalities  —  e  ^  x  ^  e. 

VI.  For  all  real  x,  -\x\  <  x  ^  \x\. 

VII.  The  triangle  inequality^  holds:    \x  +  y\  ^  \x\  +  \y\. 

t  Property  VII  is  called  the  triangle  inequality  because  the  corresponding  inequalities  for 
complex  numbers  and  for  vectors  state  that  any  side  of  a  triangle  is  less  than  or  equal  to  the 
sum  of  the  other  two  (equality  holding  only  in  case  of  a  degenerate  triangle). 
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VIII.  |-x|  =  |x|;  \x-y\  =  \y-x\. 
IX.  \x\2  =  x2. 
X.  \x-y\^  \x\  +  \y\. 
XI.  \\x\-\y\\*\x-y\. 
Proof. ;  I:  If  x  >  0,  |jc|  >  0;  if  x  <  0,  \x\  =  —x  >  0;  therefore  if  x  #=  0, 
|*|  >  0.     If  x  =  0, 1*1  =0.     II:  If  either  x  ory  (or  both)  is  zero,  \xy\  =  0  = 
|*|  •  |j|.     If  *  and  y  are  both  positive,  \xy\  =  xy  =  \x\  •  \y\.     If  x  and  j  are 
both  negative,  \xy\  —  xy  =  (— x)(— y)  =  \x\  •  \y\.    If*  and}>  have  opposite 
signs  with,  say,  x  >  0  and  j  <  0,  |xy|  =  —  xy  =  x(— j)  =  |x|  •  |_y|.     Ill: 
M  =  \(x/y)-y\  =  \x/y\  •  \y\,  by  II.     Divide  by  \y\.    IV:    If  |x|  <  e  and 
x  ^  0,  then  — e  <  0  ^  x  <  e;   if  |x|  <  €  and  x  <  0,  then  —  *  <  e,  so  that 
— e  <  x  <  0  <  e.     Conversely,  if  —  e  <  x  <  e  and  x  ^  0,  then  |x|  <  e; 
if  —  e  <  x  <  e  and  x  <  0,  then  —  x  <  e  so  that  |jc|  <  e.     V:  This  is  similar 
to  IV.     VI:  This  follows  from  V  with  e  =  \x\.     VII:  From  V  we  have  both 

—  \x\^x^  \x\  and  —  \y\  ^  y  ^  \y\,  and  hence,  after  addition,  —Qx\  +  |j/|) 
^  (x  +  j>)  ^  |x|  +  |j|.  The  conclusion  follows  from  V  with  x  +  y  and 
\x\  +  |j|  playing  the  roles  of  x  and  e,  respectively.  VIII:  If  x  =  0,  \—x\  = 
0  =  \x\.  If  jc>  0,  -x  <  0  and  |-x|  -  -(-x)  =  x  =  |x|.  If  x  <  0, 
-x>0  and  |-x|  =  -x=|x|.  |x  -  j|  =  \-(y  -  x)|  =  |j  -  x|.  IX: 
If  x  ^  0,  |x|2  =  x2.  If  x  <  0,  |x|2  =  (~xf  =  x2.  X:  By  the  triangle 
inequality  and  VIII,  \x  —  y[=\x  +  (—y)\  ^  |x|  +  |— y\  =  |x|  +  |j|.  XI: 
By  the  triangle  inequality,  |x|  =  | y  +  (x  —  j)|  ^  |j|  +  |x  —  j|,  and  after 
subtraction  of  \y\,  |x|  —  |j|  ^  |x  —  j|.  Similarly,  by  VII  and  VIII,  with  the 
roles  of  x  and  y,  interchanged,  \y\  —  |x|  ^  | j  —  x|  =  |x  —  j|.    Therefore, 

—  |x  —  _y|  ^  |x|  —  \y\  ^  |x  —  y\,  and  XI  follows  from  V. 

Definition  II.  A  neighborhood  of  a  point  (real  number)  a  is  an  open 
interval  of  the  form  (a  —  e,  a  +  e),  where  e  w  some  positive  number. 

Theorem  II.  The  neighborhood  (a  —  e,  a  +  e)  of  the  point  a  consists  of  all 
points  x  whose  distance  from  a  is  less  than  e:  \x  —  a\  <  e.  The  point  a  is 
the  midpoint  of  each  of  its  neighborhoods. 

Proof  The  neighborhood  (a  —  e,  a  +  e)  consists  of  all  x  such  that 
a  —  e  <  x  <  a  -\-  e.  This  double  inequality  is  equivalent,  by  subtraction 
of  a,  to  —  e  <  x  —  a  <  e  and  hence,  by  IV,  Theorem  I,  to  the  single  inequality 
\x  —  a\  <  e.  The  endpoints  of  the  interval  (a  —  e,  a  +  e)  are  #  —  e  and 
a  +  6,  and  hence  the  midpoint  is  J  [(a  —  e)  +  (0  +  e)]  =  «. 

805.  SOLVING  INEQUALITIES! 

If  an  inequality  (in  terms  of  any  of  the  symbols  <,  ^ ,  >,  and  ^)  involves 
an  unknown  quantity  represented,  say,  by  the  letter  x,  we  say  that  a  certain 

|  Cf.  the  references  on  inequalities  given  in  the  footnote  of  §  202. 
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value  of  x  satisfies  the  inequality  if  and  only  if  the  inequality  resulting  from 
replacing  x  (wherever  it  occurs)  by  the  particular  value  is  a  true  statement. 
A  solution  of  an  inequality  involving  x  is  any  value  of  x  that  satisfies  the 
inequality.  To  solve  an  inequality  involving  x  means  to  find  all  solutions; 
that  is,  all  values  of  x  that  satisfy  the  inequality. 

Example  1.  The  inequality  3x  —  1  <  x  -f  5  is  satisfied  by  x  =  1  and  is  not 
satisfied  by  x  =4,  as  can  be  seen  in  both  cases  by  direct  substitution.  To  solve  this 
inequality  let  us  start  by  assuming  that  x  satisfies  it.  Adding  1  to  each  member 
gives  3x  <  x  +  6;  then,  subtracting  x  tells  us  that  2x  <  6.  Finally,  division  by 
the  positive  number  2  gives  the  answer:  x  <  3.  At  least,  what  we  have  done 
ensures  that  every  solution  of  the  original  inequality  is  less  than  3.  To  show  that 
every  number  less  than  3  satisfies  the  given  inequality  we  have  only  to  reverse  the 
foregoing  steps:  Assuming  that  x  <  3,  we  have,  by  multiplying  by  the  positive 
number  2,  2x  <  6.  Add  x  to  both  sides:  3x  <  x  +  6.  Finally,  subtraction  of  1 
from  both  sides  of  this  inequality  gives  the  original,  3x  —  1  <  x  +  5,  and  the 
conclusion  that  every  number  less  than  3  is  a  solution.  We  infer,  therefore,  that  the 
set  of  all  solutions  of  the  given  inequality  is  the  set  of  all  x  less  than  3. 

If  we  define  two  inequalities  involving  x  to  be  equivalent  if  and  only  if  they 
have  the  same  solutions,  we  see  easily  that  the  operations  typified  in  the 
solution  of  Example  1  transform  an  inequality  into  an  equivalent  inequality. 
Specifically : 

Theorem.  If  an  inequality  consisting  of  two  members  and  involving  an 
unknown  x  is  transformed  by  any  one  of  the  following  four  operations  the 
resulting  inequality  is  equivalent  to  the  original  {the  expressions  A(x),  B(x), 
C(x),  and  D(x)  involving  x  are  arbitrary  except  as  restricted) : 

(/)  the  same  quantity  A(x)  is  added  to  both  members; 
(ii)  the  same  quantity  B(x)  is  subtracted  from  both  members; 
(Hi)  both  members  are  multiplied  by  the  same  positive  quantity  C(x)  (that  is, 

C(x)>0forallx); 
(iv)  both  members  are  divided  by  the  same  positive  quantity,  D(x)  (that  is, 

D(x)>0forallx). 

Proof  If  x  satisfies  an  inequality  and  if  the  same  quantity  is  added  to 
both  members  to  produce  a  second  inequality,  then  by  Example  4,  §  203,  x 
must  also  satisfy  the  second  inequality.  On  the  other  hand,  if  x  satisfies  the 
second  inequality  it  must  also  satisfy  the  first,  for  similar  reasons.  In  other 
words,  part  (i)  of  the  theorem  is  established.  Part  (ii)  is  proved  in  like 
fashion  except  that  the  operations  of  addition  and  subtraction  are  inter- 
changed. Finally,  parts  (in)  and  (iv)  follow  in  parallel  fashion  with  the  aid 
of  Exercise  6,  §  204. 

Example  1  (again).  Solve  the  inequality  3x  —  1  <  x  +  5  by  use  of  the  preceding 
theorem. 
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Solution.  Each  of  the  following  inequalities  is  equivalent  to  each  of  its  pre- 
decessors, and  therefore  the  last  one  gives  the  solutions:  3x  —  1  <  x  +  5;  3x  < 
x  +  6;  2x<6;  x  <  3. 

x              2  ,     . 

Example  2.    The  inequality  -g >  -j is  equivalent  to  the  inequality 

X     "i     3  Jt     ~r~  D  *-\ 

x  >  2,  since  x2  +  5  >  0  for  all  real  x.     The  inequality ^ r  is  not 

n        y   x  —  1       x  —  1 

equivalent  to  x  ^  2  since  x  —  1  is  not  always  positive.     (For  example,  jc  =  0  is  a 

solution  of  the  first  inequality  but  not  of  the  second.) 

x              2 
Example  3.     Solve  the  inequality ;> of  Example  2. 

x              2 
Solution.     The  inequality  ^ is  equivalent  (by  (//')  of  the  Theorem) 

x  -2  x  ~  l       x  ~  l 

to  — — -  ^  0,  and  is  therefore  satisfied  if  and  only  if  either  x  =  2  or  the  two 

quantities  (x  —  2)  and  (jc  —  1)  are  nonzero  and  have  the  same  sign.  They  are  both 
positive  if  and  only  if  x  >  2,  and  they  are  both  negative  if  and  only  if  x  <  1. 
Therefore  jc  is  a  solution  of  the  given  inequality  if  and  only  if  either  x  ^  2  or  x  <  1 . 

x  —  2       x  +  2 
Example  4.     Solve  the  inequality < -. 

Solution.  A  temptation  for  the  inexperienced  might  be  to  "cross-multiply"  and 
write  x2  -  x  -  2  <  x2  +  x  -  2,  with  x  >  0  defining  the  solutions.  Without 
bothering  to  see  how  grossly  incorrect  this  procedure  is,  let  us  turn  our  attention  to 
solving  the  given  inequality  correctly.     The  given  inequality  is  equivalent  to 

x  +  2       x  -  2  2x 

= >  0. 

X  +  1        x  -  1        (x  +  l)(x  -  1) 

This  is  true  if  and  only  if  the  three  quantities  x,  (x  +  1),  and  (x  —  1)  either  are  all 
positive  or  have  one  positive  member  and  two  negative  members  among  them. 
Since  these  three  quantities  are  equal  to  0  at  x  =  0,  x  =  —  1 ,  and  x  =  1 ,  respec- 
tively, we  have  only  to  examine  their  signs  in  the  four  intervals  (-co,  —1), 
(  — 1,0),  (0,  1),  and(l,  +  oo).  In  the  first  interval  the  quantities  x  +  l,x,  and*  —  1 
are  all  negative,  in  the  second  interval  they  have  the  signs  +,  — ,  and  — ,  respectively, 
in  the  third  interval  they  are  +,  +,  and  — ,  respectively,  and  in  the  fourth  interval 
they  are  all  positive.  Therefore  x  satisfies  the  given  inequality  if  and  only  if  x  is  in 
either  the  second  interval  or  the  fourth  interval,  that  is,  if  and  only  if  either  —  1  < 
x  <  0  or  x  >  1 . 

Example  5.     Solve  the  inequality  |jc  —  3|  >  2x  +  1. 

Solution.  We  first  seek  solutions  in  the  interval  (—  oo,  3).  If  x  <  3,  the  given 
inequality  is  equivalent  to  3  —  x  >  2x  +  1,  or  x  <  f .  In  other  words,  if  x  <  3, 
then  the  given  inequality  is  satisfied  if  and  only  if  x  <  f .  Now  for  the  interval 
[3,  +  oo):  If  x  ^  3,  the  given  inequality  is  equivalent  to  x  —  3  >  2x  +  1 ,  or  x  < 
—4.  The  statement  that  if  x  ^  3  the  given  inequality  is  satisfied  if  and  only  if 
x  <  —  4  means  that  it  is  never  satisfied  if  x  ^  3.  In  other  words,  the  given  in- 
equality is  satisfied  if  and  only  if  x  <  f . 
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Example  6.     Solve  the  inequality  |*  —  3|  >  |2*  +  1|. 

First  solution.  As  in  Example  5,  this  can  be  solved  by  considering  separate 
intervals,  in  this  case  (—  oo,  — J],  (— J,  3)  and  [3,  +  oo).  If  *  s&  —  J  the  given 
inequality  is  equivalent  to  3  —  x  >  —2x  —  1,  or  x  >  —4,  and  the  solutions  from 
the  first  interval  are  the  points  of  the  interval  (—4,  —J].  If  —  J  <  *  <  3  the  given 
inequality  is  equivalent  to  3  —  x  >  2x  +  1,  or  x  <  f ;  the  solutions  lying  in  (— J,  3) 
make  up  the  interval  (— J,  §).  If  x  ^  3,  the  given  inequality  is  equivalent  to 
x  —  3  >  2*  +  1,  or  *  <  —4,  and  there  are  no  solutions.  Therefore  the  solutions 
of  the  problem  are  the  points  of  the  interval  (—4,  |):    —  4  <  x  <  f . 

Second  solution.  By  Exercise  10,  §  204,  the  given  inequality  is  equivalent  to 
\x  -  3|2  >  \2x  +  1|2  or,  by  IX  of  Theorem  I,  §  804,  to  x2  -  6x  +  9  >  4*2  + 
4x  +  1.  This  last  inequality  is  equivalent  to  3*2  +  10*  —  8  =  (*  +  4)(3*  —  2)  < 
0.  The  two  factors  (x  +  4)  and  (3*  —  2)  have  opposite  signs  if  and  only  if  —  4  < 
x  <  f . 

806.  EXERCISES 

All  quantities  appearing  in  these  exercises  are  assumed  to  be  real  numbers  (or, 
more  generally,  members  of  an  ordered  field  ^). 

1.  Prove  that  \xxx2  ■  •  •  xn\  —  \xx\  •  |*2| \xn\. 

2.  Prove  the  general  triangle  inequality: 

I*!  +  X2  +  •  •  •   +  Xn\    g  \Xl\   +    |*2|    +  •  •  •   +  |*w|. 

In  Exercises  3-16,  find  the  values  of  x  that  satisfy  the  given  inequality,  or  in- 
equalities.    Express  your  answer  without  absolute  values. 

4.  |*  +  3|  >  2. 

6.  \x  -  4|  >  x  -  2. 

8.  |*  -  2|  >  x  -  4. 

10.  x2  +  10  <  6*. 

12.  |*|  >  2*  +  3. 

13.  jc  <  x2  -  12  <  4x.  14.  |*  -  7|  <  5  <  |5*  -  25|. 

15.  |  |*|  -  1  |  >  |x  +  1|.  16.  |*  -  1|  >  |*|  -  2. 

In  Exercises  17-22,  solve  for  *,  and  express  your  answer  in  a  simple  form  by 
using  absolute  value  signs. 

*  —  a  a  —  x 

17.  >  0,  a  ^  0.  18.  ^  0,  a  #  0. 

*  +  a  a  +  * 

*2                9                                              *4            5*2  +  36 
19    < .  20    < • 

x2  -  4  =  *2  -  4  *4  -  16        *4  -  16 

*  —  a       x  +  b  x  —  a      x  +  a 

21-  1  > •  22-  1  >  — n.' 

x  —  b       x  +  a  x  —  b      x  +  b 

23.  Replace  by  a  single  equivalent  inequality: 

x  >  a  +  b,  x  >  a  —  b. 


3. 

|*  -  2|  <  3. 

5. 

|*  -5|  <  |*  +  1|. 

7. 

|*  -  4|  ^  2  -  *. 

9. 

|*2  -  5|  ^  4. 

1. 

|*  +  5|  <  2  |*|. 
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24.  Prove  that 

max  (a,  b)  =  \{a  +  b)  +  \  \a  -  b\9 
min  (a,  b)  =  \{a  +  b)  —  \  \a  —  b\. 
(Cf.  Example  4,  §  306.) 

25.  Prove  that  if  an  =  bn,  where  n  is  a  nonzero  integer,  then  \a\  =  \b\. 

26.  If  x  and  y  are  given  numbers  and  if  \x  —>  y\  ^  e  for  every  positive  number  c, 
prove  that  x  =  y.     (Cf.  Ex.  13,  §  204.) 

27.  Prove  the  following  statements  concerning  the  quadratic  polynomial  ax2  -f 
bx  +  c :  If  ax2  +  bx  +  c  ^  0  for  every  x,  then  either  a  =  0,  6  =  0,  and  c  ^  0,  or 
a  >  0,  and  62  —  4tfc  ^  0,  and  conversely.  If  ax1  +  fo:  +  c  >  0  for  every  x,  then 
either  a  =  0,  b  =  0,  and  c  >  0,  or  <z  >  0  and  b2  —  Aac  <  0,  and  conversely.  Hint: 
lfa=0  and  b  ¥=  0,  show  that  the  inequality  far  +  c  <  0  has  a  solution.  If  a  ^0, 
write  ax2  +  bx  +  c  =  a{x  +  6/2#)2  +  (c  —  b2f4a).  If  a  <  0  show  that  the 
inequality  (jc  +  Z>/2a)2  >  (^>2  -  4ac)[4a2  has  a  solution.     (Cf.  Ex.  15,  §  204.) 

28.  Let  F  and  G  be  fields,  with  F  c  G,  and  assume  that  G  contains  exactly  two 
members  that  are  not  members  of  F.  Prove  that  G  is  finite,  and  is  therefore  not  an 
ordered  field.  In  fact,  prove  that  G  is  isomorphic  to  the  field  of  order  four  of 
Note  2,  §  606.  Hint:  Let  a  and  b  be  the  two  special  members  of  G.  Since  a  and  b 
are  not  members  of/7,  neither  are  —  #  and  —b.  Consider  the  two  cases:  (/)  —a=a 
and  —b=b,  and  (li)  —a=b  and  —b=a,  showing  that  case  (/)  leads  to  a  field  F 
consisting  of  only  0  and  1 ,  and  that  case  (//)  is  impossible. 
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901.   UPPER  AND  LOWER  BOUNDS 

The  time  has  come  to  introduce  the  final  axiom  of  the  real  number  system. 
This  axiom,  called  the  axiom  of  completeness  or  the  axiom  of  continuity,  can 
be  fashioned  in  many  equivalent  ways.  In  the  main  text  of  this  book  we 
have  chosen  one  of  these.  In  the  Appendix  seventeen  other  equivalent 
forms  are  listed,  and  the  equivalence  of  all  of  these  is  established.  (In  the 
exercises  of  the  Appendix,  there  are  an  additional  seven  statements  for  the 
student  to  prove  equivalent  to  completeness.)  The  relation  of  order  is 
fundamental  throughout. 

In  this  chapter  it  will  be  assumed,  unless  explicit  statement  to  the  contrary 
is  made,  that  all  sets  under  consideration  are  sets  of  real  numbers.  It  should 
be  immediately  obvious  that  much  of  the  discussion  can  be  transferred  to 
general  ordered  fields  (and  in  many  cases  to  totally  ordered  systems  (cf.  the 
Appendix,  §  1)  in  general).  It  is  for  simplicity  of  language  primarily  that  we 
restrict  our  consideration  to  sets  of  real  numbers. 

The  axiom  of  completeness,  as  stated  in  §  902,  is  based  on  the  idea  of 
upper  bound. 

Definition  I.  If  A  is  any  set  of  real  numbers,  a  number  u  is  called  an 
upper  bound  of  A  if  and  only  ifa^u  for  every  member  a  of  A.     A  set  A  is 


I  A  u 

—\ 1 1 — H 1 1 j 

FIG.  901 

bounded  above  if  and  only  if  it  has  an  upper  bound.  A  number  I  is  called 
a  lower  bound  of  A  if  and  only  if  I  ^  a  for  every  member  a  of  A.  A  set  A 
is  bounded  below  if  and  only  if  it  has  a  lower  bound.  A  set  is  bounded  if 
and  only  if  it  is  bounded  above  and  below.  (Cf.  Fig.  901.)  A  set  is  un- 
bounded above,  unbounded  below,  or  unbounded  if  and  only  if  it  fails 
to  be  bounded  above,  bounded  below,  or  bounded,  respectively. 

118 
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Examples.  The  set  0t  of  all  real  numbers  is  unbounded  above,  since  there  is  no 
largest  real  number  (cf.  Theorem  VII,  §  312).  For  a  similar  reason,  0t  is  unbounded 
below.  The  set  0*  of  all  positive  numbers  is  also  unbounded  above,  but  &  is 
bounded  below  (by  0  and  by  any  negative  number). 

Note  1 .  The  empty  set  0  is  bounded  since  every  real  number  is  both  an  upper 
bound  and  a  lower  bound  of  0.  (For  example,  if  u  is  an  arbitrary  real  number,  u  is 
an  upper  bound  of  0  since  the  only  way  in  which  the  inequality  a  ^  u  could/a/'/to 
hold  for  all  members  a  of  0  is  for  there  to  exist  a  member  a  of  0  greater  than  u.) 

Note  2.  A  set  is  bounded  if  and  only  if  it  is  a  subset  of  some  finite  interval. 
(Why?) 

902.  SUPREMA  AND  INFIMA 

Whenever  a  set  if  bounded  above  it  has  many  upper  bounds,  and  whenever 
a  set  is  bounded  below  it  has  many  lower  bounds.  For  example,  if  u  is  an 
upper  bound  of  a  set  A  then  any  number  greater  than  u  (such  as  u  +  1)  is 
also  an  upper  bound  of  A,  and  if  /  is  a  lower  bound  of  A  so  is  any  number  less 
than  /. 

Suppose,  now,  that  X  is  an  upper  bound  of  a  nonempty  set  A.  Let  us  ask 
the  question :  "Is  there  an  upper  bound  of  A  less  than  A?"  If  the  answer  to 
this  question  is  "No,"  then  X  is  the  least  of  all  possible  upper  bounds  of  A. 
We  frame  this  concept  formally  in  the  definition : 

Definition  I.    Let  A  be  a  nonempty  set  that  is  bounded  above,  and  assume 
that  a  number  X  exists  having  the  two  following  properties: 
(/)  X  is  an  upper  bound  of  A; 

(ii)  X  ^  ufor  every  upper  bound  u  of  A. 
Then  X  is  called  the  least  upper  bound  or  supremum  of  A,  and  is  written.^ 

(1)  X  =  sup  (A)  =  sup  A 

Note  1 .  If  the  supremum  of  A  exists  it  is  unique,  so  that  the  definite  article  the  of 
Definition  I  is  appropriate.  This  can  be  seen  by  letting  A  and  \i  designate  two 
suprema  of  A,  so  that  since  each  is  an  upper  bound  of  A  (by  (/))  it  follows  from  (it) 
that  A  <  ju  and  ju  ^  A,  and  therefore  X  =  ju. 

Note  2.  If  a  number  A  is  the  supremum  of  a  set  A,  the  set  A  is  said  to  have  the 
supremum  A,  whether  A  is  a  member  of  the  set  A  or  not. 

Example  1.  The  number  b  is  the  supremum  of  the  closed  interval  [a,  b]  since  it  is 
an  upper  bound,  and  clearly  no  number  less  than  b  is  an  upper  bound  of  the  entire 
interval.  (For  example,  no  number  c  less  than  b  can  satisfy  the  inequality  c  ^  x  for 
all  members  x  of  [a,  b]  since  this  inequality  would  fail  for  the  particular  member 
x  =  b.)  The  number  b  is  also  the  supremum  of  the  open  interval  {a,  b)  (without 
being  a  member  of  it).  In  this  case,  we  see  that  no  number  c  less  than  b  can  be  an 
upper  bound  of  (a,  b)  by  assuming  there  exists  such  a  c.     Since  \(a  +  b)  £  (a,  b), 

t  The  least  upper  bound  of  A  is  also  denoted  l.u.b.  (A)  and  l.u.b.  A. 


120  THE   AXIOM   OF   COMPLETENESS  [§902 

\{a  +  b)  <  c  <  b,  and  c  e  (a,  b).    Therefore  c  <  \{c  +  b)  G  {a,  b),  and  c  is  not  an 
upper  bound  after  all ! 

Example  2.  Show  that  if  a  nonempty  set  A  has  a  greatest  member  //,  then  [i  is 
the  supremum  of  A : 

(2)  ju  =  max  04)  =  sup  (A). 

Conclude  that  every  nonempty  finite  set  has  a  supremum,  and  that  any  nonempty 
set  possessing  a  supremum  that  is  not  a  member  of  the  set  must  be  infinite. 

Solution.  Let  /u  be  the  greatest  member  of  a  set  A.  Then  ju  ^>  a  for  every 
member  a  of  A,  and  ju  is  an  upper  bound  of  A.  If  u  is  an  upper  bound  of  .4,  then 
w  ^  a  for  every  «  G  A  and,  in  particular,  u  ^  ju.  Therefore  ju  is  the  supremum  of  A, 
by  (/)  and  (//)  of  Definition  I.  Since  every  nonempty  set  has  a  greatest  member 
(Theorem  VI,  §  312)  the  two  statements  of  the  last  sentence  follow  immediately. 

The  essential  question  now  is  whether  a  given  set  has  a  least  upper  bound, 
or  supremum.  Of  course,  if  a  set  is  not  bounded  above  it  has  no  upper  bound 
and  a  fortiori  no  least  upper  bound.  Suppose  a  nonempty  set  is  bounded 
above.  Then  does  it  have  a  least  upper  bound  ?  The  answer  is  given  by  the 
last  axiom : 

V.  Axiom  of  Completeness.  Every  nonempty  set  of  real  numbers  that  is 
bounded  above  has  a  least  upper  bound. 

In  general,  any  ordered  field  with  the  property  just  described  is  called 
complete,  according  to  the  definition : 

Definition  II.  A  complete  ordered  field  is  an  ordered  field  in  which  every 
nonempty  set  that  is  bounded  above  has  a  least  upper  bound. 

In  terms  of  this  definition,  the  axiom  of  completeness  for  the  real  number 
system  can  be  reduced  to  the  statement  that  the  real  number  system  is  a 
complete  ordered  field. 

The  axiom  of  completeness  can  be  regarded  geometrically  as  stating  that 
there  are  no  "gaps"  in  the  real  axis  or  number  scale.  This  idea  is  illustrated 
in  the  following  example : 

Example  3.  Let  @  be  the  real  number  system,  and  let  x  be  any  real  number. 
Show  that  the  set  S  obtained  by  deleting  from  &  the  single  point  x  is  not  complete. 
That  is,  find  a  nonempty  subset  of  S  that  is  bounded  above  by  a  member  of  S  and 
that  has  no  least  upper  bound  in  S. 

Solution.  Let  A  be  the  set  of  all  numbers  less  than  x.  Then  A  is  nonempty 
(x  —  1  is  a  member),  and  A  is  bounded  above  in  S  (x  +  1  is  a  member  of  S  that  is  an 
upper  bound  of  A).  To  show  that  A  has  no  supremum  in  S,  let  y  denote  a  member 
of  S  that  is  assumed  to  be  such  a  least  upper  bound  of  A.  There  are  two  cases.  If 
y  <  x,  then  (Ex.  14,  §  204)  y  <  \{x  +  y)  <  x,  and  y  is  less  than  \{x  +  y),  a  member 
of  A,  and  y  is  thus  not  even  an  upper  bound  of  A.  If  y  >  x,  then  y  >  \{x  +  y)  > 
x,  and  \{x  +  y)  is  an  upper  bound  of  A  less  than  the  assumed  least  upper  bound  y. 
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Let  us  now  turn  our  inequalities  around  and  look  at  a  set  from  below. 

Definition  III.  Let  A  be  a  nonempty  set  that  is  bounded  below,  and  assume 
that  a  number  y  exists  having  the  two  following  properties: 

(i)  y  is  a  lower  bound  of  A, 

(ii)  y  :>  I  for  every  lower  bound  I  of  A. 
Then  y  is  called  the  greatest  lower  bound  or  infimum  of  A,  and  is  written:^ 

(3)  y  =  inf(A)  =  inf  A. 

Note  3.  If  the  infimum  y  of  a  set  A  exists  it  is  unique.  In  such  an  event  A  is 
said  to  have  y  as  an  infimum  whether  y  belongs  to  A  or  not.  If  a  set  A  has  a  least 
member  v,  then  v  is  the  infimum  of  A :  v  =  min  (A)  =  inf  (A).  Every  finite  set  has 
both  a  supremum  and  an  infimum. 

The  property  of  the  real  number  system  that  every  nonempty  set  bounded 
above  has  a  least  upper  bound  has  as  companion  the  property  that  every 
nonempty  set  bounded  below  has  a  greatest  lower  bound.  These  two  state- 
ments are  equivalent  to  each  other  in  any  ordered  field.  If  either  is  taken 
as  an  axiom  the  other  can  be  proved  as  a  theorem.  (These  and  other  similar 
matters  are  discussed  at  some  length  in  the  Appendix.)  Since  we  have 
chosen  to  take  the  existence  of  suprema  as  our  axiom,  we  shall  now  establish 
existence  of  infima  as  a  theorem : 

Theorem.  Every  nonempty  set  of  real  numbers  that  is  bounded  below  has  a 
greatest  lower  bound. 

Proof  Let  A  be  a  given  nonempty  set  of  real  numbers,  and  let  B  be  the 
set  consisting  of  every  real  number  x  such  that  —xeA.  (The  set  B  is  a 
"mirror  image"  of  the  set  A,  the  "mirror"  being  located  at  the  origin.)  Then 
B  is  nonempty  since  A  is  nonempty.  If  y  is  any  lower  bound  of  A,  then  —  y 
is  an  upper  bound  of  B.  (The  inequality  —  y  >  x  =  —a  is  equivalent  to  the 
inequality  y  <  —x  =  a.)  Let  A  denote  the  supremum  of  B:  A  =  sup  (B), 
and  define  y  =  —  A.  We  wish  to  prove  that  y  is  the  infimum  of  A :  y  =  inf 
(A).  In  the  first  place,  y  is  a  lower  bound  of  A.  (The  inequality  y  ^  a  is 
equivalent  to  the  inequality  A  —  —  y  ^  —  a.)  In  the  second  place,  if  /  is  a 
lower  bound  of  A,  then  —/is  an  upper  bound  of  B  and  hence,  by  (ii)  of 
Definition  I,  — /  ^  A  =  —y.  From  this  we  infer  /  ^  y  and  thus  property 
(ii)  of  Definition  III,  and  the  proof  is  complete. 

Example  4.  Show  that  the  set  of  all  lower  bounds  of  a  nonempty  set  A  of  real 
numbers  is  either  empty  or  an  interval  of  the  form  (—  oo,  c].    (Cf.  Ex.  1,  §  908.) 

Solution.  Let  B  be  the  set  of  all  lower  bounds  of  A  and  assume  that  B  is  nonempty. 
If  c  is  the  infimum  of  A,  we  wish  to  show  that  B  = (  —  °P,  c\.  In  the  first  place, 
every  member  of  B  is  a  lower  bound  of  A  and  hence  is  less  than  or  equal  to  the 

t  The  greatest  lower  bound  of  A  is  also  denoted  g.l.b.  (A)  and  g.l.h.  A. 
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greatest  lower  bound  c,  so  that  5c(-co,c].  In  the  second  place,  every  member  x 
of  ( —  oo,  c]  satisfies  the  inequality  x  <  c  and  is  therefore  a  lower  bound  of  A :  x  E  B, 
so  that  (—  oo,  c]  a  B. 


903.  THE  ARCHIMEDEAN   PROPERTY 

One  of  the  most  important  consequences  of  the  axiom  of  completeness 
(§  902)  is  the  algebraic  counterpart  of  a  basic  principle  of  Euclidean  geometry 
known  as  the  Archimedean  property.^  This  principle  states  that  any  length 
(however  large)  can  be  exceeded  by  repeatedly  marking  off  a  given  length 
(however  small),  each  successive  application  starting  where  the  preceding  one 
stopped.  (A  midget  ruler,  if  used  a  sufficient  number  of  times,  can  measure 
off  an  arbitrarily  large  distance.)  For  real  numbers  this  principle,  again 
called  the  Archimedean  property,  has  the  following  formal  statement  and 
proof  (cf.  Theorem  I,  §  403;  Note,  §  501 ;  Ex.  8,  §  506;  and  Definition  II, 
§713): 

Theorem  I.  Archimedean  Property.  If  a  and  b  are  positive  numbers,  there 
is  a  positive  integer  n  such  that  na  >  b. 

Proof.  If  the  theorem  were  false,  the  inequality  na  ^  b  would  hold  for 
all  positive  integers  n.  That  is,  the  set  {a,  2a,  3a,  •  •  •}  would  be  bounded 
above.  Let  c  be  the  least  upper  bound  of  this  set.  Then  na  ^  c  for  all  n, 
and  hence  (n  +  \)a  ^  c  for  all  n.  Therefore  na  +  a  ^  c,  or  na  ^  c  —  a, 
for  all  n.  Thus  c  —  a  is  an  upper  bound  that  is  less  than  the  least  upper 
bound  c.    This  is  the  desired  contradiction. 

Three  corollaries  are  immediate : 

Corollary  I.  If  x  is  any  real  number  there  exists  a  positive  integer  n  such 
that  n  >  x. 

Proof    If  x  ^  0,  let  n  =  1.    If  x  >  0,  use  Theorem  I  with  a  =  1  and 

b  =  x. 

Corollary  II.  If  e  is  any  positive  number  there  exists  a  positive  integer  n 
such  that 

1 
n 

Proof    Let  n  >  \je,  by  Corollary  I. 

Corollary  HI.    Ifx  is  any  real  number  there  exist  integers  m  and  n  such  that 

m  <  x  <n. 

t  Cf.  D.  Hilbert,  The  Foundations  of  Geometry  (La  Salle,  111.,  The  Open  Court  Publishing 
Co.,  1938). 
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Proof.  By  Corollary  I,  there  exist  positive  integers  n  and  p  such  that 
n  >  x  and/?  >  —  x.     Let  m  =  —p. 

With  the  aid  of  these  results  we  can  now  establish  another  important 
relation  between  real  numbers  in  general  and  integers  in  particular. 

Theorem  II.     Ifx  is  any  real  number  there  exists  a  unique  integer  n  such  that 

n  ^  x  <  n  +  1. 

Proof.  Existence:  By  Corollary  III,  Theorem  I,  there  exist  integers  r  and 
s  such  that  r  <  x  <  s  and  therefore,  since  t  =  s  —  r  is  a  positive  integer, 
there  also  exists  a  positive  integer  t  such  that  r  <  x  <  r  -\-  t.  Let  p  be  the 
least  positive  integer  such  that  r  -\-  p  >  x.  (Such  a  /?  exists  by  the  well- 
ordering  principle,  VII,  of  §  304.)  Finally,  let  n  =  r  -\-  p  —  1.  If  p  =  1, 
then  /f  =  r<x<r  +  l=/i+l.  If  />  ^  2,  then  /?  —  1  is  a  positive 
integer  and  n  =  r  +  (p  —  1)  ^  x  by  the  minimum  property  of/?.  Hence 
»^je<r+/j  =  7i+L  Uniqueness:  If  m  and  «  are  distinct  integers  such 
that  m  ^  x  <  m  +  1  and  »  ^  jc'<  »'+  1,  assume  for  definiteness  that 
m  <  n.  Then  m  <  «  ^  x <  m  .+  1,  and  hence  0<«  —  w  <  1,  in  contra- 
diction of  Property  II,  §  304,  which  states  that  there  is  no  positive  integer 
(natural  number)  less  than  1 .    This  completes  the  proof. 

Note.  The  integer  n  of  Theorem  II,  uniquely  determined  by  the  real  number  x, 
defines  a  real-valued  function  of  the  real  variable  x,  denoted  [x].  Since,  for  any 
real  number  x,  the  integer  [x]  is  the  greatest  integer  less  than  or  equal  to  x,  this 
function  is  called  the  greatest  integer  function.  It  is  also  sometimes  called  the 
bracket  function. 

904.  DENSITY  OF  THE  RATIONAL  NUMBERS 

Definition.     A  set  S  of  real  numbers  contained  in  an  interval  I  is  dense  in  I 

if  and  only  if  between  any  two  distinct  points  of  I  there  is  a  member  of  S; 

that  is,  if  a  and  b  are  members  of  I  and  a  <  b  there  exists  a  member  s  of  S 

such  that 

a  <  s  <b. 

We  now  establish  a  fundamental  relation  between  the  real  number  system 
&  and  the  rational  number  system  ^  (Chapter  5) : 

Theorem  I.  The  set  J2.  of  rational  numbers  is  dense  in  &.  The  set  of 
rational  numbers  that  are  members  of  an  interval  I  is  dense  in  I. 

Proof.  Let  a  and  b  be  any  two  real  numbers,  where  a  <  b,  ox  b  —  a  >  0. 
By  Corollary  II,  Theorem  I,  §  903,  there  exists  a  positive  integer  q  such  that 

-  <  b  —  a.    We  now  seek  an  integer  p  so  that  -  shall  satisfy  the  inequalities 

q  q 

a<?-^  a+-<b. 
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This  will  hold  if  p  is  chosen  so  that  aq  <  p  <  aq  +  1,  or  p  ^  aq  +  1  < 
p  +  1.     Such  a/?  exists  by  Theorem  II,  §  903. 

It  is  of  interest  that  between  any  two  distinct  real  numbers  there  are  in- 
finitely many  rational  numbers.  This  is  a  consequence  of  the  corresponding 
fact  about  dense  sets  in  general. 

Theorem  II.  IfS  is  dense  in  an  interval  7,  and  if  a  and  b  are  any  members  uj  I 
with  a  <  b,  then  there  are  infinitely  many  members  of  S  between  a  and  b. 

Proof.  By  definition,  we  know  that  the  set  A  of  all  members  of  S 
between  a  and  b  is  nonempty.  Assume  it  is  finite.  Then,  by  Example  4, 
§  306,  A  has  a  greatest  member  A,  so  that  for  every  member  x  of  A :  a  <  x.  ^ 
X  <  b.  But,  since  S  is  dense  in  I,  there  exists  a  member  x  of  S  between  X 
and  b,  and  hence  a  member  x  of  A  between  X  and  b,  in  contradiction  to  the 
inequality  x  ^  X,  which  holds  for  all  x  in  A. 

A  consequence  of  the  density  of  the  rational  numbers  that  will  be 
important  to  us  later  is  stated  in  the  theorem : 

Theorem  III.  If  x  is  any  real  number  and  if  A  is  the  set  of  all  rational 
numbers  less  than  x,  then  x  =  sup  A.  If  £  is  the  set  of  all  rational  numbers 
greater  than  x,  then  x  =  inf  B. 

Proof  Only  the  first  statement  will  be  proved  since  the  second  is  entirely 
similar,  with  inequalities  reversed.  In  the  first  place,  since  x  is  an  upper 
bound  of  A  and  sup  A  is  the  least  upper  bound,  sup  A  ^  x.  Assume  that 
sup  A  <  x.  Then,  by  the  density  of  the  set  M  of  rational  numbers  (Theorem 
I),  there  exists  a  rational  number  r  between  sup  A  and  x :  sup  A  <  r  <  x. 
But  this  means  that  sup  A  is  not  even  an  upper  bound  of  the  set  A  since  it  is 
exceeded  by  a  member  r  of  A.    With  this  contradiction  the  proof  is  complete. 

905.  EXISTENCE  AND  DENSITY  OF  THE  IRRATIONAL  NUMBERS 

With  the  powerful  tool  of  the  axiom  of  completeness  (§  902)  at  our  disposal 
we  can  now — at  long  last — establish  the  existence  of  irrational  numbers. 
In  Chapter  12  we  shall  demonstrate  the  existence  of  vast  quantities  of 
irrational  numbers  (Theorem  II,  §  1214).  In  the  present  chapter  we  shall 
content  ourselves  with  a  special  infinite  set  of  irrational  numbers,  all  resting 
on  a  particular  positive  number  known  as  the  square  root  of  2,  and  denoted 
Vl.    (A  thorough  study  of  roots  of  numbers  is  presented  in  Chapter  10.) 

As  an  aid  in  the  proof  of  the  theorem  that  follows,  we  establish  a  lemma: 

Lemma.    If0<s<  1  and  ify  is  any  real  number,  then 

(1)  (y  +  sy<y2+-s(y+1yt 

(2)  (y-S?>y*-s(y+ir. 
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Proof.  Inequality  (1)  is  equivalent  to  2sy  -\-  s2  <  sy2  +  2sy  +  s,  which  is 
equivalent  to  s  <  y2  +  1.  Inequality  (2)  is  equivalent  to  —  2sy  +  s2  > 
—sy2  —  2sy  —  s,  which  is  equivalent  to  s  >  —y2  —  1. 

Theorem  I.     There  exists  a  positive  number  whose  square  is  equal  to  2. 

Proof.  Assume  there  does  not  exist  a  positive  number  whose  square  is 
equal  to  2,  let  A  be  the  set  of  all  positive  numbers  a  whose  squares  are  less 
than  2 :  a2  <  2,  and  let  B  be  the  set  of  all  positive  numbers  b  whose  squares 
are  greater  than  2 :  b2  >  2.  The  set  0*  of  positive  numbers  is  thus  divided 
into  two  sets  A  and  B  having  the  following  three  properties :  (/)  A  is  nonempty 
(1  g  A);  (ii)  B  is  nonempty  (2  £  B);  (Hi)  if  a  e  A  and  b  £  B  then  a  <  b  (if 
0  <  b  <  a  then  by  Exercise  10,  §  204,  0  <  2  <  b2  ^  a2  <  2).  Therefore  A, 
being  a  nonempty  bounded  set,  has  a  least  upper  bound  y:  y  =  sup  A 
We  shall  obtain  our  desired  contradiction  by  showing  that  the  positive 
number  y  is  neither  a  member  of  A  nor  a  member  of  B.  Before  proceeding 
with  the  details  of  the  proof  we  first  observe  that  1  <  y  <  2.  This  is  true 
for  the  following  two  reasons :  In  the  first  place  f  £  A  and  hence  (since  y  is  an 
upper  bound  of  A)  y  ^  f  >  1 .  In  the  second  place,  f  £  B  and  hence  (since 
every  member  of  B  is  an  upper  bound  of  A  and  y  is  the  least  upper  bound  of 
A)  y  ^  |  <  2. 

We  start  the  main  part  of  the  proof  by  assuming  that  y  is  a  member  of  A : 
y2  <  2.  The  contradiction  sought  in  this  case  is  that  there  is  a  member  of  A 
greater  than  y  (and  therefore  that  y  is  not  an  upper  bound  of  A  after  all). 
The  idea  is  to  find  a  positive  number  s  so  small  that  the  positive  number 
y  +  s,  greater  than  y,  is  also  a  member  of  A:  (y  -{-  s)2  <  2.  Such  a  positive 
number  s  can  be  found  by  means  of  inequality  (1)  of  the  Lemma,  if  we  require 
s  to  be  a  positive  number  less  than  1  such  that  y2  +  s(y  +  l)2  <  2.  Since  y2 
is  assumed  to  be  less  than  2,  such  a  positive  number  s  is  given  by  the  formula : 


(3)  s  =  \  min 


i1^  i) 

My  +  i)2 '  I 


since  (3)  guarantees  simultaneously  the  inequalities  0  <  s  <  1   and  s  < 
(2  -  y2)l(y  +  I)2. 

Finally,  we  assume  that  y  is  a  member  of  B:  y2  >  2.  The  contradiction 
now  sought  is  that  there  is  a  member  b  of  B  less  thany  (and  therefore  that  y  is 
not  the  least  upper  bound  of  A).  In  the  present  case  the  idea  is  to  find  a 
positive  number  s  so  small  that  the  positive  number  y  —  s,  less  than  y,  is  also  a 
member  of  B:  (y  —  s)2  >  2.  Such  a  positive  number  s  can  be  found  by 
means  of  inequality  (2)  of  the  Lemma,  if  we  require  s  to  be  a  positive  number 
less  than  1  (and  hence  less  than  y)  such  that  y2  —  s(y  +  l)2  >  2.  Since  y2 
is  assumed  to  be  greater  than  2,  such  a  positive  number  s  is  given  by  the 
formula : 

(4)  s^min(^.;1);  . 
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since  (4)  guarantees  simultaneously  the  inequalities  0  <  s  <  1   and  s  < 
(y2  —  2)/(y  +  l)2.    This  completes  the  proof  of  Theorem  I. 

Theorem  II.     The  positive  number  V  2  whose  square  is  equal  to  2  is  unique. 

Proof.  Assume  that  there  are  two  distinct  positive  numbers,  x  and  y9 
with  x  <  y,  such  that  x2  =  y2  =  2.  By  Exercise  10,  §  204,  x2  <  y2. 
(Contradiction.) 

Theorem  III.  The  number  Vz  is  irrational.  That  is,  there  do  not  exist 
integers p  and  q  such  that  pi q  =  V2. 

Proof.  If  there  existed  integers  p  and  q  such  that  pjq  =  V 2,  then  there 
would  exist  positive  integers  p  and  q  such  that  pjq  =  V2.  Furthermore,  by 
Theorem  II,  §  402,  there  would  exist  relatively  prime  positive  integers/?  and  q 
such  that  p/q  =  Vz,  or  p2  =  2q2.  By  Theorem  IV,  §  404,  since  q  | p2  and 
(p,q)  =  l,q\p  and  hence  q  =  1 .  But  this  means  that p  =  V2  is  a  positive 
integer  between  1  and  2.  With  this  contradiction  the  proof  is  complete. 
(Cf.  Ex.  21,  §  710,  Exs.  5-6,  §  1010.) 

As  a  consequence  of  Theorem  III  it  is  now  easy  to  demonstrate  that  the 
ordered  field  of  rational  numbers  fails  to  have  the  important  property  of 
completeness  enjoyed  by  the  real  number  system. 

Theorem  IV.     The  ordered  field  Q  of  rational  numbers  is  not  complete. 

Proof.  Assume  that  ^  is  complete  and  consider  the  set  A  of  all  rational 
numbers  r  such  that  r  <  V2.  Then  A  is  nonempty  (1  e  A),  and  A  is 
bounded  above  by  a  member  of  £  (if  r  e  A  then  r  <  2).  Therefore  A  has  a 
least  upper  bound  c  in  =2,  by  assumption.  Since  V2  is  irrational,  there  are 
only  two  possibilities  for  c.  If  c  <  V2,  then  by  the  density  of  the  rationals, 
there  is  a  rational  number  a  such  that  c  <  a  <  v2;  that  is,  there  is  a  member 
of  A  greater  than  c,  and  c  is  not  an  upper  bound  of  A.  If  c  >  V  2,  then  there 
is  a  rational  number  b  such  that  v2  <  b  <  c;  that  is,  there  is  a  member  of  =0 
that  is  an  upper  bound  of  A  less  than  the  least  upper  bound  c.  These  two 
contradictions  complete  the  proof. 

Note  1 .  It  might  be  claimed  that  a  new  proof  of  Theorem  IV  is  unnecessary 
since,  by  Theorem  III,  §  904,  if  A  is  the  set  of  all  rationals  less  than  V2,  sup  A  =  V2, 
which  is  irrational.  However,  the  supremum  occurring  in  Theorem  III,  §  904,  is 
relative  to  the  ordered  field  3?  of  real  numbers  while  that  of  the  present  theorem  is 
relative  to  a  different  ordered  field,  that  of  the  rational  numbers  only.  To  illustrate 
the  idea  with  an  example,  consider  the  set  S  consisting  of  all  points  of  the  half-open 
interval  [0,  1)  together  with  the  two  points  2  and  3,  and  let  T  be  the  subset  got  by 
deleting  from  S  the  single  point  2.    If  A  is  the  interval  [0,  1),  then  in  S  the  supremum 
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of  A  is  2,  while  in  T  the  supremum  of  A  is  3.     The  fact  that  2  is  not  a  member  of  T 
does  not  imply  that  T  fails  to  be  complete.     As  it  happens,  T  is  complete.     (Why  ?) 

Before  establishing  the  density  of  the  set  of  irrational  numbers  we  prove  a 
useful  pair  of  theorems,  and  one  corollary : 

Theorem  V.  Ifr  is  a  nonzero  rational  number  and  if  x  is  irrational,  then  the 
following  numbers  are  all  irrational:  x  +  r,  x  —  r,  r  —  x,  xr,  x/r,  rjx. 

Proof.  Each  part  of  the  proof  is  by  contradiction  and  uses  the  fact  that 
the  system  J  of  rational  numbers  is  a  field  (§  504).  Two  sample  demonstra- 
tions should  be  sufficient;  the  rest  are  left  for  the  reader  to  supply.  Assume 
that  x  +  r  is  a  rational  number  s:  x  +  r  =  s.  Then  x  =  r  —  s,  which  is 
rational  (contradiction).  Assume  that  rjx  is  a  rational  number  s:  rjx  =  s. 
Then  s  ^  0  and  x  =  rjs,  which  is  rational  (contradiction). 

Corollary.  Every  number  of  the  form  V2r,  where  r  is  a  nonzero  rational 
number,  is  irrational. 

Theorem  VI.  The  system  of  irrational  numbers  is  neither  closed  under 
addition  nor  closed  under  multiplication,  and  consequently  is  no  one  of  the 
following  algebraic  entities:  (i)  additive  group  (Ex.  30,  §  104);  (n)  multiplicative 
group  (Ex.  31,  §  104);  (hi)  ring  (§  606),  (iv)  integral  domain  (§  501),  (v)  field 
(§  102). 

Proof.  By  Theorems  III  and  V,  the  numbers  Vl  and  —  Vl  are  irrational; 
but  their  sum  and  their  product  are  rational. 

Theorem  VII.     The  set  S  of  irrational  numbers  is  dense  in  &. 

Proof  Let  x  and  y  be  any  two  distinct  real  numbers,  with  x  <  y.  Then 
V2x  <  Vly  and  there  exists  a  nonzero  rational  number  r  such  that  V2x  < 
r  <  Vly  (if  \/lx  <  0  <  Vly,  choose  r  so  that  0  <  r  <  Vly).    Therefore, 

x<Vi<y' 

and  r/V2  is  irrational,  by  Theorem  V. 

906.  AN  ADDED  ITEM  OF  SET  NOTATION 

It  will  be  convenient  in  the  remainder  of  this  book  to  have  available  a 
useful  notation  for  sets  defined  by  a  certain  property,  or  by  certain  properties. 
This  notation!  has  the  form  {"••]*•■•},  where  the  symbol  for  the  general 
member  of  the  set  being  defined  is  written  between  the  first  brace  {  and  the 
vertical  bar  |,  and  where  the  property  or  properties  that  define  the  set  are 
written  between  the  vertical  bar  |  and  the  second  brace  }.  In  the  following 
illustrative  examples,  &  represents  the  real  number  system,  J  the  ordered 

f  This  is  sometimes  called  the  set-builder  method. 
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field  of  rational  numbers  of  ^,  J  the  integral  domain  of  integers  of  01,  jV 
the  set  of  natural  numbers  of  ^,  and  0  the  set  of  positive  numbers  of  0t. 

Example  1.    {x  \  x  G  0t,  x  >  0}  =  &>. 
Example  2.     [x  |  x  G  ^,  x  ^  3}  =  (-  oo,  3]. 

Example  3.    {2«  |  «  G  </}  is  the  set  of  all  even  integers. 

Example  4.  If  A  cz  ^  and  B  c=  ^,  then  {a  +  6  |  a  G  A,  b  G  £}  is  the  set  of  all  real 
numbers  that  can  be  obtained  by  adding  a  member  of  A  and  a  member  of  B. 

Example  5.  {n2  |  n  e  J^}  is  the  set  of  all  numbers  that  are  squares  of  natural 
numbers. 

Example  6.  For  a  given  real  number  x,{y\ye@,y  —  x  G  £}  is  the  set  of  all  real 
numbers  y  such  that  y  —  x  is  rational.     This  same  set  can  be  written  in  the  form 

{x  +  Z  |  Z  G  J}. 

907.  CATEGORICAL  NATURE  OF  THE  AXIOMS 

It  was  shown  in  §  606  that  for  every  prime  number  p  there  exists  a  finite 
field  having  exactly  p  members.  This  fact  shows  that  the  axioms  of  a  field 
are  not  sufficient  to  determine  the  exact  nature  of  that  field — the  field  may 
consist  of  5  members,  13  members,  or  infinitely  many  members. 

The  axioms  of  an  ordered  field  are  more  restrictive — for  example,  they  rule 
out  all  finite  fields  (Theorem  V,  §  312) — but  it  is  still  possible  to  find  quite 
distinct  examples  of  ordered  fields.  We  have,  indeed,  three  such  examples : 
(/)  the  ordered  field  J  of  rational  numbers,  (if)  the  ordered  field  &  of  real 
numbers,  and  (Hi)  the  ordered  field  Jf  of  rational  functions  from  &  to  0t. 
These  three  ordered  fields  are  essentially  distinct  in  the  sense  that,  for  any  two 
of  the  three,  one  of  the  two  has  a  fundamental  property  not  shared  by  the 
other.  The  ordered  field  (Hi)  of  rational  functions,  for  instance,  is  the  only 
one  of  the  three  that  is  non- Archimedean ;  and  (i)  and  (ii)  differ  in  that  the 
equation  x2  =  2  has  a  solution  in  (ii)  but  not  in  (/).  (For  another  important 
ordered  field  distinct  from  these  three,  see  the  Note,  §  1214.  Also  cf.  Ex.  4, 
§908.) 

Suppose  we  add  the  axiom  of  completeness.  Then  how  many  essentially 
distinct  complete  ordered  fields  are  there?  The  answer  is  simple  and 
unequivocal:  "One."  It  is  our  purpose  in  this  section  to  explain  what 
"essentially  distinct"  really  means,  and  to  prove  that  all  complete  ordered 
fields  are  structurally  the  same.  In  other  words,  there  is  no  ambiguity  in 
speaking  of  the  real  number  system,  since  any  two  "real  number  systems"  are 
essentially  the  same. 

For  present  purposes  we  restate  the  essential  features  of  the  Definition, 
§311: 

Definition.  Two  ordered  fields  <g  and  &  are  isomorphic  if  and  only  if 
their  members  can  be  put  into  a  one-to-one  correspondence  preserving  both 


§907]  CATEGORICAL    NATURE   OF  THE   AXIOMS  129 

operations  of  addition  and  multiplication,  as  well  as  preserving  the  order 
relation;  that  is,  if  and  only  if  there  exists  a  one-to-one  correspondence  denoted 
x  <->  x,  where  x  e  @  and  x'  e  &',  such  that  the  two  correspondences 

x<— >  x'    and    y<^>y' 

imply  the  two  correspondences 

x  +  y  <->  x'  +  y      and    xy  <->  x'y' , 
or,  in  another  form, 

(x  +  y)'  =  x'  +  y    and    (xy)'  =  x'y', 
and,  furthermore, 

x  <  y     if  and  only  if    x'  <  y' . 

We  now  come  to  our  principal  theorem : 

Theorem.     Any  two  complete  ordered  fields  are  isomorphic. 

Proof.  The  first  parts  of  the  proof  have  already  been  given  in  §§  3 1 1 ,  502, 
and  505.  In  §  31 1  it  was  shown  that  if  ^  and  &'  are  any  two  ordered  fields, 
then  the  systems  of  natural  numbers,  JV  of  ^  and  jV'  of  3T,  are  isomorphic. 
In  §  502  the  isomorphism  between  Jf  and  Jf'  is  extended  to  the  integral 
domains  of  integers,  J  of  ^  and  J'  of  <&' .  In  §  505  this  isomorphism  is 
extended  once  more  to  the  ordered  fields  of  rational  numbers,  J  of  ^  and  1' 
of  ^".  In  the  present  section  we  shall  extend  the  isomorphism  one  final  time 
to  the  complete  ordered  fields  &  and  M'  themselves.  For  this  last  extension, 
of  course,  the  axiom  of  completeness  must  play  a  key  role.  The  manner  in 
which  the  completeness  property  appears  is  in  the  density  of  the  rational  num- 
bers and,  in  particular,  in  the  special  kind  of  density  behavior  described 
in  Theorem  III,  §  904,  wherein  it  is  shown  that  any  member  of  a  complete 
ordered  field  is  the  supremum  of  the  set  of  all  rational  numbers  less 
than  it. 

For  an  arbitrary  member  x  of  the  complete  ordered  field  0t  let  A  be  the  set 
of  all  rational  numbers  of  ^  less  than  x:  A  =  {r  |  r  e  J?,  r  <  x}.  Then 
x  =  sup  (A).  Let  A!  be  the  set  of  rational  numbers  of  01'  that  correspond  to 
the  members  of  A  according  to  the  isomorphic  correspondence  already 
established  for  the  rational  number  fields  2,  and  J2'  (that  is  A'  =  {/  |  r  e  A, 
r^^r'}),  and  define  x'  to  be  the  least  upper  bound  of  the  set  A'  (which  is 
bounded  above  in  0t'  (why?)):  x  =  sup  (A').  We  note  in  passing  that  if  x 
happens  to  be  a  rational  number,  then  the  correspondence  x  <->  x'  agrees  with 
the  one  already  in  existence.     (Why?) 

The  correspondence  sup  (A)*-±  sup  (A')  is  one-to-one  and  order-preserving 
between  0t  and  0t' 9  as  we  shall  now  show  in  two  parts.  In  the  first  place,  we 
wish  to  show  that  the  inequality  x  <  y  (where  x  and  y  are  members  of  &) 
implies  the  inequality  x'  <  y'.  Let  r  and  s  be  rational  numbers  in  0t  such 
that  x  <  r  <  s  <  y,  let  A  be  the  set  of  rational  numbers  of  &  less  than  x, 
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and  let  B  be  the  set  of  rational  numbers  less  than  y.  If  A!  and  B'  are  the  sets 
of  rational  numbers  in  0'  that  correspond  to  the  members  of  A  and  B, 
respectively,  then,  since  r'  is  an  upper  bound  of  A\  x'  =  sup  {A')  <  r',  and 
since  s'  e  B'  and  y'  =  sup  (£'),  s'  ^  y' .  Therefore  x'  ^  r'  <  s'  ^  y',  and 
x'  <  y'  as  desired.  In  the  second  place,  if  |  is  any  member  of  0\  we  wish  to 
show  that  there  exists  a  member  x  of  0  such  that  x'  =  £.  Let  C  be  the  set 
of  all  rational  numbers  in  0k'  that  are  less  than  £  and  let  C  be  the  set  of  all 
rational  numbers  in  01  to  which  the  members  of  C"  correspond.  Then  C  is 
bounded  above  in  0  and  x  =  sup  ( Coexists.  If  A  is  the  set  of  all  rational 
numbers  in  0  that  are  less  than  x,  then  x  =  sup  (A),  and  we  wish  to  prove  that 
if  x'  ==  sup  {A'),  then  x'  =  f .  Since  C  has  no  greatest  member,  C  has  no 
greatest  member,  so  that  every  member  of  C  is  less  than  x,  C  ^  A,  C  ^  A', 
and  |  <  x'.  If  |  <  *',  let  r'  be  a  rational  number  in  0k'  such  that  |  <  r'  < 
x',  and  let  r  be  the  rational  number  of  0k  to  which  r'  corresponds.  Since  r'  is 
an  upper  bound  of  the  set  C,  r  is  an  upper  bound  of  C.  On  the  other  hand, 
r  <  x  since  the  equality  r  =  x  implies  the  equality  r'  =  x'  and  the  inequality 
r  >  x  implies  the  inequality  r'  >  x'.  This  means  that,  in  0t,  sup  (C)  <  r  < 
x  —  sup  (C),  and  a  contradiction  has  been  reached.  Therefore  x  =  £,  as 
desired.  One  form  of  expressing  this  result  is:  (sup  A)'  =  sup  (A').  With 
the  fact  established  that  for  any  x'  in  0'  there  exists  an  x  in  0!  to  which  x' 
corresponds,  we  are  now  in  a  position  (since  x  ^  y  implies  x  ^  y')  to  state 
that  the  inequality  x'  <  y'  in  01'  implies  the  inequality  x  <  y  in  0!. 

As  an  aid  in  the  remaining  two  major  parts  of  the  proof  we  now  show  that 
if  x  is  an  arbitrary  member  of  0,  if  A  is  the  set  of  all  rational  numbers  in  0! 
less  than  x:  A  =  {r  |  r  e  J?,  r  <  x},  and  if  x  and  A'  correspond  to  x  and  A, 
respectively,  in  0\  then  A'  is  the  set  of  all  rational  numbers  in  0'  that  are  less 
than  x' :  A'  =  {/  \  r'  e  M',  r'  <  x'}.  In  the  first  place,  since  every  member 
of  A  is  a  rational  number  in  0  that  is  less  than  x,  every  member  of  A'  is  a 
rational  number  in  ^'  that  is  less  than  x  .  In  other  words,  A'  consists  of  at 
least  some  of  the  rational  numbers  in  0'  that  are  less  than  x' .  If  there  were 
a  rational  number  s'  not  in  A'  such  that  s'  <  x\  then  s  <  x  in  0.  That  is, 
5Gi,  and  hence  s'  e  A'.     (Contradiction.) 

In  order  to  show  that  (x  +  y)'  =  x'  -f  /,  we  let  ^  =  {r  |  r  e  J,  r  <  *}, 
5  =  {s  |  5  6  J,  5  <  j},  C  =  {t  |  *  e  J,  t  <  x  +  y},  and  ^  +  5  =  {a  +  6  |  a  e  ^, 
b  e  B).  The  first  thing  to  show  is  that  C  =  >4  +  #•  Since  for  every  <z 
in  A  and  &  in  B,  a  <  x  and  b  <  y  it  follows  that  «  +  6  <  x  +  j,  and  hence 
A  +  i?  <z  C.  On  the  other  hand,  if  c  is  an  arbitrary  rational  number  less  than 
x  +  y:  c  <  x  -{-  y,  so  that  c  —  7  <  x,  let  a  be  any  rational  number  such  that 
c  —  y  <  a  <  x.  (In  particular,  a  e  A.)  If  b  =  c  —  a,  then  b  =  c  —  a  <  y 
so  that  b  e  B,  and  a  +  b  =  c  so  that  c  is  a  member  of  A  +  5,  or  C  <=  ^4  +  1?. 
From  the  equation  C  =  ^4  +  5  it  follows  that  x  +  y  =  sup  (C)  = 
sup  (A  +  5).  Using  primes  as  before,  A'  =  {/■'  |  r'  e  Jr,  r'  <  *'},  i?'  = 
{s'\s'e£\s'  <y%  C  =  {t'  \  t'  e  1\  t'  <  (x  +  y)'},  and  if  A'  +  B'  = 
{«'  +  Z?'  |  a'  e  ^4',  6'  g  5'},  then  by  the  isomorphism  r  <->  r'  between  J  and  J', 
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C  =  (A  +  B)'  =  A'  +  B'.  By  the  same  reasoning  as  that  used  immedi- 
ately above  in  the  proof  that  C  =  A  -f  B  we  obtain  the  fact  that  A'  +  B' 
is  the  set  of  all  rational  numbers  less  than  x'  +  y' .  The  equality  of  the  two 
sets  C  and  A!  +  £'  now  implies  the  equality  of  their  suprema,  and  we  con- 
clude (x  +  y)'  =  x'  +  y ,  as  desired. 

Before  proceeding  to  the  last  part  of  the  proof  we  draw  an  inference  from 
what  has  just  been  established:  For  any  x  in  01,  —(—x)'  =  x' .  To  show 
this  we  let  y  =  —x,  so  that  x  +  j  =  0.  Therefore,  since  0'  is  the  zero 
element  of  £%'  and  since  (x  +  y)'  =  x'  +  y  =  0',  we  have  *'  =  — y  = 
— (— x)',  as  desired. 

Finally,  we  wish  to  show  that  (xy)'  =  x'y' .     If  either  x  or  y  is  zero  the 

proof  is  trivial.     For  the  first  portion  of  this  part  of  the  proof  we  assume  that 

x  and  y  are  both  positive,  and  let  A  =  {r  |  r  e  J,  0  <  r  <  x},  B  =  {s  \  s  G  3, 

0  <  s  <  y},  C  =  {t  |  t  e  J2,  0  <  /  <  xy},andAB  =  {ab  \  a  e  A,  b  e  B}.     The 

first  thing  to  show  is  that  C  =  AB.     The  inclusion  AB  c=  C  is  trivial.     On 

the  other  hand,  if  c  is  an  arbitrary  positive  rational  number  less  than  xy: 

c 
0  <  c  <  xy,  then  0  <  -  <  x.     Let  a  be  an  arbitrary  rational  number  such 

c  y  c  c 

that  -  <  a  <  x.     (In  particular,  a  e  A.)    If  b  =  -  ,  then  0<6  =  -<yso 
7  a  a 

that  6  e  £,  and  ab  =  c  so  that  c  is  a  member  of  ^5,  or  C  c:  ^5.     From  the 

equation  C  =  ^45  it  follows  that  xy  =  sup  (C)  =  sup  (v4#).     The  details  now 

parallel  those  of  the  proof  that  (x  +  y)'  =  x  +  y' .     In  outline:     C  = 

{AB)'  =  ^'J?',  and  the  set  of  all  positive  rationals  less  than  (xy)'  is  the  same 

as  the  set  of  all  positive  rationals  less  than  x'y'.     Hence  (xy)'  —  x'y' ,  if  x  and 

y  are  both  positive.     Using  the  remarks  of  the  preceding  paragraph  we 

can  complete  the  proof  as  follows :   If  x  and  y  are  both  negative,  (xy)'  = 

((-x)(~y)y  =  (-x)'(-y)'  =  (-(-x)')(-(-y)')  =  x'y'.     If     x  <  0     and 

y  >  0,  (xy)'  =  -(-xy)'  =  -((-x)y)'  =  -((-*)>')  =  (-(-*)>'  =  *>', 

and    similarly   if  x  >  0   and  j  <  0.     This   completes   all   details   of  the 

proof. 

Note.  Any  specific  example  satisfying  all  axioms  of  an  axiomatic  system  is 
called  a  model  of  that  system.  For  example,  the  integers  modulo  7  is  a  model  for  a 
field.  An  axiomatic  system  is  said  to  be  categorical  if  and  only  if  every  two  models 
of  it  are  isomorphic.  The  Theorem  of  this  section,  then,  states  that  Axioms  I 
through  V  for  the  real  number  system  are  categorical.  For  a  discussion  of  cate- 
goricalness  and  the  related  concept  of  completeness,  with  particular  relation  to 
axiomatic  systems  for  geometry,  see  R.  L.  Wilder,  The  Foundations  of  Mathematics 
(New  York,  John  Wiley  and  Sons,  Inc.,  1952),  pp.  36-40. 

908.  EXERCISES 

All  numbers  indicated  in  these  exercises  are  assumed  to  be  real  numbers,  that  is, 
members  of  the  complete  ordered  field  Si. 
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1.  Prove  that  the  set  of  all  upper  bounds  of  a  nonempty  set  of  numbers  is  either 
empty  or  an  interval  of  the  form  [c,  +  go). 

2.  Prove  that  any  set  resulting  from  the  deletion  of  a  finite  number  of  points  from 
a  dense  set  of  numbers  is  dense. 

3.  If  a  is  an  integer  greater  than  1 ,  prove  that  the  set  of  all  numbers  of  the  form 
p/aq,  where  p  is  an  integer  and  q  is  a  positive  integer,  is  dense  in  &.  (For  further 
discussion  of  such  numbers,  see  Chapter  12.) 

4.  Prove  that  any  number  of  the  form  r  +  s V%  where  r  and  s  are  rational,  has  a 
unique  representation  in  this  form.  Prove  that  the  set  of  all  such  numbers  con- 
stitutes an  ordered  field.     (Cf.  Ex.  7,  §  1010.) 

5.  Let  S  be  an  arbitrary  bounded  nonempty  set  of  real  numbers.  Prove  there  is 
a  smallest  closed  interval  /  containing  S,  in  the  following  sense:  If  /  is  any  closed 
interval  containing  S,  then  J  contains  /. 

6.  Prove  by  counterexample  that  the  statement  of  Exercise  5  is  false  if  the  word 
closed  is  replaced  by  the  word  open. 

7.  Let  S  be  a  nonempty  set  of  numbers  bounded  above,  and  let  x  be  the  least 
upper  bound  of  S.  Prove  that  x  has  the  two  properties  corresponding  to  an 
arbitrary  positive  number  e:  (/)  every  element  s  oi  S  satisfies  the  inequality 
s  <  x  +  e ;   (//')  at  least  one  element  s  of  S  satisfies  the  inequality  s  >  x  —  e. 

8.  Prove  that  the  two  properties  of  Exercise  7  characterize  the  least  upper  bound. 
That  is,  prove  that  a  number  x  subject  to  these  two  properties  is  the  least  upper 
bound  of  S. 

9.  State  and  prove  the  analogue  of  Exercise  7  for  greatest  lower  bounds. 

10.  State  and  prove  the  analogue  of  Exercise  8  for  greatest  lower  bounds. 

11.  Let  x  be  an  arbitrary  irrational  number,  and  let  a,  b,  c,  and  d  denote  rational 
numbers  such  that  c  and  d  are  not  both  zero.  Prove  that  {ax  +  b)l(cx  +  d)  is 
rational  if  and  only  if  ad  =  be.     Be  sure  to  consider  all  possible  cases. 

12.  Let  A  and  B  be  nonempty  sets  of  numbers  such  that  A  c=  B.  If  A  and  B  are 
bounded  above,  prove  that  sup  A  ^  sup  B.  If  A  and  B  are  bounded  below,  prove 
that  inf  A  >  inf  B.  In  each  case  give  an  example  to  show  that  a  strict  inequality 
may  occur. 

13.  If  A  is  any  nonempty  set  of  numbers,  let  —  A  denote  the  set  of  all  numbers  of 
the  form  —a,  where  a  E  A.     Prove  that  if  A  is  bounded  above  then 

sup  04)  +  inf(-^)  =0, 

and  that  if  A  is  bounded  below,  then 

inf  04)  +  sup  (-,4)  =0. 

14.  If  A  and  B  are  arbitrary  nonempty  sets  and  if  c  is  any  number,  the  sets  A  +  B, 
AB,  c  +  A,  and  cA  are  defined  as  follows:  A  +  B  is  the  set  of  all  numbers  of  the 
form  a  +  b,  where  a  e  A  and  b  e  B;  AB  is  the  set  of  all  numbers  of  the  form  ab, 
where  a  e  A  and  b  E  B:  c  +  A  is  the  set  of  all  numbers  of  the  form  c  +  a,  where 


§908]  EXERCISES  133 

a  £  A;  and  cA  is  the  set  of  all  numbers  of  the  ca,  where  a  e  A.     If  A  and  B  are 
bounded  above,  if  c  is  any  number,  and  if/?  is  any  positive  number,  prove: 

sup  {A  +  B)  =  sup  A  +  sup  B, 

sup  (c  +  A)  =  c  +  sup  A, 

sup(pA)  =  /?sup  A 

If  A  and  i?  are  nonempty  sets  of  nonnegative  numbers  that  are  bounded  above,  prove: 

sup  (AB)  =  sup  A  •  sup  B. 

15.  State  and  prove  the  analogue  of  Exercise  14  for  infima. 

16.  Let  5  be  an  arbitrary  nonempty  set,  and  let/ and g  be  functions  on  S  into  ^. 
Then  /"if  bounded  above  (below)  on  S  if  and  only  if  the  range  of /is  bounded  above 
(below).  In  case/is  bounded  above  on  S,  sup  (/)  =  sup  /"is  defined  to  be  supremum 
of  its  range,  with  a  similar  definition  for  inf  (/)  =  inf/.  If/  is  bounded  (that  is, 
bounded  above  and  below)  on  S,  prove  (cf.  Note  3,  §  310): 

sup/+inf(-/)  =  0, 

inf/+  sup(-/)  =  0. 

17.  If  /"and  £■  are  functions  on  a  nonempty  set  5  into  ^,  if/ and  ^  are  bounded 
above,  if  c  is  any  constant,  and  if/7  is  any  positive  constant,  prove  (cf.  Note  3,  §  310): 

sup  (f  +  g)  £  sup/  +  sup^, 
sup  (c  +  /)  =  c  +  sup/, 
sup(/?/)  =/>sup/. 
In  addition,  if  the  values  of/ and £■  are  nonnegative,  prove: 

sup  (fg)  ^  sup/-  sup g. 

In  the  first  and  last  case  above,  give  an  example  to  show  that  a  strict  inequality  may 
occur.     (Cf.  Ex.  16.) 

18.  State  and  prove  the  analogue  of  Exercise  17  for  infima. 

19.  If/is  a  function  on  a  nonempty  set  S  into  ■%,  the  function  h  =  l/l  is  defined  by 
the  equation  h{x)  ='\f{x)\.  If /is  a  bounded  function  (cf.  Ex.  16)  on  S  into  ^, 
define  the  norm  of/:  ||/ 1|  =  sup  |/|.  Prove  that  the  norm,  for  bounded  functions/ 
and  o-  and  constants  c,  has  the  properties: 

(/)  Il/H  ^0;   ll/H  =  0  if  and  only  if/ =  0; 

00  \\cf\\=\c\-  ll/H; 

(<")  ii/+*ii  £ii/ii  +  wi. 

Show  by  an  example  that  the  inequality  in  (//'/)  may  be  a  strict  inequality. 

20.  Prove  that  any  additive  group  in  the  real  number  system  St  consisting  of  more 
than  one  member  either  (/)  has  a  smallest  positive  member  a  and  consists  of  all 
integral  multiples  na  of  a,  or  (//)  is  dense  in  0t. 

21.  A  subset  of  an  ordered  field  is  said  to  be  an  ordered  subfield  if  and  only  if  the 
operations  of  addition-<and  multiplication  and  the  relation  of  order  in  the  subset  are 
consistent  with  those  of  the  containing  ordered  field.  Prove  that  every  ordered 
subfield  of  an  Archimedean  ordered  field  is  Archimedean. 
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22.  In  any  Archimedean  ordered  field  prove  that  the  rational  numbers  are  dense. 

23.  In  any  Archimedean  ordered  field  prove  that  every  number  is  the  supremum 
of  the  set  of  all  rational  numbers  less  than  it.     (Cf.  Ex.  22.) 

24.  Prove  that  every  Archimedean  ordered  field  is  isomorphic  to  an  ordered 
subfield  of  the  real  number  system;  in  other  words,  that  every  Archimedean  ordered 
field  can  be  isomorphically  embedded  in  the  real  number  system.     (Cf.  Exs.  22,  23.) 
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1001.  INTRODUCTION 

In  order  to  establish  the  existence  of  irrational  numbers,  in  Chapter  9,  we 
showed  that  there  is  a  positive  number  (denoted  Vz)  whose  square  is  equal 
to  2.  In  the  present  chapter  we  shall  extend  this  result  to  arbitrary  positive 
nth  roots  of  positive  numbers.  This  will  make  it  possible  to  study  powers  of 
positive  numbers  for  arbitrary  rational  exponents.  Finally,  in  Chapter  11, 
exponentiation  will  be  extended  to  arbitrary  real  exponents. 

To  facilitate  the  existence  proofs  of  the  following  section,  we  prove  two 
lemmas.  These  lemmas  are  suggested  by  a  fairly  simple  application  of  the 
binomial  theorem  (Ex.  27,  §318),  and  can  be  proved  by  means  of  that 
theorem.     We  present,  however,  independent  proofs. 

Lemma  1.     I/O  <  s  <  1  and y  >  0,  and  if  n  is  a  natural  number,  then 

(1)  (y  +  s)»<yn.+  s(y  +  \)n. 

Proof.     We  shall  establish  (1)  by  proving  the  stronger  result: 

(2)  0  +  s)n  £yn-  syn  +  s(y  +  l)n. 

We  prove  (2)  by  induction.  If  P(ri)  is  the  statement  that  (2)  is  true,  then  P(l) 
is  a  trivial  equality.     Assuming  P(n),  we  wish  to  prove  P(n  +1): 

(3)  (y  +  s)(y  +  s)n  <  yn+1  -  syn+1  +  s(y  +  \)n+1. 

Making  use  of  (2)  in  the  second  factor  on  the  left  of  (3)  reduces  our  problem 
to  the  inequality  (to  be  proved) : 

(4)  (y  +  s)[yn  -  syn  +  s(y  +  l)n]  <  yn+1  -  syn+1  +  s(y  +  l)n+1. 

If  the  left-hand  side  of  (4)  is  expanded  to  yn+1  -  syn+1  +  s(yn  -  syn)  + 
s(y  +  s){y  +  l)n,  subtraction  of  two  terms  and  division  by  s  leads  to  the 
following  inequality,  equivalent  to  (4): 

(5)  yn  -  syn  +  (y  +  s)(y  +  \)n  ^  ( y  +  l)n+\ 
or,  equivalently : 

(6)      y\\  -i)^(y.+  \y[(y  +  i) - (y  +  *)]  =  (y  +  *)w(i  - *)■ 

135 
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Since  yn  <  (y  +  l)n  and  1  —  s  >  0,  we  have  shown  that  P(n)  implies 
P(n  +  1).  By  the  Fundamental  Theorem  of  Mathematical  Induction 
(Theorem  III,  §  303),  the  proof  of  (2),  and  hence  of  (1),  is  complete. 

Lemma  2.     I/O  <  s  <  1  and  0  <  s  <  y,  and  if  n  is  a  natural  number,  then 

(7)  (y  -  s)n  >yn-  s(y  +  If. 

Proof.  If  z  =  y  —  s,  then,  by  Lemma  1,  (z  +  s)n  <  zn  +  s(z  +  l)n,  and 
hence : 

(8)  y»  <  (y  -  s)n  +  s(y-s  +  \)\ 

Since  0  <  s  <  \,  then  0  <y  <y  —  s  +  1  <y  +1,  and  s(y  —  s  +  l)n  < 
s(y  +  l)n,  and  (7)  follows. 

1002.  ROOTS  OF  NONNEGAT1VE   NUMBERS 

We  now  have  the  machinery  for  establishing  the  basic  theorem  on  roots  of 
nonnegative  numbers : 

Theorem.  If  x  is  a  nonnegative  number  and  if  n  is  a  natural  number,  there 
exists  a  unique  nonnegative  number  y  such  that  yn  =  x,  denoted: 

(1)  y  =  Vx. 

Proof  Uniqueness.  If  0  <  y  <  z,  then  yn  <  zn,  and  hence  the  equality 
yn  =  zn  implies  the  equality  y  =  z  if  y  and  z  are  nonnegative.  (Cf.  Ex.  8, 
§308.) 

Existence,  n  =  1 .     Let  y  =  x. 

Existence,  n  >  1 ,  x  —  0.     Let  y  =  0. 

Existence,  n  >  1 ,  x  =  1 .     Let  y  =  1 . 

Existence,  n  >  1 ,  x  >  1 .  Let  A  be  the  set  of  all  positive  numbers  a  such 
that  an  <  x,  let  B  be  the  set  of  all  positive  numbers  b  such  that  bn  >  x,  and 
assume  that  there  does  not  exist  a  positive  number  z  such  that  zn  =  x.  Then 
every  positive  number  must  be  a  member  of  either  A  or  1?,  and  every  member 
of  A  is  less  than  every  member  of  B.  The  set  A  is  nonempty  (1  e  A)  and 
bounded  above  (x  is  an  upper  bound  since  if  a  e  A,  then  an  <  x  <  xn  and 
hence  a  <  x).  Therefore  A  has  a  positive  least  upper  bound.  Denote  this 
positive  least  upper  bound  by  y: 

y  =  sup  (A). 

By  assumption,  either  yn  <  x  or  yn  >  x.  We  shall  show  that  each  of  these 
two  inequalities  leads  to  a  contradiction,  and  hence  shall  be  forced  to  the 
conclusion :  yn  =  x.  (i)  Assume  yn  <  x,  and  let  s  be  defined  to  be  the 
positive  number: 

i    ■  d  x~yn\ 

s  =  \  mm    1, —  I . 

\     (v  +  1W 
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Then  0  <  s  <  1  and  therefore,  by  Lemma  1,  §  1001,  and  the  definition  of  s: 

(y  +  sy  <yn+  *~y"n(y  +  i)n  =  x. 
(y  +  i) 

But  this  means  that  y  +  s  is  a  member  of  A  greater  than  the  least  upper 
bound  y  of  A.  (Contradiction.)  (if)  Assume  yn  >  x,  and  let  s  be  defined  to 
be  the  positive  number: 

i    •   d      yn  ~  A 

s  =  t  mm    1,  v,  — . 

\  ,y\y  +  1)V 

Then  0  <  s  <  1  and  0  <  s  <  y  and  therefore,  by  Lemma  2,  §  1001 : 

0  -  s)n  >  yn  -   yn~x  (y  +  i)-  =  x. 
(y  +  \)n 

But  this  means  that  y  —  s  is  an  upper  bound  for  the  set  A  less  than  its  least 
upper  bound  y.     (Contradiction.) 

Existence,  n  > 1,  0  <  x  <  1.  By  the  preceding  proof,  since  1/x  >  1, 
there  exists  a  positive  number  w  such  that  wn  =  l/x.     Ify  =  1/w,  then  yn  =  x. 

1003.  MONOTONIC  FUNCTIONS 

In  §  316,  the  concepts  of  decreasing  and  strictly  decreasing  sequences  were 
introduced.  In  this  section  we  shall  extend  these  notions  to  apply  to  more 
general  functions  than  sequences,  and  adapt  them  to  increasing  functions  as 
well  as  to  decreasing  functions. 

Definition.  Let  f  be  a  real-valued  function  of  a  real  variable  whose  domain  of 
definition  contains  a  set  A  consisting  of  more  than  one  point.  Then  f  is  an 
increasing^  function  on  A  if  and  only  iff(x^)  <  f(x2)  whenever  x1  and  x2  are 
points  of  A  such  that  xx  <  x2;  fis  a  strictly  increasing  function  on  A  if  and 
only  iff(x^)  <f(x2)  whenever  x1  andx2  are  points  of  A  such  that  x±  <  x2.  The 
function  fis  decreasing%  on  A  or  strictly  decreasing  on  A  if  and  only  if  the 
inequality  x±  <  x2  (x±  and  x2  in  A)  implies  f(x-^  ^  f(x2)  or  f(x1)  >  f(x2), 
respectively:  The  function  f  is  monotonic  on  A  if  and  only  if  it  is  either  an 
increasing  function  on  A  or  a  decreasing  function  on  A;  fis  strictly  monotonic 
on  A  if  and  only  if  it  is  either  strictly  increasing  on  A  or  strictly  decreasing  on  A. 
Deletion  of  the  words  "on  A"  in  any  of  these  formulations  means  that  the  set  A 
is  the  entire  domain  of  definition  of  the  function  f 

Example  1.  A  constant  function  is  both  increasing  and  decreasing,  and  is 
therefore  monotonic. 

Example  2.  The  greatest  integer  function  [x]  (Note,  §  903)  is  an  increasing 
function. 

t  Also  called  monotonically  increasing,  or  nondecreasing. 
%  Also  called  monotonically  decreasing,  or  nonincreasing. 


138  ROOTS   AND   RATIONAL   EXPONENTS  [§1004 

Example  3.  The  polynomial  x2  —  6x  +  13  is  strictly  increasing  on  the  interval 
[3,  +  oo )  and  strictly  decreasing  on  the  interval  (—  oo,  3],  as  is  seen  by  the  form 
x2  -  6x  +  13  =  (x  -  3)2  +  4. 

Theorem.  Let  n  be  a  natural  number  and  let  A  be  the  infinite  interval 
[0,  +  oo)  consisting  of  all  nonnegative  numbers  x.  Then  each  of  the  functions 
(i)  xn  and  (ii)  Vx,  with  domain  of  definition  A,  is  strictly  increasing. 

Proof,  (i):  This  is  a  consequence  of  Exercise  8,  §  308.  (ii):  Assume  that 
0  ^  x1  <  x2  and  let  yx  =  vx^  and  y2  =  tf  x2.  If  yx  ^  y2,  then  (by  (/)) 
Jiw  =  J2n-  But  tnis  means  that  xx  ^  x2,  in  contradiction  to  the  assumption 
x1  <  x2.     Therefore  y1  <  y2. 

1004.  CONTINUITY  OF  MONOTONIC  FUNCTIONS 

The  property  of  continuity  defined  below  can  be  formulated  in  much  greater 
generality  than  appears  here.|  However,  we  have  restricted  our  considera- 
tions to  monotonic  functions  defined  on  dense  subsets  of  intervals  since  these 
are  the  only  kinds  of  functions  that  will  be  of  interest  to  us  in  the  remainder  of 
this  book  (except  for  the  Appendix),  and  since  the  formulation  of  continuity 
for  monotonic  functions  is  particularly  simple. 

Definition.  Let  I  be  an  interval  of  real  numbers  and  let  f  be  an  increasing 
real-valued  function  whose  domain  A  is  dense  in  I.  Then  f  is  continuous  at 
a  point  c  of  A  if  and  only  if% 

(0  Ac)  =  SUP  Hi*)  \xeA,x<c}, 

(ii)  f(c)  =  inf  {f(x)  \  x  e  A,  x  >  c}, 

with  the  understanding  that  if  c  is  the  left-hand  endpoint  of  I  then  only  (ii)  is 
relevant  and  if  c  is  the  right-hand  endpoint  of  I  then  only  (i)  is  relevant.  A 
similar  definition,  with  interchange  of  supremum  and  infimum  in  (i)  and  (ii), 
applies  iff  is  a  decreasing  function.  A  function  is  discontinuous  at  any 
point  where  it  is  not  defined  or  where  it  is  defined  and  fails  to  be  continuous. 

Example  1.  The  function  f(x)  =  x,  defined  on  0t,  is  everywhere  continuous 
since,  for  any  real  number  c, 

f(c)  =  c  =  sup  {x  |  x  <  c}, 

f(c)  =  c  =  inf  {x  |  x  >  c}. 

Example  2.  The  greatest  integer  function  f(x)  =  [x]  (Note,  §  903)  is  dis- 
continuous at  any  integral  value  of  x,  x  =  n,  since  [n]  =  n,  whereas 

sup  {[x]  \  x  <  n}  =  n  —  1  #  n. 

t  Cf.  the  first  footnote  of  §  3  of  the  appendix. 
%  Cf.  §  906  for  the  {•  •  •  |  •  •  •}  notation. 
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Theorem.  Let  n  be  a  natural  number  and  let  A  be  the  infinite  interval 
[0,  +  oo)  consisting  of  all  nonnegative  numbers  x.  Then  each  of  the  functions 
(i)  xn  and  (ii)  V  x  with  domain  of  definition  A  is  continuous  and  unbounded. 
That  is,  each  is  continuous  at  every  point  of  A,  and  the  range  of  values  of  each 
is  an  unbounded  set  of  numbers. 

Proof,  (i) :  Continuity  of  xn  at  x  =  0  means  that  0  =  inf  {xn  \  x  >  0}. 
Obviously,  0  is  a  lower  bound  of  the  set  {xn  |  x  >  0},  and  therefore 
0  <  inf  {xn  |  x  >  0}.  Assume  that  0  <  y  =  inf  {xn  |  x  >  Q}.  Then  y  ^  xn 
for  every  positive  number  x.  But  this  is  certainly  false  if  x  =  \\y  <  Vy. 
(Contradiction.)  Continuity  of  xn  at  c  >  0  means  that  cn  =  inf  {xn  |  x  >  c] 
=  sup  {xn  I  0  ^  x  <  c}.  Since  xn  is  an  increasing  function,  sup  {xn  |  0  ^ 
x  <  c}  <  cn  ^  inf  {xn  |  x  >  c}.  Assume  first  that  sup  {xn  |  0  ^  x  <  c}  = 
a  <  cn.  Then  0  ^  x  <  c  implies  xn  <  a  <  cn,  or  (since  tf  x  is  strictly  in- 
creasing for  x  ^  0)  x  <  Va  <  c.  A  contradiction  is  obtained  by  taking  x 
between  Va  and  c.  Finally,  assume  that  cn  <  ju  =  inf  {xn  \  x>  c}.  Then 
x  >  c  implies  cn  <  ju  ^  xn,  or  c  <  Vfi  ^  x.  If  c  <  x  <  V /u  a  contradic- 
tion results.  To  prove  that  xn  is  unbounded,  assume  there  exists  a  positive 
number  b  such  that  xn  ^  b  for  all  x  ^  0.     This  is  clearly  false  for  x  = 

Vb+  1. 

(ii):  The  details  for  this  part  are  so  closely  parallel  to  those  for  part  (i) 
that  they  are  left  as  an  exercise  for  the  reader. 

1005.  RATIONAL  EXPONENTS 

Laws  of  exponents  for  all  integral  exponents  and  nonzero  bases  were  proved 
in  §  503.  In  the  present  section  we  shall  extend  the  definition  of  power  of  a 
number  to  apply  to  an  arbitrary  rational  exponent  and  positive  base.  In 
subsequent  sections  the  laws  of  exponents  will  be  proved,  and  properties  of 
powers,  considered  both  as  functions  of  the  exponent  and  as  functions  of  the 
base,  will  be  investigated. 

Definition.  Let  a  be  a  positive  number,  and  let  x  be  a  rational  number  pjq, 
where  p  and  q  are  integers  and  q  is  positive.     Then  ax  is  defined: 

p_  

(1)  ax  =  a9  =  n/V. 

Theorem  I.  The  value  of  (I)  is  independent  of  the  form  of  x.  That  is,  if 
x  =  plq  =  mjn,  where  p,  q,  m,  andn  are  integers  andq  andn  are  positive,  then 

-vV  =  V~cT. 

Proof.  By  the  Theorem,  §  1003,  the  equation  $av  =  Vam  is  equivalent  to 
[Vav]m  =  [Vam]m,  and  by  laws  of  exponents  for  integral  exponents  the  two 
members  of  this  equation  can  be  rewritten:    {[^ap]9}n  ==  (ap)n  =  anp  and 
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{[V  am]n}Q  =  (am)Q  =  amq,  respectively.     Finally,  since  pjq  =  m/n,  np  =  mq 
and  the  desired  equality  is  obtained. 

Theorem  II.     Under  the  assumptions  of  the  preceding  Definition, 

(2)  {J)q  =  a", 

(3)  a«  =  ja»  =  (<fo)». 

Proof.  Equation  (2)  results  from  taking  qth  powers  of  the  second  and  third 
quantities  of  (1).  To  prove  (3)  we  observe  that  the  equation  tfav  =  {^a)v 
is  equivalent  to  [rfav]q  =  [{tfa)v]q  and  that  this  is  equivalent  to  a9  = 
W'afY  =  ap. 

1006.  LAWS  OF  EXPONENTS 

Theorem.  If  a  and  b  are  any  positive  numbers  and  ifr  and  s  are  any  rational 
numbers,  then 

(0 


r    s 

a  a 

ar+s; 

ar 

. 

ar~s\ 

as 

(arY 

= 

ars; 

(aby 

= 

arbr; 

(v) 


(iii) 

(iv) 

Proof,  (i) :  Let  r  and  s  be  expressed  as  fractions  with  a  positive  common 
denominator:  r  =  mjq,  s  =  n/q,  where  m,  n,  and  q  are  integers  and  q  >  0 
The  equation  to  be  established, 

m    n  m  +  n 

(1)  a*  a*  =  a   «    , 

is  equivalent  to  (amlqanlQ)Q  =  (a(m+n'>lq)q,  and  this  is  equivalent  by  §  307  and 
Theorem  II,  §  1005,  to  aman  =  am+n,  which  is  true  by  §  503. 

(//):   By  (i\  ar~sas  =  a{r~s)+s  =  a\ 

(iii) :  Let  r  =  p\q  and  s  =  m\n,  where/?,  q,  m,  and  n  are  integers  and  q  and 
n  are  positive.    We  wish  to  show : 


(2>\  m  j>m 

aqjn    =  aqn 


or,  equivalently,  [(aplq)m/n]m  =  [a^mlqn]q^.     This  reduces  to  (avlq)mq  =  apm, 
by  (2),  §  1005,  and  this  is  true  for  the  same  reason. 
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(iv):  The  equation  (ab)plQ  =  aPlqbplq  is  equivalent  to  (ab)p  =  apbp,  by  the 
same  principles  as  those  used  above,  and  this  last  equation  is  true  by  §  503. 


(v):    By  {iv): 


(;)'HH 


1007.  THE  FUNCTION  ax 

If  a  is  a  fixed  positive  base  and  if  x  is  an  arbitrary  rational  number,  then 
the  expression  ax  becomes  a  real-valued  function  with  domain  of  definition  the 
set  J2  of  all  rational  numbers.  This  function  is  called  the  exponential  function 
with  base  a,  for  rational  values  of  the  variable.  The  quantity  x  is  called  the 
exponent,  and  each  value  ax  is  called  a  power  of  a.  It  is  our  immediate 
objective  to  study  the  exponential  function,  for  rational  values  of  the  variable, 
with  particular  attention  to  its  monotonic  and  continuity  properties.  We 
consider  first  the  case  a  >  1 . 

For  some  of  the  details  in  the  proofs  of  Theorems  I  and  II  the  following 
lemma  will  be  helpful  (cf.  Ex.  21,  §  308). 

Lemma.     If  n  is  a  natural  number  and  if  ft  >  0,  then  (1  -f-  fi)n  ^  1  +  nf}. 

Proof.  If  P(n)  is  the  statement  of  the  lemma,  then  P(\)  is  trivially  true. 
Assuming  P(n)  to  be  true,  we  find  that  (1  +  p)n+1  ^  (1  +  fi)(\  +  n@)  = 
1  +  (n  +  l)P  +  P2  >  1  +  (n  +  1)/?.  In  other  words,  P(n)  implies  P(n  +  1) 
and  by  the  Fundamental  Theorem  of  Mathematical  Induction  the  lemma  is 
proved. 

Theorem  I.  Ifa>l  and  if  x  is  a  variable  restricted  to  rational  values,  the 
function  ax  is  strictly  increasing  on  the  set  £>  of  all  rational  numbers  and 
continuous  at  every  rational  point  x.  The  values  of  the  function  ax  are  all 
positive,  and  can  be  made  arbitrarily  large  for  positive  x  and  less  than  an 
arbitrary  positive  number  for  negative  x. 

Proof.  ,  To  show  that  ax  is  strictly  increasing,  we  wish  to  show  that  r  <% 
implies)t7r  <$xr,  where  f  and  k  are  rational.  Let  r  and  s  be  represented  by 
fractions  having  a  positive  common  denominator:  r  =  m/q,  s  =  n/q,  where 
m,  n,  and  q  are  integers  and  q  >  0.  Then  r  <  s  implies  m  <  n,  and  we  are  to 
show  that  V ' am  <  \/an  or,  equivalently,  that  am  <  an.  This  is  true  since 
an~m  >  1. 

Since  a  >  0,  ap  >  0  for  every  integer  p,  and  hence  ax  =  Vap  >  0.  If  Z>  is 
any  given  number,  we  can  apply  the  preceding  Lemma  to  find  a  positive 
integer  n  such  that  an  >  b.  In  fact,  if  we  let  /?  =  a  —  1  >  0  and  take  n  > 
(b  -  1)1  ft,  then  (by  the  preceding  Lemma)  an  =  (1  +  fi)n  >  1  +  np  >  1  + 
[(b  —  1 )//?]/?  =  b.  If  e  is  any  given  positive  number,  a  negative  integer  n  can 
be  found  such  that  a11  <  e  as  follows:  let  m  be  a  positive  integer  such  that 
am  >  1/e,  and  let  n  =  —m. 
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Now  let  r  be  an  arbitrary  rational  number.  In  order  to  establish  continuity 
of  ax  at  x  =  r  we  wish  to  show  that  ar  =  sup  {ax  |  x  e  J29  x  <  r}  = 
inf  {ax  |  x  e  J,  x  >  r}.  With  x  <  r,  ar  ^  sup  {ax  \  x  e  1,  x  <  rj.  If  ar  > 
1  =  sup  {ax  |  x  e  J2,  x  <  r},  then  for  every  natural  number  n,  ar  >  X  ^ 
flr-(i/n)j  or  1  >  A/ar  ^  «-1/n  (by  (ii)  of  the  Theorem,  §  1006).  Therefore 
Va  ^  ar\l  >  1  or,  if  fi  =  (arM)  -  1  >  0,  a  ^  (1  +  0)n  ^  1  +  nfi  (by  the 
preceding  Lemma)  for  every  natural  number  n.  But  the  inequality  nf$  < 
a  —  1 ,  for  all  natural  numbers  n,  is  forbidden  by  the  Archimedean  property 
(§  903),  and  the  desired  contradiction  is  reached.  Finally,  x  >  r  implies 
ax  >  ar,  and  hence  ar  ^  inf  {ax  |  x  e  M,  x  >  r}.  If  ar  <  y  =  inf  {ax  |  x  e 
J,  x  >  r},  then  for  every  natural  number  n,  ar  <  y  ^  ar+<1/n>,  or  1  <  y\ar  < 
alln.  Therefore,  if  p  =  (y/«r)  -  1,  a  ^  (1  +  Pf  ^  1  +  nfi  for  all  natural 
numbers  n,  and  a  contradiction  is  again  obtained,  as  above.  The  proof  of 
Theorem  I  is  thus  complete. 

The  proof  of  the  following  theorem  is  so  similar  to  that  of  Theorem  I  that 
it  is  left  as  an  exercise  for  the  reader. 

P  Theorem  II.  If  0  <  a  <  1  and  ifx  is  a  variable  restricted  to  rational  values, 
the  function  ax  is  strictly  decreasing  on  the  set  £1  of  all  rational  numbers  and 
continuous  at  every  rational  point  x.  The  values  of  the  function  ax  are  all 
positive,  and  can  be  made  arbitrarily  large  for  negative  x  and  less  than  an 
arbitrary  positive  number  for  positive  x. 


1008.  THE  FUNCTION  sf 

The  expression  xr  has  been  defined  for  all  positive  x  and  all  rational  r. 
For  a  fixed  r,  xr  becomes  a  function  of  the  base  x,  called  a  power  function  of  x. 
If  r  is  positive  the  domain  of  this  function  can  be  extended  to  include  0  by 
defining  0r  to  be  0,  a  result  consistent  with  the  equation  aplq  =  Vap  of  (1), 
§  1005,  with/?  and  q  positive  integers.  For  certain  other  values  ofr  the  domain 
of  xr  can  be  extended  to  the  entire  real  number  system  (cf.  Ex.  4,  §  1010,  for 
specifications).  In  this  section  we  shall  state  and  prove  a  theorem  concerning 
the  function  xr  for  fixed  r  >  0  and  variable  x  ^  0,  and  state  without  proof  a 
corresponding  theorem  for  fixed  r  <  0  and  variable  x  >  0. 

Theorem  I.  Ifr  is  a  positive  rational  number  and  ifx  is  a  variable  restricted 
to  nonnegative  values,  the  function  xr  is  strictly  increasing  on  the  interval 
I  =  [0,  +  oo)  and  continuous  at  every  point  x  of  L  The  values  of '  xr  are  non- 
negative  and  unbounded,  and  include  0r  =  0  and  V  ==  1. 

Proof  Let  r  =  pjq,  where  p  and  q  are  both  positive  integers.  If  0  ^ 
xx  <  x2,  then  0  ^  */  <  x2p  and  0  ^  y/x~f  <  V7*/,  and  hence  0  ^  xxr  < 
x2r.  Continuity  at  x  =  0  means  that  0  =  inf  {xr  |  x  >  0}.  Clearly  0  < 
inf  {xr  I  x  >  0}.     Assume  0  <  y  =  inf  {xr  I  x  >  0}.     This  means  that  for 
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all  positive  numbers  x,  xvlQ  ^  y,  or  x  ^  y9/v  >  0.  (Contradiction.)  If  c  is 
any  positive  number, 

sup  {xr  |  0  ^  x  <  c}  ^  cr  ^  inf  {xr  |  x  >  c}. 

If  cr  >  a  =  sup  {xr  |  0  ^  x  <  c},  then  0  ^  x  <  c  implies  xp/<?  ^  o  <  cp/q,  or 
x  ^  gqIv  <  c.  (Contradiction.)  If  cr  <  y  =  inf  {V"  |  x  >  c},  then  x  >  c 
implies  xp/Q  2>  y  >  cp/<z,  or  x  ^  ye/p  >  c.  (Contradiction.)  Therefore  con- 
tinuity is  established.  Finally,  to  prove  that  xr  is  unbounded,  assume  that 
xr  ^  b  for  all  x  >  0.  But  this  means  that  x  ^  6a/p  for  all  x  ^  0.  With  this 
last  contradiction,  the  proof  is  complete. 

Theorem  II.  If  r  is  a  negative  rational  number  and  if  x  is  a  variable  re- 
stricted to  positive  values,  the  function  xr  is  strictly  decreasing  on  the  interval 
I  —  (0,  +  oo)  and  continuous  at  every  point  x  of  I.  The  values  ofxr  are  positive, 
and  can  be  made  arbitrarily  large  for  small  positive  x  and  less  than  an  arbitrary 
positive  number  for  large  positive  x.    The  values  of  xr  include  V  =  1. 

Proof.     The  proof  is  left  as  an  exercise  for  the  reader. 

*I009.  AN   INTEGRAL  DOMAIN    WITHOUT  UNIQUE 
FACTORIZATION 

In  this  section  we  give  an  example  of  an  integral  domain  where  the  property 
of  unique  factorization  (§  405)  does  not  obtain.  (Cf.  the  references  to  the 
BirkhofT  and  MacLane  book  cited  in  the  first  paragraph  of  §  405.)  We  start 
with  a  definition  concerning  integral  domains  in  general  (cf.  §  501). 

Definition  I.  A  member  u  of  an  integral  domain  I  is  a  unit  of  I  if  and  only  if 
it  has  a  reciprocal  in  I;  that  is,  if  and  only  if  there  exists  a  member  v  of  I  such 
that  uv  =  1.  A  member  z  of  I  is  composite  if  and  only  if  it  can  be  expressed 
as  the  product  z  =  xy  of  two  nonzero  members  x  and  y  of  I  neither  of  which 
is  a  unit.  A  nonzero  member  of  I  is  prime  if  and  only  if  it  is  neither  a  unit 
nor  composite. 

Example  1.    In  the  integral  domain  J  of  integers  the  units  are  1  and  —1. 

Example  2.    In  any  field  every  nonzero  element  is  a  unit. 

Example  3.  In  an  arbitrary  integral  domain,  prove  that  no  unit  is  composite. 
In  fact,  prove  that  if  u  is  a  unit,  and  if  u  =  xy,  then  both  x  and  y  are  units. 

Solution.  Assume  that  u  =  xy,  and  let  v  be  such  that  uv  =  1.  Then  uv  = 
x(yv)  =  y(xv)  =  1 . 

The  example  of  an  integral  domain  to  be  studied  now  will  be  denoted  <I>  and 
consists  of  all  real  numbers  of  the  form  a  +  bV5 ;  where  a  and  b  are  arbitrary 
integers.  It  should  be  noted  that  the  representation  of  a  number  x  in  *the 
form  x  =  a  +  bVH  is  unique  since,  if  a  +  bV~5  =  c  +  dv5  then  (a  —  c)  = 
(d  -  b)V5.    lfd-b^0,  then  the  irrational  number  V5  (cf.  Ex.  5,  §  1010) 
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is  equal  to  the  rational  number  (a  —  c)/(d  —  b).  Therefore  b  =  d,  and 
consequently  a  =  c.  Since  (a  +  bV5)  +  (c  +  dVH)  =  (a  +  c)  +  (b  +  </)V5 
and  (fl  +  bV5)(c  +  dV5)  =  (ac  +  5bd)  +  (at/  +  6c)V5,  $  is  closed  with 
respect  to  the  operations  of  addition  and  multiplication.  It  is  easy  to  see, 
therefore,  that  <X>  is  an  integral  domain,  and  that  <E>  contains  the  integers  /asa 
subdomain.     For  the  integral  domain  <D  we  introduce  a  special  definition. 

Definition  II.     If x  =  a  +  bVl  e  <£,  J/ze«  f/ze  norm  tffjt,  denoted  N(x)  is 
the  integer: 
(1)  JV(x)  =  a2  -  5b2. 

Theorem  I.  (i)  N(x)  =  0  if  and  only  if  x  =  0.  (h)  JV(xy)  =  JV(jc)  N(y). 
(Hi)  x  is  a  unit  if  and  only  if  \N(x)\  =  1. 

Proof  If  x  =  0,  then  by  the  uniqueness  of  the  representation  x  —  a  + 
bVs,  a  =  Z?  =  0  and  Ar(jc)  =  0.  If  #(*)  =  0  and  jc  ^  0,  then  a  -  bV~5  =  0 
and  Z?  7^  0,  whence  V5  =  ajb,  in  contradiction  to  the  irrationality  of  V5. 
Verification  of  («)  is  routine  substitution  and  is  left  to  the  reader.  From  («), 
if  x  is  a  unit  and  if  y  is  the  member  of  <I>  such  that  xy  =  1,  then  |iV(x)|  •  |iV(y)| 
=  N(l)  —  1,  and  since  |#(x)|  and  |iV(y)|  are  natural  numbers  they  must  both 
be  equal  to  1.  Conversely,  if  x  =  a  +  bV~5  e  O  and  if  A^(x)  =  a2  —  5b2  =1 
(or  —1)  then  y  =  a  —  &V5  (or  j  =  —a  +  6\/5)  is  such  that  xy  —  1  and  x 
is  a  unit. 

Theorem  II.  In  the  integral  domain  O,  the  least  value  for  the  absolute  value 
of  the  norm  of  a  nonzero  member  that  is  not  a  unit  is  4 :  if  x  eO,  if  x  ^  0, 
and  if\N(x)\  ^=  1,  ^^«  |iV(x)|  ^  4.  Therefore,  ifxeQ  and  if  x  is  composite, 
then  \N(x)\  ^16;  equivalently,  if  xe$>  and  if  1  <  \N(x)\  <  16,  //ze«  x  is 
prime. 

Proof  The  problem  is  to  show  that  the  equation  a2  —  5b2  =  c,  where 
c  =  2,  —2,  3,  or  —3,  has  no  solution  in  integers  a  and  b.  Assume  that  such 
a  solution  does  exist,  and  write  a  =  5q  +  r,  where  q  is  an  integer  and  r  =  0,  1, 
2,  3,  or  4,  and  write  c  =  5n  +  j,  where  «  =  0  or  —  1,  and  s  =  2  or  3.  After 
substituting  these  quantities  in  the  equation  a2  —  5b2  =  c  we  see  that  5  divides 
r2  —  5.  But  the  only  possible  values  for  r2  —  s  are  —2,  —1,  2,  7,  and  14, 
if  s  =  2,  and  —3,  —2,  1,  6,  and  13,  if  s  =  3.  Since  none  of  these  ten  numbers 
are  divisible  by  5  we  have  obtained  the  desired  contradiction. 

In  §  405,  the  Unique  Factorization  Theorem  states  that  a  natural  number 
can  be  written  as  a  product  of  prime  natural  numbers  in  one  and,  except  for 
order  of  the  factors,  only  one  way.  For  the  system  J>  of  integers  the  unique- 
ness is  relaxed  slightly  to  permit  any  factor  to  be  multiplied  by  either  1  or  —  1 . 
In  a  more  general  integral  domain  unique  factorization  is  said  to  hold  in  case 
any  factorization  into  prime  factors  is  unique  except  for  order  and  multi- 
plication of  the  factors  by  units. 


§1009]  AN    INTEGRAL    DOMAIN  145 

Theorem  III.  In  the  integral  domain  O  unique  factorization  fails.  In  fact, 
the  following  four  things  are  all  possible:  (i)  It  is  possible  that  a  member  xof<& 
may  be  written  in  the  form  x  =  pYp2  and  in  the  form  x  =  qYq2,  so  that 

(2)  P1P2  =  ?1?2> 

where  plf  p2,  ql9  and  q2  are  prime  and  neither  factor  on  either  side  of  (2)  is  a 
unit  times  a  factor  on  the  other  side,  (ii)  A  prime  member  of$>  may  divide  the 
product  of  two  members  of$>  without  dividing  either  factor  separately.  (Hi)  It 
may  be  that  a  fraction  cannot  be  reduced  to  lowest  terms  in  any  essentially 
unique  sense:  two  fractions  ajb  and  eld  may  be  equal  and  in  lowest  terms  and 
such  that  neither  a  nor  c  divides  the  other  and  neither  b  nor  d  divides  the  other, 
(iv)  The  concept  of  GCD  may  be  meaningless:  two  members  of^>  may  not  have 
a  common  divisor  that  is  a  multiple  of  every  other  common  divisor. 

Proof.  (i) :  By  Theorem  II,  the  numbers  2,  1  +  V5,  and  —  1  +  V5  are  all 
prime  since  their  norms  are  all  equal  to  ±4  and  1  <  4  <  16.  Equation  (2), 
with  px  =  p2  =  2,  q±  =  1  +  a/5,  and  q2  =  - 1  +  VI  is  2-2  =  (1  +  V5)  X 
(—  1  +  A/5).  Since  1  +  VI  cannot  be  written  in  the  form  2(a  +  bV~5)  = 
2a  +  26a/5,  2  is  not  a  divisor  of  1  +  V~5.  Therefore  1  +  V~5  is  not  equal 
to  a  unit  times  2.  On  the  other  hand,  2  is  not  equal  to  a  unit  times  1  +  V  5, 
since  if  2  =  u(\  +  V~5)  and  uv  =  1,  then  2v  =  1  +  VI.  (Contradiction.) 
A  similar  analysis  with  2  and  —  1  +  V~5  completes  this  part  of  the  proof. 

(ii):  2  is  not  a  divisor  of  either  1  +  V5  or  —  1  +  V5,  but  it  divides  their 
product. 

(Hi):  The  fraction  2(1  +  a/5)/4  can  be  reduced  to  lowest  terms  in  the 
following  two  ways : 

2(1  +  Vi)  2(1  +  y/s)  1  +  Vi         2 


2-2  (-1  +  V5)(l+V5)  2  -1+V5 

With  a  =  1  +  a/5,  b  =  2,  c  =  2,  and  d  =  —  1  +  Vs  we  see  from  the  proof 
of  (i)  that  the  statements  of  (Hi)  are  true. 

(iv):  Let  us  assume  that  a  "GCD"  g  of  the  two  numbers  4  and  2(1  +  V~5) 
exists  in  the  sense  that  g  divides  both  4  and  2(1  +  V5)  and,  furthermore,  that 
every  common  divisor  of  4  and  2(1  +  V~5)  divides  g.  Since  both  2  and 
1  +  a/5  are  common  divisors  of  4  and  2(1  +  V5),then2  |  gand(l  +  VI)  \  g, 
and  g  has  the  form  g  =  2h  and  the  form  g  =  (1  +  V5)w.  Since,  by  assump- 
tion, 2h  I  4  and  2h  |  2(1  +  a/5),  and  since  the  law  of  cancellation  holds  in  O, 
it  follows  that  h  |  2and/z  |  (1  +  V5),  and  we  can  write  2  =  hxand  1  +  V~5  = 
hy.  Taking  norms,  we  have  4  =  N(h)N(x)  and  —  4  =  N(h)N(y).  By 
Theorem  II,  \N(h)\  =  4  or  \N(h)\  =  1.  If  \N(h)\  =  4,  then  \N(x)\  =  \N(y)\  = 
1  and  both  x  and  y  are  units.     But  this  means  that  1  +  AO  =  hy  =  2(x~1y). 
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This  has  already  been  shown  to  be  impossible,  and  therefore  \N(h)\  =  1,  and 
h  is  a  unit.  From  g  =  2h  =  (1  +  V5)w  we  have  4N(h)  =  —4N(w),  whence 
\N(w)\  =  1,  and  w  is  also  a  unit.  Therefore  we  can  again  write  1  +  Vs  as  a 
multiple  of  2,  thus :  1  +  v  5  =  2(/w_1).  This  final  contradiction  completes 
the  proof. 

1010.  EXERCISES 

In  these  exercises  &  represents  the  real  number  system,  and  all  numbers  under 
consideration  are  members  of  ^. 

1.  If  n  is  an  odd  positive  integer,  prove  that  the  function  xn  is  strictly  increasing 
on^. 

2.  If  n  is  an  odd  positive  integer  and  x  is  any  real  number,  prove  that  there  exists 
one  and  only  one  real  number  y  such  that  yn  =  x. 

3.  If  n  is  an  odd  positive  integer,  define  and  discuss  the  function  Vx  as  a 
continuous  strictly  increasing  function  on  ^.     (Cf.  Ex.  2.) 

4.  If  r  is  a  rational  number  that  is  equal  to  the  quotient  of  two  odd  positive 
integers,  extend  the  domain  of  the  function  xr,  of  §  1008,  to  the  entire  real  number 
system.  Discuss  this  function  as  a  continuous  strictly  increasing  function  on  ^. 
What  is  the  nature  of  xr  if  r  has  the  form  r  =  p/q,  where  p  is  an  even  positive  integer 
and  q  is  an  odd  positive  integer  ? 

5.  Prove  that  if  Vm,  where  m  and  n  are  positive  integers,  is  rational  it  is  integral. 

6.  Let  n,  p,  and  q  be  positive  integers,  and  let  p/q  be  in  lowest  terms.  Prove  that 
if  $ ' p\q  is  rational,  then  Vp  and  Vq  are  integers. 

7.  Prove  that  the  subset  &  of  ^  with  properties  as  specified  in  Axiom  IV,  §  202,  is 
unique  in  the  following  sense :  Let  S  be  a  subset  of  3?  that  is  closed  with  respect  to 
addition  and  multiplication  and  is  such  that  for  every  real  number  x  exactly  one  of 
the  three  statements  x  £  S,  x  =  0,  and  —  x  £  S  is  true;  then  S  =  &.  Prove  that  a 
corresponding  statement  is  true  for  the  ordered  field  £  of  rational  numbers  but  false 
for  the  ordered  field  of  numbers  of  the  form  r  +  s V2,  where  r  and  s  are  rational  (cf. 
Ex.  4,  §  908).  Thus  show  that  the  set  of  numbers  r  +  sV2  is  an  ordered  field  in  two 
distinct  ways.  Hints  for  &:  If  x  >  0,  then  either  Vx  G  S  or  —  Vx  £  S,  whence 
x  e  S;  0  is  not  a  member  of  S;  if  s  G  S  and  if  s  <  0,  then  —  s  >  0  and  hence 
— s  E  S.  Hint  for  Si:  If  n  is  a  positive  integer  and  —1/nES,  then  (  —  \/n)2  = 
l[n2ES  and  therefore  n/n2  =  \\n  £  S.  Hint  for  r  +  sV2:  Define  S:  r  +  sV2  £  5 
if  and  only  if  r  —  sVl  £  &. 

8.  If  x  and  y  are  positive  numbers  not  both  equal  to  1 ,  and  if  xy  =  1 ,  prove  that 
x  +  y  >  2.  Hint:  Assume  x  <  1  and  j>  >  1 ,  and  form  the  product  of  1  —  x  and 
y-\. 

9.  If  x,  y,  and  z  are  positive  numbers  not  all  equal  to  1 ,  and  if  xyz  =  1 ,  prove 
thatx  +  y  +  z  >  3.  Hint:  Assume  that  none  are  equal  to  1  and  adjust  notation  so 
that  x  <  1  and  y  >  1.  Since  (1  -  x)(y  -  1)  >  0,  x  +  y  >  xy  +  1.  By  Ex.  8, 
since  (xy)z  =  1,  xy  +  z  >  2. 
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10.  If*!,  x2,  •  •  ,  xn  are  positive  numbers  not  all  equal  to  1,  and  if  xxx2  •  •  •  xn  =  1, 
prove  that  xx  4-  x2  +  ■  •  •  +  xn  >  n.  Hint:  Use  Ex.  8,  the  ideas  of  Ex.  9,  and 
induction. 

11.  If  xlt  x2,  •  •  •  ,  xn  are  nonnegative  numbers,  their  arithmetic  mean  (AM)  and 
geometric  mean  (GM)  are  defined: 

Xi  +  X2  +  "  '  *  +  xn 


AM  ss ,  GM  ss  vx1x2  •  ■  •  xn. 

Prove  that  the  arithmetic  and  geometric  means  always  bear  the  following  order 
relationship : 

m  xl   +  X2   +   '  '  '    +  Xn  

UJ  "  ^   Vx1X2     •■Xn, 

and  that  equality  holds  in  (1)  if  and  only  if  x1  =  x2  =  •  • 


xi>  x2,  •  •  - ,  xn  are  all  positive  let  yk  =  xkl^ xxx2  •  •  •  xn,  k  =  1,  2,  •  •  • ,  n,  and  use 
Ex.  10. 

12.  Prove  the  Schwarz-Cauchy-Buniakowski  Inequality:    If  alt  a2,  •  -  ■ ,  an  and 
bx  b2,  "■  •  • ,  bn  are  arbitrary  numbers,  then 

n  In  \i       I    n  \\ 

(2)  I  akbk  £      J  «t2      .      J  V     , 

A;  =  l  U  =  l  /  U  =  l  / 

equality  in  (2)  holding  if  and  only  if  there  exist  nonnegative  numbers  c  and  d  not  both 
zero  such  that  cak  =  dbk  for  k  =  1,  2,  •  •  • ,  «.  (Cf.  §  317,  Ex.  11,  §  1107.)  #/«/: 
If  flj,  a2,  •  •  -  ,an  are  not  all  equal  to  zero,  consider  the  quadratic  function  of  x: 


n  I   n  \  /n\» 

2(«^  +  bkf  =    2  «fc2  h2  +  2  I  flfcftj*  +  2  ^, 

fc=l  U  =  l         /  \jfc  =  l  /  k  =  l 


and  use  Ex.  27,  §  806. 

13.  Prove  the  Minkowski  Inequality:  If  al9  a2,  •  •  • ,  an  and  blt  b2,  •  ■  • ,  bn  are 
arbitrary  numbers,  then 

o)  ( 2x  fa  +  ^)2)  ^  ( t2  ^2)  +  ( t2  ^2) 

equality  in  (3)  holding  if  and  only  if  there  exist  nonnegative  numbers  c  and  d  not 
both  zero  such  that  cak  =  dbk  for  k  =  1,  2,  •  •  • ,  n.  (Cf.  Ex.  12,  §  1107.)  Hintr 
Square  both  members  of  (3)  and  use  Ex.  12. 

14.  Prove  that  rfn  <  2  for  every  positive  integer  n.  (Cf.  Example  2,  §  307; 
also  cf.  Exs.  15,  17,  below.) 

15.  If  e  is  an  arbitrary  positive  number,  show  that  there  exists  a  positive  integer  TV 
such  that  whenever  n  is  an  integer  greater  than  N,  $n  <  1  +  e.  (Cf.  Exs.  14,  17.) 
Hint:  Use  Ex.  22,  §  308  to  show  that  (1  +  e)n  >  \n(n  -  l)e2. 

/         l\n 

16.  If  an  =  1 1  +  - 1  ,  prove  that  the  sequence  {an}  is  strictly  increasing  and 

that  for  every  n  >  1,2  <  an  <  3.     (The  number  e  is  equal  to  the  supremum  of  the 
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set  {an}.)    Hint:  Expand  an  by  the  binomial  theorem  (Ex.  27,  §  318),  and  express 
it  in  the  form: 


+ 


1+5i('-;)4('  -;)(H) 
i(-3('-9-(-4i)- 


w     2  w— i  j  j 

Thenfl»<i?0^!glM^=3-2^ 


17.  Prove  that  the  sequence  {^n}  is  strictly  decreasing  for  n  ^  3.    (Cf.  Exs.  14, 

_  /      \y 

15.)    ////if:  Show  that  the  inequality  n+1Vn  +  1  <  rfn  is  equivalent  to  II  +  -  I 

<  «.     (Cf.  Ex.  16.) 

18.  If  n  is  any  integer  greater  than  1 ,  prove  that 


[n\n  (n  +  \\n 

5    <"!<(— ) 


^T//2/:  A  proof  by  mathematical  induction  is  provided  by  the  inequalities  established 
in  Ex.  16. 

19.  Use  mathematical  induction  to  prove  that  the  «th  term  of  the  Fibonacci 
sequence  (§315)  is 

(1  +  V5)n  -  (1  -  V~5)n 

an  = -= . 

2nV5 

20.  Prove  that  the  units  of  an  integral  domain  form  a  multiplicative  commutative 
group.     (Cf.  Exs.  30,  31,  §  104.) 

*21.  Prove  that  in  the  integral  domain  O  of  §  1009,  (2  +  Vs)n  is  a  unit  for  every 
integer  n,  and  that  (2  +  V5)m  ^  (2  +  V~5)n  if  m  #  «.  Conclude  that  O  has 
infinitely  many  distinct  units. 

*22.  Prove  that  the  integral  domain  O  of  §  1009  is  dense  in  0t.  Hint:  Cf.  Ex.  20, 
§  908. 
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1101.  INTRODUCTION 

Our  objective  in  this  chapter  will  be  to  extend  the  definition  of  ax  from  all 
rational  values  of  x  to  all  real  values  of  x.  The  technique  for  doing  this  will 
be  to  make  use  of  the  monotonic  and  continuity  properties  already  established 
in  Chapter  10. 

In  order  to  take  care  of  trivial  special  cases  we  define  0X  to  be  0  for  all 
positive  x,  and  P  to  be  1  for  all  real  x.  (These  definitions  agree,  for  rational 
x,  with  those  of  §§  1008  and  1005.) 

We  now  turn  our  attention  to  the  definition  of  ax  for  a  >  1  and  any  real 
number  x.  The  details  for  0  <  a  <  1  and  any  real  x  are  given  in  §  1 103,  but 
the  proofs  are  left  for  the  reader  (Exs.  1-2,  §  1107). 

1102.  THE  FUNCTION  a*  FOR  a  >  I 

Definition.     If a  >  1  and  if  x  is  real,  then  ax  =  sup  {ar  |  r  e  J>,  r  <  x}. 

Theorem  I.     If  x  is  rational  this  definition  is  consistent  with  that  of  §  1005. 

Proof.     This  follows  from  Theorem  I,  §  1007. 

Theorem  II.    Ifa>\  and  if x  is  real,  then  ax  =  inf  {as  |  s  e  £>,  s  >  x}. 

Proof  If  r  and  s  are  arbitrary  rational  numbers  such  that  r  <  x  <  s, 
then  ar  <  as  and  consequently  as  >  sup  {ar  |  r  e  £>,  r  <  x)  =  ax.  Therefore 
ax  ^  inf  {as  \  s  e  £>,  s  >  x}.  Assume  that  ax  <  y  =  inf  {as  \  s  e  £>,  s  >  x}, 
and  for  every  natural  number  n  let  rn  and  sn  be  rational  numbers  f  such  that 

(1)  x  -  —  <  rn  <  x  <  sn  <  x  +  —  . 

From  (1)  we  infer  that  0  <  sn  —  rn  <  \jn  and  aTn  ^  ax  <  y  <  aSn,  and  hence 


y  ^     y    ^  aSn 
t  Cf.  the  Note,  §  1213 


ax      aTn       aTn 
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for  all  natural  numbers  n.  If  p  =  (y/ax)  —  1 ,  then  ft  >  0,  and  Va  >  1  +  0, 
or  a  >  (1  +  P)n  ^  1  +  nfi  for  all  »,  by  the  Lemma,  §  1007.  As  in  the  proof 
of  Theorem  I,  §  1007,  the  resulting  inequality  n  <  (a  —  1)//?  is  forbidden  by 
the  Archimedean  property  (§  903),  and  the  desired  contradiction  is  obtained. 
The  proof  is  complete.  a 

Theorem  III.  If  a>  \  and  ifj/is  a  real  variable,  the  function  a*  is  strictly 
increasing  on  the  set  &  of  all  real  numbers  and  continuous  at  every  real  point. 
The  values  of  the  function  ax  are  all  positive,  and  can  be  made  arbitrarily  large 
for  positive  x  and  less  than  an  arbitrary  positive  number  for  negative  x. 

Proof  If  xx  <  x2,  let  r  and  s  be  rational  numbers  such  that  xx  <  r  < 
s  <  x2.  Then,  by  definition  and  Theorem  II,  aXl  <  ar  <  as  ^  a*2,  and 
consequently  aXl  <  ax*.  Continuity  at  a  point  c  follows  from  the  fact  that  ax 
is  strictly  increasing,  from  Theorem  II,  and  from  the  definitions  of  suprema 
and  infima  (cf.  Ex.  12,  §  908)  as  follows:  ac  =  sup  {ar\re  M,r.<  c)  ^ 
sup  {ax  |  x  e  0t,  x  <  c]  ^  ac  <  inf{ax  |  x  e  0t,  x  >  c}  ^  inf  {as  \  s  e  1,  s  >  c} 
=  ac.  The  last  statement  of  the  theorem  follows  immediately  from  the 
corresponding  statement  of  Theorem  I,  §  1007,  and  the  fact  that  ax  is  strictly 
increasing. 

Note.  The  function  ax  of  this  section,  and  of  the  next,  is  called  the  exponential 
function  with  base  a.  The  quantity  x  is  called  the  exponent,  and  each  value  ax  is 
called  a  power  of  a. 

1103.  THE  FUNCTION  a*  FOR  0  <   a  <    I 

In  this  section  we  limit  ourselves  to  statements  only,  leaving  the  proofs  as 
exercises  for  the  reader  (cf.  Exs.  1-2,  §  1107). 

Definition.    If0<a<  1  and  if  x  is  real,  then  ax  =  inf  {ar  \  r  e  J2,  r  <  x}. 

Theorem  I.     If  x  is  rational  this  definition  is  consistent  with  that  of  §  1005. 

Theorem  II.     If  0  <  a  <  1  and  if  x  is  real,  then  ax  =  sup  {as  |  s  e  J2,  s  >  x}. 

Theorem  III.  If  0  <  a  <  1  and  if  x  is  a  real  variable,  the  function  ax  is 
strictly  decreasing  on  the  set  &  of  all  real  numbers  and  continuous  at  every  real 
point.  The  values  of  the  function  ax  are  all  positive,  and  can  be  made  arbitrarily 
large  for  negative  x  and  less  than  an  arbitrary  positive  number  for  positive  x. 

1104.  LAWS  OF  EXPONENTS 

Theorem.  If  a  and  b  are  any  positive  numbers  and  if  x  and  y  are  any  real 
numbers,  then 

(0  a  V  =  ax+v; 
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ax 


(ii) 


ay 


(Hi)  (ax)v  =  axv; 

(iv)  (ab)x  =  axb3 


(v) 


\b)     ~  bx  ' 


Proof.     (iv)for  a  =  1  or  b  =  1 :  Trivial. 

(iv)for  ab  =  1 :  Assume  for  definiteness  that  a  >  1.     The  proposition  to 

1  /l\x 

be  established  is  equivalent  to  axbx  =  (Vf  =  1,  or  —  =  bx  =  I- I  .     Since 

0  <  -  <  1 ,  the  proposition  takes  the  form  that,  for  any  x,  y  =  -  ,  where 
a  a 


y  = 


-{©■ 


r  G  «2,  r  <  x)     and     c  =  sup  {ar  \r  £  J2,  r  <  x). 


If  y  <  1  /or,  then  (by  the  definition  of  y)  there  exists  a  rational  number  r  such 
that  r  <  x  and  (l/cfT  <  l/o-,  or  #r  >  o\  But  this  contradicts  the  definition 
of  a.  If  y  >  l/o*  so  that  o*  >  1//,  then  (by  the  definition  of  cr)  there  exists  a 
rational  number  r  such  that  r  <  x  and  a7"  >  \/y,  or  (l/fl)r  =  \jar  <  y.  But 
this  contradicts  the  definition  of  y.  In  conclusion,  we  note  that  we  have 
proved  that  for  every  positive  number  a  and  real  number  x,  (l/a)x  =  \\ax,  and 
ax  =  \l(\la)x. 

(iv)  for  a  >  1  and  b  >  1 :   Assume  that  (ab)x  ^  axbx  for  some  number  x, 
and  for  an  arbitrary  natural  number  n  let  rn  and  sn  be  rational  numbers  f  such 

that  x  -—  <rn<x<sn<x  +  — .    Then  ar*  <  ax  <  as«,  br"  <  bx  <  b\ 
In  n  In 

and  (ab)r«  <  (ab)x  <  (ab)\     Furthermore,  (ab)r-  =  ar-br-<  axbx  <  as«bs«  = 

(ab)\    and   therefore    \(ab)x  -  axbx\  <  (ab)s-  -  (ab)r-.     Dividing   by   (ab)x 

gives : 


(1)  0  <  €  S3 


(abj 


(ab)Sn-(ab)rn      (ab)Sn  -  (abj 


(ab)x  (ab)rn 

=  (ab)Sn~rn  -  1  <  (ab)1/n  -  1, 
for  every  natural  number  n.  This  implies  that  for  every  n,  Vab  >  1  +  e,  or 
ab  >  (1  +  e)n  ^  1  +  ne  (Lemma,  §  1007),  or  n  <  (ab  —  l)/e.  Since  this 
contradicts  the  Archimedean  property  of  the  real  number  system  (§  903),  a 
contradiction  has  been  reached,  and  (iv)  for  a  >  1  and  b  >  1  is  proved. 
(iv)for  0  <  a  <  1  and  0  <  b  <  1 :  By  (iv)for  a  >  1  0«d  b  >  1  and  by  the 
last  sentence  of  the  proof  of  (iv)  for  ab  —  1 , 

(afc)*  =  — !-:-  =   /  v  1/  v     =  **&*• 


e-,r  era 


t  Cf.  the  Note,  §1213. 
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(iv)  for  0  <  a  <  1,  b  >  1,  and  ab  =  c  >  1 :  We  wish  to  prove  that 
cx  =  [ll(lla)x]bx,  or  (l/afc*  =  bx.  But  this  is  true  by  (iv)  for  a  >  1  and 
b  >  1  since  \\a  >  1,  c  >  1,  and  6  =  (l/#)c. 

(m?)  /or  0  <  0  <  1,  6  >  1,  tf«d  ab  =  c  <  1 :  We  wish  to  prove  that 
1/0 AO*  =  [ll(lla)x]bx,  or  (Xjaf  =  (\/c)xbx.  But  this  is  true  by  (iv)  for 
a  >  1  and  b  >  1  since  1/c  >  1,  &  >  1,  and  \\a  =  (\jc)b. 

(iv)  in  complete  generality:  Because  of  the  symmetry  between  a  and  b,  the 
last  two  cases  above  complete  the  catalogue  of  possibilities. 

(i)for  a  =  I:  Trivial. 

(i)  for  a  >  1 :  Assume  that  there  exist  real  numbers  x  and  y  such  that 
^av  =£pa^-y,  and  for  an  arbitrary  natural  number  n  let  rn,  sn,  un,  and  vn  be 
rational  numbers  f  such  that 


(2) 


x  —  —  <rn<  x  <sn<x  +  — 

An  An 

1  ,     1 

y  -  —  <un<y  <vn<y  +  —  • 

An  An 


Then,  from  the  inequalities  aTn  <  ax  <  aSn,  aUn  <  ay  <  a\  and  rn  +  un  < 
x  +  y  <  sn  +  vn  we  can  infer 


(3) 


0W^n  <  axay  <  aSnaVn    and    «r«+w^  <  ax+y  <  aSn+Vn. 


From  laws  of  exponents  for  rational  exponents  we  know  that  aTnaUn  =  aTn+Un 
and  a$naVn  =  aSn+Vn,  and  consequently  \axay  —  ax+y\  <  aSn+Vn  —  aTn+Un,  and 
hence : 


(4) 


0<€  = 


,'»+: 


,Sn  +  Vn 


,rn  +  un 


,Sn  +  Vn 


< 


,x  +  y 


< 


a 


rn+un 


,rn+un 


<an-l. 

From  (4)  we  have,  for  every  n,  a  >  (1  +  e)n  ^  1  +  ne  (Lemma,  §  1007), 
in  violation  of  the  Archimedean  property  (§  903). 

(i)for  0  <  a  <  1 :  By  the  case  just  proved  for  any  base  greater  than  1,  and 
by  the  last  sentence  of  the  proof  of  (iv)for  ab  =  1,  we  have: 


,x  +  y 


(lla)x(llaf      (\la)x+" 


We  note  in  passing  that  since  axarx  =  a0  =  1,  we  have  proved  that  for  any 
positive  a  and  any  real  x,  ax  and  arx  are  reciprocals. 

(ii) :  From  (i),  ax~yay  =  ax. 

(Hi)  for  a=l:  Trivial. 

(Hi)  for  a  >  1,  xy  =  0:  Trivial. 

t  Cf.  the  Note,  §  1213. 
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(in)  for  a  >  1,  x  >  0,  y  >  0:  Assume  that  there  exist  positive  numbers 
x  and  y  such  that  (ax)v  =£  axy,  and  for  an  arbitrary  natural  number  n  let 
rn,  sn,  un9  and  vn  be  positive  rational  numbers  such  that 


(5) 


1                                       ,     1 
x <rn<x<sn<x-\ 

In        n  2n' 

1  ,     1 

y~— <un<y<vn<y  +  —  . 

In  In 


Then  1  <  aTn  <  ax  <  aSn,  and  by  monotonic  properties  already  established  in 
§§1008  and  1102: 

(ar«)«»  <  (a*)»n  <  (ax)v  <  (ax)v»  <  (as")\ 

so  that  (by  (Hi)  of  §1006):  ar-un  <  (ax)y  <  as*v".  Furthermore,  since 
rnun  <  xy  <  snvn,  ar-u-  <  axy  <  as»v«,  and  hence  \(ax)y  -  axy\  <  as«v*  -  ar*u". 
Therefore : 


(6)  0< 


(ay 


< < 


(r„ +  -)(*»  +  -)■ 

<  a 


<   fl(r»  +  M„  +  l)/n  _  l  <   tya»+v  +  l  _  I 

But  this  means  that  ax+y+1  >  (1  +  e)n  2>  1  -f-  ne  for  every  natural  number  «, 
again  in  violation  of  the  Archimedean  property. 

(Hi)  for  a  >  1 ,  x  <  0,  andy  <  0 :  Using  the  remarks  at  the  end  of  the  proof 
of  (i)  and  at  the  end  of  the  proof  of  (iv)  for  ab  =  1,  and  (Hi)  for  a  >  1,  *  >  0, 
and y  >  0,  we  have:   (ax)y  =  l/[l/flr*]-*  =  \j[\j(a-x)-y]  =  \l[\jaxy]  =  axy. 

(Hi) for  a  >  1,  x  <  0,  andy  >  0 :  As  in  the  preceding  proof,  (ax)y  =  [lla~~x]v 
=  \j(a-x)y  =  l/flr-*  =  £f* 

(/«')  for  a>l,  x>0,  and  y<0:  As  above,  (a*)»  =  I/O*)-*  =  \\arxy 
=  axy. 

(Hi)  for  a  ^  1 :   Now  completely  proved. 

(Hi)  for  0  <  a  <  I:  By  the  note  at  the  end  of  the  proof  of  (iv)  for  ab  =  1, 
and  (///)  for  a  >  1,  we  have:    (a*)*  =  [1/(1 /off  =  l/[(i/a)T  =  VGA*)*" 

(y) :   From  (/y),  bx(a]b)x  —  ax. 

1105.  THE  FUNCTION  *c 

As  in  §  1008  we  state  and  prove  a  theorem  concerning  the  function  xc  for 
fixed  c  >  0  and  variable  x  ^  0,  and  state  without  proof  a  corresponding 
theorem  for  fixed  c  <  0  and  variable  jc  >  0  (cf.  Ex,  3,  §  1 107). 
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Theorem  I.  If  c  is  a  positive  number  and  if  x  is  a  loanable  restricted  to 
nonnegative  values,  the  function  xc  is  strictly  increasing  on  the  interval  I  = 
[0,  +  co)  and  continuous  at  every  point  x  of  I.  The  values  ofxc  are  nonnegative 
and  unbounded,  and  include  0C  =  0  and  1°  =  1. 

Proof  If  0  <  y,  then  yc  is  positive  (and  hence  0C  <  yc),  by  definition  of  y1, 
or  by  Theorem  III,  §  1102,  or  by  Theorem  III,  §  1103.  If  0  <  x  <  y,  the 
inequality  xc  <  yc  is  equivalent,  by  (v),  §  1104  to  (y/x)c  >  1 ;  with  a  =  yjx, 
the  inequality  ac  >  1  =  a0  follows  from  Theorem  III,  §1102,  and  the 
inequality  c  >  0.  Continuity  of  xc  at  x  =  0  means  that  0  =  inf  {xc  |  x  >  0}. 
Clearly,  0  ^  inf  {xc  |  x  >  0}.  Assume  that  0  <  y  =  inf  {xc  \  x  >  0}.  Then 
for  every  x  >  0,  xc  ^  y,  or  (by  the  monotonicity  proved  above)  x  =  (xc)1/c  ^ 
y  (i/c)  >  o.  But  this  is  manifestly  false  for  x  =  \y  (1/c)  .  (Contradiction.) 
To  establish  continuity  of  xc  at  an  arbitrary  positive  number  a,  we  wish  to 
prove : 

(1)  a  =  sup  {xc  |  0  ^  x  <  a}  =  ac  =  y  =  inf  {xc  |  x  >  a}. 

Obviously,  by  monotonicity,  0  <  a  ^  ac  S  y.  If  a  <  ac,  then  0  ^  x  <  a 
implies  xc  ^  a  <  ac,  or  (by  the  monotonicity  proved  above)  x  <  a1/c  <  a. 
(Contradiction.)  Ifac  <  y,  thenx  >  a  implies  xc  ^  y  >  ac,orx  ^  y1/c  >  a. 
(Contradiction.)  Therefore  (1)  is  proved.  The  last  statement  of  Theorem  I 
follows  immediately  from  the  corresponding  statement  of  Theorem  I,  §  1008, 
and  the  fact  that  xc  is  strictly  increasing. 

Theorem  II.  If  c  is  a  negative  number  and  if  x  is  a  variable  restricted  to 
positive  values,  the  function  xc  is  strictly  decreasing  on  the  interval  I  =  (0,  +  °o) 
and  continuous  at  every  point  x  of  I.  The  values  of  xc  are  positive,  and  can  be 
made  arbitrarily  large  for  small  positive  x  and  less  than  an  arbitrary  positive 
number  for  large  positive  x.     The  values  of  xc  include  1°  =  1. 

Proof     The  proof  is  left  as  an  exercise  for  the  reader  (Ex.  3,  §  1107). 
Note.     The  function  xc  is  called  a  power  function  of  x. 


1106.  LOGARITHMS 

Let  a  be  a  fixed  positive  number  not  equal  to  1,  and  let  x  be  any  positive 
number.  The  problem  before  us  in  this  section  is  to  show  first  that  there 
exists  one  and  only  one  number  y  such  that  ay  =  x,  and  second  to  investigate 
the  properties  of  the  function  of  x  thus  determined  and  written : 

(1)  y  =  loga  x    if  and  only  if  av  =  x. 

The  function  loga  x  is  called  the  logarithmic  function  with  base  a,  and  the 
number  log0  x,  for  a  given  x,  is  called  the  logarithm  of  x  to  the  base  a. 

We  shall  limit  explicit  discussion  to  the  case  a  >  1,  leaving  the  case  0  < 
a  <  1  to  the  reader  as  an  exercise  (Ex.  5,  §  1107). 
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Theorem  I.  If  a  >  0,  a  ^  1,  and  x  >  0,  then  there  exists  one  and  only  one 
number  y  such  that  av  =  x. 

Proof  for  a  >  1.  By  Theorem  III,  §  1102,  there  exist  numbers  b  and  c 
such  that  ab  <  x  <  ac;  and  therefore  the  set 

A  =  {u  |  u  g  0t,  au  <  x} 

is  nonempty  (b  e  A)  and  bounded  above  (by  c).  If  y  =  sup  A,  we  shall 
prove  that  av  =  x  by  showing  that  each  of  the  two  inequalities  av  <  x  and 
av  >  x  leads  to  a  contradiction.  We  first  assume  av  <  x.  Then,  by 
Theorem  III,  §  1102,  since  ay  =0mf  {av  |  v  £  0t,  v  >  y},'  there  must  exist  a 
number  v  such  that  *;  >  y  and  <2V  <  x.  This  last  inequality  implies  that  v  is  a 
member  of  A,  which  is  impossible  if  v  >  y  since  y  is  an  upper  bound  of  A. 
(Contradiction.)  We  now  assume  that  av  >  x  and  use  the  fact  (cf.  Theorem 
III,  §  1 102)  that  av  =  sup  {aw  \we&,w<y}.  There  exists,  then,  a  number 
w  such  that  w  <  y  and  aw  >  x.  Since  the  exponential  function  with  base 
greater  than  1  is  an  increasing  function,  it  follows  that  w  is  an  upper  bound 
of  the  set  A  (if  u  >  w,  then  au  >  aw  >  x).  This  is  impossible  since  w  <  y 
and- j  is  the  least  upper  bound  of  A.  (Contradiction.)  Finally,  uniqueness 
follows  from  the  strictly  increasing  nature  of  the  exponential  function  with 
base  greater  than  1 :  If  aVl  =  av*  =  x,  and  if  yx  <  y2,  then  aVl  <  ay*. 
(Contradiction.) 

Corollary  I.     Ifa>0  and  fl^l  and  ifb  is  any  positive  number,  then: 

(2)  loga  (ab)  =  a108" b  =  b. 

Proof  In  the  first  place,  by  definition  loga  (ab)  is  the  unique  number  y  such 
that  av  =  ah,  and  is  therefore  equal  to  b.  In  the  second  place,  again  by 
definition,  since  y  =  loga  b  if  and  only  if  av  =  b,  it  follows  that  aloga  b  =  b. 

Corollary  II.     Ifa>0  and  a^l, 

(3)  logafl=l,     logal=0. 

Proof     This  follows  from  (1)  since  a1  =  a  and  a0  —  1. 

The  following  theorem  is  stated  for  simplicity  only  for  the  logarithmic 
function  with  base  a  greater  than  1 .  For  the  case  0  <  a  <  1  see  Exercise  7, 
§1107. 

Theorem  II.  If  a  >  1  the  logarithmic  function  loga  x  is  strictly  increasing  on 
the  set  0*  of  positive  numbers  and  is  continuous  at  every  positive  point.  Its 
values  are  arbitrarily  large  for  large  x  and  are  negative  with  arbitrarily  large 
absolute  value  for  small  positive  x. 

Proof  The  strict  increase  follows  directly  from  the  corresponding  behavior 
for  the  exponential  function :  If  yx  =  loga  x±,  y2  ==  loga  x2,  and  xx  <  x2,  then 
7i  <  J2  smce  fr°m  *i  =  aVl  and  *2  =  aV* tne  inequality  yx  ^  y2  would  imply 
xt  ^  x2. 
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To  prove  continuity  at  the  point  x  we  wish  to  establish  the  inequalities, 
where  all  numbers  involved  are  members  of  0t : 

(4)  loga  x  =  sup  {loga  u  |  0  <  u  <  x}, 

(5)  loga  x  =  inf  {loga  v  |  v  >  x}. 
Since  0  <  u  <  x  <  v  implies  loga  u  <  loga  x  <  loga  v, 

(6)  sup  {loga  u  |  0  <  u  <  x}  ^  loga  x  ^  inf  {loga  v\v>  x}. 

Assume  first  that  loga  x  >  a,  where  a  =  sup  {loga  u  |  0  <  u  <  x}.  The 
statement  that  a  ^  loga  u  for  every  positive  number  u  less  than  x  is  equivalent 
to  the  statement  that  aa  >  u  for  every  positive  number  u  less  than  x.  But 
this  is  ridiculous  since  a°  <  x  (choose  u  to  be  any  number  between  a°  and  x). 
(Contradiction.)  Assume  now  that  loga  x  <  y,  where  y  =  inf  {loga  v\v  >  x}. 
The  statement  that  y  ^  loga  v  for  every  number  v  greater  than  x  is  equiva- 
lent to  the  statement  that  ay  <  v  for  every  positive  number  v  greater  than  x. 
But  this  is  ridiculous  since  ay  >  x  (choose  v  to  be  any  number  between  ay 
and  x).  (Contradiction.)  Therefore  equalities  hold  in  (6),  and  continuity 
is  established. 

The  statements  of  the  last  sentence  of  the  theorem  follow  from  the  strictly 
increasing  nature  of  the  logarithmic  function  and  the  properties  of  the 
exponential  function  stated  in  Theorem  III,  §  1102. 

Theorem  III.  The  following  laws  of  logarithms  hold,  where  a,  b,  x,  andy  are 
positive  numbers  and  a  and  b  are  different  from  1 : 

(0  1(>ga  (xy)  =  loga  x  +  loga  y. 


("')  loga(^j  =  loga x  -  loga y. 


\y/ 

loga(**)  = 

=  y  l0ga  *• 

loga  x  -- 

-  loga  b  log, 

X 

loga  x  = 

loff    h  -. 

log&x 

log&  a  ' 

1 

(in) 
(iv) 

(v) 

(vi) 

log,  a 

Proof  These  properties  follow  from  corresponding  properties  of  expo- 
nents given  in  §1104,  as  follows:  (/):  Let  u  =  logax,  v  =  logaj>,  and 
w  =  loga  (xy).  Then  xy  =  aw  =  auav  =  au+v,  and  w  =  w  +  v.  (ii) :  From 
(i),  loga  x  =  \oga  [y(x/y)]  =  logay  +  loga  (x/y).  (Hi):  Let  u  s  loga  x  and 
w  =  loga  (x*).  Then  xy  =  av  =  (au)v  =  auy,  and  v  =  uy.  (iv):  Let  u  = 
loga  xs  v  =  loga  Z?,  and  w  =  logb  x.  Then  au  —  x,  d°  =  b,  and  bw  =  x,  so 
that  x  =  am  =  (d°)w  =  avw,  and  u  =  t;jv.  (y) :  This  is  equivalent  to  (iV)  with 
«  and  Z?  interchanged,     (vi) :  This  is  a  special  case  of  (v),  with  x  =  b. 
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1107.  EXERCISES 

In  these  exercises  all  numbers  are  assumed  to  be  real. 

1.  Prove  Theorem  II,  §  1103. 

2.  Prove  Theorem  III,  §  1103. 

3.  Prove  Theorem  II,  §  1105. 

4.  In  the  definition  of  loga  x,  why  is  the  case  a  =  1  excluded  ?  What  about 
logil? 

5.  Prove  Theorem  I,  §  1106,  for  the  case  0  <  a  <  1. 

6.  If  a  >  0,  a  #  1,  and  x  >  0,  prove  that  loga  x  =  — logx  x. 

a 

7.  State  a  theorem  regarding  the  monotonic  behavior  and  the  continuity  of  the 
logarithmic  function  loga  x  corresponding  to  Theorem  II,  §1106,  for  the  case 
0  <a  <  1.     Hint:  Cf.  Ex.  6. 

8.  If  a  >  1  and  x  >  1,  prove  that  (loga  x)log^  =  ^(log^) 

9.  If  #  is  any  positive  constant  different  from  1,  prove  that  the  exponential 
function  ax  is  convex:  If  xx  and  x2  are  any  real  numbers,  and  if  a  and  /5  are  positive 
numbers  whose  sum  is  1 ,  then 

(1)  a^+fa*  <  aa*!  +  pax^ 

equality  in  (1)  holding  if  and  only  if  xx  =  x2.  (Cf.  Ex.  17,  §  204,  and  the  references 
on  inequalities  given  in  the  footnote  of  §  202.  Hints:  Let  P  be  the  proposition  just 
stated  and  let  P'  be  the  same  proposition  with  the  omission  of  the  last  phrase 
involving  equality.  (/)  Prove  that  P  in  general  is  equivalent  to  P  with  the  base  a 
restricted  to  values  greater  than  1  (if  (1)  holds  for  a  >  1  and  if  0  <  d  <  1,  let 
a  =  Ifd,  and  adjust  notation).  (//)  Assuming  x±  <  x2  and  letting  b  =  axz~~xi,  prove 
that  P  is  equivalent  to  the  inequality 

(2)  b?  <  1  +  (b  -  1)0,     for    b  ■>  1,  0  <  'p  <  1. 

(Hi)  By  letting  x  =  1/0  and  c  =  1  +  (/>  —  l)/x,  prove  that  P  is  equivalent  to  the 
inequality 

(3)  cx  >  1  +  (c  -  \)x,     for     c  >  l,x  >  1. 

(zV)  Use  the  arithmetic  mean-geometric  mean  inequality  of  Ex.  1 1,  §  1010  for  m  +  n 
positive  numbers  of  which  m  are  equal  to  1  and  n  are  equal  to  1  +  (m  +  n)(c  —  \)jn 
to  prove  (3)  for  all  rational  x  >  1 .     (v)  Establish  the  inequality 

(4)  cx  ^  1  +  (c  -  l)x,    for    c>  1,  x  >  1 

by  assuming  cx  <  1  +~  (c  —  l)x  for  some  c  >  1  and  x  >  1,  and  choosing  a  rational 
number  r  >  x  such  that  cr  <  1  +  (c  -  X)x  (cf.  Theorem  II,  §  1102).  (vi)  Prove  P' 
by  showing  that  P'  is  equivalent  to  (4).  (vii)  Establish  (3)  by  assuming  the  existence 
of  c  >  1  and  x  >  1  such  that  cx  =  1  +  (c  —  l)x  and  let  r  be  a  rational  number 
between  1  and  x,  with  r  =  a  +  /to,  a  >  0,  0  >  0,  a  +  0  =  1 .  Use  P'  in  the  form 
cr  <  occ  +  ^  =  1  +  (c  —  l)r,  in  contradiction  to  (3)  for  rational  exponents. 

10.  If  x  ^  0,  y  ^'(f,  0  <  a  <  1,  0  <  0  <  1,  and  a  +  0  =  1,  prove  that  xa^a^ 
ax  +  fty  and  that  equality  holds  if  and  only  if  x  =  y.  Hint:  If  x  and  y  are  any  two 
distinct  positive  numbers,  let  a  be  any  positive  number  different  from  1,  and  let 
u  =  loga  x  and  v  =  loga  v.     Use  the  inequality  aau+^v  <  ocau  +^(5av  from  (1),  Ex.  9. 


158  EXPONENTS   AND    LOGARITHMS  [§1107 

11.  Prove  the  Holder  inequality  for  finite  sums,  where/?  >  1,  q  >  1,  — ^  _=  1, 

and  alt  a2,  •  •  •  ,  an  and  b1  b2,  •  ■  ■ ,  frn  are  arbitrary:  Z7      9 

w  /   n  \i  /  w  \1 

(5)  I  *A  ^    2  W"b"  2  IW  * 

fc  =  l  \jfc  =  l  /      U  =  l  / 

equality  in  (5)  holding  if  and  only  if  akbk  ^  0  for  k  =  1,  2,  •  •  • ,  n  and  there  exist 
nonnegative  numbers  c  and  d  not  both  zero  such  that  c\ak\v  =  d  \bk\q  for  k  =  1,2, 
-  ■  -  ,n.  (For  the  special  case  p  =  q  =  2,  cf.  Ex.  12,  §  1010.)  ifwtf:  In  case  the 
right-hand  member  of  (5)  is  positive,  use  the  inequality  of  Ex.  10  for  each  k  =  1,  2, 
•  •  •  ,A7,  with  a  =  l/p,  0  =  1/q, 

x  =  -n >   y  =  ^ . 

k=l  k=l 

and  add. 

12.  Prove  the  Minkowski  inequality  for  finite  sums,  where/?  ^  1  and  alt  a2,  •  •  ■  , 
<zn  and  6l9  b2,  •  •  • ,  bn  are  arbitrary: 

(w  \  l        /  n  \  1        /  w  \i 

t2  i«*  +  w*j*  ^  ( 2x  i«*ip]*  +  ( 2  1**1*1'  • 

If/?  =  1  equality  in  (6)  holds  if  and  only  tfakbk  2>  Ofor  &  =  1,  2,  •  •  • ,  n.  If/?  >  1, 
equality  in  (6)  holds  if  and  only  if  there  exist  nonnegative  numbers  c  and  d  not  both 
zero  such  that  cak  =  dbk  for  A;  =  1,  2,  •  •  • ,  n.  (For  the  special  case/?  =  2,  cf.  Ex. 
13,  §  1010.)  #wf;  For/?  >  1,  define?  =  p/(p  -  1),  ck  =  \ak\,  dk  =  \bk\,  k  =  1,  2, 
•••,«.     Then  apply  Holder's  inequality  (Ex.  11)  as  follows: 

J,(ck  +  dky  =  2>*(«*  +  ^)p_1  +  2<4(^  +  ^)p~1 

13.  If  «!,  a2,  •  •  •  ,  an  are  any  «  numbers,  their  root-mean-square  is  defined  by  the 

-  V  ak 2      Prove  that  the  arithmetic  mean  of  the  n  numbers  al9  a2,  •  •  • , 
an  is  less  than  or  equal  to  their  root-mean-square  (cf.  Ex.  11,  §  1010): 


j     n  h     n 

(7)  -2aktiJ-y  «»«, 

n  k  =  1  M  n  k=1 

equality  in  (7)  holding  if  and  only  if  the  aks  are  all  equal  and  nonnegative.  More 
generally,  establish  the  inequality 

1    n  /l    n  \- 

(8)  ;J«iS;I  M')>, 

equality  in  (8)  holding  if  and  only  if  the  aks  are  all  equal  and  nonnegative.  Hint: 
Use  the  Schwarz-Cauchy-Buniakowski  inequality  of  Ex.  12,  §  1010,  and  the  Holder 
inequality  of  Ex.  11,  above,  with  the  bks  all  equal  to  1. 
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1201.  DECIMAL  REPRESENTATION   OF  NATURAL  NUMBERS 

The  real  numbers  are  commonly  represented  in  terms  of  powers  of  the 
natural  number  ten,  since  man  did  his  first  counting  and  reckoning  with  the 
aid  of  his  ten  fingers.  From  the  mathematical  viewpoint  any  natural  number 
greater  than  1  could  be  used  as  well  as  ten  for  this  base  or  radix  of  the  number 
system.  With  bases  of  two,  three,  four,  five,  ten,  and  twelve  the  corresponding 
system  of  representing  numbers  is  called  binary  or  dyadic,  ternary,  quaternary, 
quintic,  decimal,  and  duodecimal,  respectively.  Each  such  representation  of 
a  number  is  called  a  numeral.  Our  purpose  in  the  present  section  is  to 
develop  a  procedure  for  obtaining  a  decimal  representation  for  an  arbitrary 
given  natural  number.  Although  the  text  discussion  is  focused  on  the  base 
ten,  the  method  is  general.  Other  bases  will  be  brought  into  the  examples 
and  exercises. 

When  we  write  a  number  like  35,027  in  the  decimal  system  we  are  using  a 
compact  form  for 

3-104  +  5-103  +  0-102  +  2-101  +  7-10°. 

The  integers  3,  5,  0,  2,  and  7  are  called  the  digits  of  the  given  number,  3  being 
the  ten-thousands  digit,  5  the  thousands  digit,  0  the  hundreds  digit,  2  the  tens 
digit  and  7  the  units  digit.  The  number  35,027  is  thereby  represented  as  a 
sum  of  terms  each  of  which  is  a  nonnegative  integral  digit  less  than  10 
multiplied  by  a  power  of  10  with  nonnegative  integral  exponent.  That  every 
natural  number  can  be  so  represented — and  uniquely  so  represented — is  the 
substance  of  the  next  theorem.  Our  work  will  be  simplified  if  we  first 
introduce  a  definition  and  an  item  of  notation. 

Definition.  Let  a  be  a  nonnegative  integer,  and  let  q  and  r  be  the  unique 
nonnegative  integers  such  that 

(1)  r  <  10 
and 

(2)  a "■'=*  lOq  +  r. 
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(Cf.  Theorem  II,  §  403.)  Then  r  is  called  the  units  digit  of  the  decimal 
representation  of  a. 

For  notational  convenience  in  this  chapter  we  recall  the  greatest  integer 
function  defined  in  the  Note  §  903 : 

Notation.  If  x  is  any  real  number,  denote  by  [x]  the  unique  integer  n  =  [x] 
such  that 

(3)  n  ^  x  <  n  +  1,     or     [x]  ^  x  <  [x]  +  1,     or    x  —  1  <  [x]  ^  x, 

as  guaranteed  by  Theorem  II,  §  903.  As  a  function  of  x,  [x]  is  called  the 
greatest  integer  function  or  the  bracket  function,  and  prescribes  the  greatest 
integer  less  than  or  equal  to  x.  If  x  is  nonnegative,  then  so  is  [x].  In  this 
chapter,  square  brackets  [  ]  will  be  used  only  for  the  bracket  function. 

Theorem.  Every  natural  number  a  has  a  unique  decimal  representation  in 
theform 

(4)  a  =  d_m\0m  +  dUt-ilO—1  +  •  •  •  +  d_k\0k  +  •  •  • 

+  d^lO1  +  </010°, 

where  d_k  =  0,  1,  2,  3,  4,  5,  6,  7,  8,  or  9  for  0  ^  k  ^  m,  and  where  d_m  is 
nonzero.  Each  coefficient  or  digit  d_k  in  (4)  is  equal  to  the  units  digit  of  the 
nonnegative  integer  [\0~ka],  k~=  0,  1,  •  •  • ,  m. 

Proof  Existence:  Let  P(n)  be  the  statement  that  a  representation  of  the 
form  (4)  is  possible  for  every  natural  number  a  less  than  10TC.  Clearly  P(l) 
is  true.  Assuming  that  P(n)  is  true  for  a  particular  natural  number  n,  let  a 
be  a  natural  number  less  than  10"+1  and  write  a,  by  means  of  the  Fundamental 
Theorem  of  Euclid  (§403):  a  —  10#  +  r,  where  q  and  r  are  nonnegative 
integers  and  r  <  10.  It  follows  that  q  <  10n  and  hence,  by  the  induction 
assumption,  that  q  can  be  written  in  the  form  (4).  Consequently  upon 
expansion  of  a  =  10(<i_m10TO  +  •  •  •  +  d^lO  +  d0)  +  r,  we  obtain  the 
desired  form.  Since  every  natural  number  a  is  less  than  10n  for  some  n 
(for  example,  for  n  =  a,  as  shown  in  Example  2,  §  307),  it  follows  from  the 
Fundamental  Theorem  of  Mathematical  Induction  that  P(n)  is  true  for  all 
natural  numbers  n,  and  the  representation  (4)  exists  for  all  natural  numbers  a. 

Uniqueness:  If  a  is  a  natural  number  given  by  (4),  then,  since  d_m  2>  1, 
a  ^  d_m\0m  ^  10m,  and  since  d_k  ^  9  for  0  ^  k  ^  m,  a  ^  9  •  10m  + 
9  •  10w_1  +  •  •  •  +  9  and,  by  Theorem  II,  §  314,  for  the  sum  of  a  geometric 
progression,  this  last  sum  is  equal  to : 


9  .  IQm  i W <  9  .   1Qm  J_   =   10™  +  1. 

1  _1_  _9_ 

1    —    10  10 

In  other  words,  a  satisfies  the  inequalities   10w  ^  a  <  10m+1,  and  m  is 


+£-£K—+  (foH 
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uniquely  determined  by  #.  Furthermore,  for  any  integer  k  such  that 
0  rg  fc  ^  m: 

(5)     10"*fl  =  </_w  10-*+  •  •  •  +  dU.xlO  +  dU  +  %*  +  '  '  *  +  j^ 
Since 

^zi+i  j l  A  ^  1.  4. 

10  10*       10 

we  have  from  Theorem  II,  §  314: 

<*-*+i  ,  . . .  ,  A  <  1 1  ~  (^)fc  <  21  =  1 

10  10fc       10    l-^o     "  10 1% 

and  consequently  [10_fc«]  =  d_m10m-k  +  •  •  •  +  </_*_!  10  +  d_k.  From  this 
it  follows  that  the  units  digit  of  [10-&tf]  is  d_k.  Since  m  is  uniquely  deter- 
mined by  a,  and  since  for  each  k  =  0,  1 ,  •  •  • ,  m  the  digit  d_k  is  also  uniquely 
determined  by  a,  the  proof  is  complete. 

Example  1.  Express  the  decimal  numeral  301  in  terms  of  powers  of  2,  and  hence 
write  it  as  a  numeral  in  the  binary  system  (in  which  the  only  digits  are  0  and  1). 

First  solution.  In  decimal  notation,  since  256  <  301  <  512,  we  write  301  = 
256  +  45.  Since  32  <  45  <  64,  we  write  45  =32  +  13.  Continuing  in  this 
fashion  and  combining  results,  we  have 

301  =256  +  32  +  8+4  +  1 
=  28  +  25  +  23  +  22  +  2°. 
The  binary  numeral  desired  is  therefore  100,101,101. 

Second  solution.  The  units  digit  is  the  remainder  after  division  by  2,  and  is  equal 
to  1 ,  since  (in  decimal  notation) 

301  =  150-2  +  1. 

The  twos  digit  is  the  remainder  after  division  of  the  quotient  1 50  by  2  (in  this  case  the 
word  quotient  is  used  in  the  sense  defined  in  Note  1 ,  §  403),  and  this  remainder  is 
0:  150  =  75-2  +  0.  This  process  can  be  continued,  dividing  75  by  2,  etc.  We 
systematize  the  entire  sequence  of  divisions  in  a  descending  pattern,  with  remainders 
recorded  at  the  right,  thus : 


2)301 

Remainders 

2)150 

1 

2)  75 

0 

2)  37 

1 

2)  18 

1 

2)     9 

0 

2)    4 

1 

2)     2 

0 

2)     1 

0 

0 

1 

5) 

705 

5) 

141 

5) 

28 

5) 

5 

5) 

1 
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Since  the  remainders  are  the  digits  in  the  binary  system,  with  the  units  digit  at  the 
top,  the  binary  numeral  is  obtained  in  agreement  with  the  first  solution :  100,101 ,101 . 

Example  2.    Find  the  quinary  numeral  for  the  decimal  numeral  3529,  and  check. 
Solution.    We  follow  the  method  of  the  second  solution  of  Example  1 : 
5)3529  Remainders 

4 
0 
1 
3 
0 
0  1 

Therefore  the  desired  quinary  numeral  is  1 03, 104.  That  this  is  correct  can  be  seen  by 
expressing  this  result  in  powers  of  5  in  the  decimal  notation :  3125  +  3- 125  +  25  + 
4  =  3529. 


1202.  ADDITION,  SUBTRACTION,   MULTIPLICATION, 
AND  DIVISION 

The  standard  procedures  for  adding,  subtracting,  multiplying,  and  dividing 
natural  numbers  when  they  are  represented  as  decimal  numerals  are  familiar 
to  school  children.  It  is  possible,  however,  that  the  "reasons  why"  are  not 
always  thoroughly  appreciated,  and  a  second  look  may  be  worthwhile.  Since 
the  processes  of  arithmetic  expressed  in  terms  of  the  base  ten  have  become  so 
mechanically  ingrained  that  they  are  often  carried  out  automatically  without 
much  actual  thought  being  needed,  it  is  instructive  to  force  ourselves  to  think 
about  what  we  are  doing  by  means  of  a  change  of  base.  In  many  of  the 
examples  and  exercises  that  follow  the  base  will  be  something  other  than  ten. 

Addition  and  subtraction  are  both  fairly  simple,  the  most  complicated  ideas 
being  those  of  "carrying"  and  "borrowing."  We  shall  limit  our  discussion 
to  two  examples,  one  in  the  quinary  system  and  one  in  the  binary  system. 

Example  1.  Add  the  three  numbers  whose  decimal  numerals  are  38,  96,  and  68 
by  changing  them  to  base  five. 

Solution.  The  three  numbers  expressed  as  quinary  numerals  are  123,  341,  and 
233.  Notice  that  in  the  addition  given  below,  1  is  carried  from  the  first  column  to 
the  second,  2  from  the  second  column  to  the  third,  and  1  from  the  third  column  to  a 
new  fourth  column. 

123 

341 

233 


1302 


The  sum,  1302  in  the  quinary  system,  is  represented  as  125  +  75  +  2  =  202  in 
decimal  notation. 
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Example  2.    Use  the  binary  system  to  perform  the  following  subtraction,  where 
the  given  numerals  are  decimal:  4181  —  2027  =  2154. 

Solution.     1000001010101 
11111101011 


100001101010. 


To  check,  we  express  the  answer  in  decimal  notation:   211  +  26  +  25  +  23  +  2  = 

2048  +64  +  32  +  8+2=  2154. 

Multiplication  brings  in  the  distributive  law,  as  illustrated  in  Example  3. 
If  the  base  b  is  different  from  ten,  any  multiplication  problem  reduces  to 
repeated  use  of  a  basic  multiplication  table  of  the  numbers  0, 1,  2,  •  •  • ,  b  —  1. 
In  usual  practice  this  is  simple  enough  to  be  done  in  one's  head,  without 
special  tables  or  paper  work.  (For  example,  if  b  is  seven,  then  3-3  =  12 
and  2-5  ==  13.)t 

Example  3.  Use  the  laws  of  real  numbers  to  justify  the  following  formal  pro- 
cedure for  multiplying  68  by  27  (in  decimal  notation).  Then  perform  the  same 
multiplication  in  the  ternary  and  quinary  systems. 

68 
27 


476 
136 


1836. 

Solution.    The  product  can  be  written  and  expanded: 

(6-10  +  8)(2-10  +  7)  =  (6-10  +  8)7  +  (610  +  8)-2-10 

=  {42-10  +  56}  +  {12-100  +  16-10} 

=  {4-102  +  7-10  +  6}  +  {MO3  +  3-102  +  6-10} 

=  HO3  +  7-102  +  1310  +  6 

=  MO3  +  8102  +  310  +  6. 

In  the  ternary  and  quinary  systems  the  given  multiplication  takes  the  following  two 
forms : 

2112  233 

1000  102 


2112000  1021 

Ternary  2330 


24321 
Quinary 

t  A  subscript  is  sometimes  a  convenient  means  of  indicating  a  base  other  than  ten.  For 
example,  the  representations  obtained  in  Examples  1  and  2,  §  1201,  can  be  written  301  = 
(100, 101, 101)2  and  3529  =  (103,  104)5,  respectively,  while  the  products  just  mentioned  with 
base  seven  take  the  form  3-3  =  (3)7-(3)7  =  (12),  and  2-5  =  (2)7-(5)7  =  -(13),. 
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10 

11 

12 

13 

14 

15 

16 

17 

18 

t 

e 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

e 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

\t 

Addition 
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7 

8 

9 
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4 

6 

8 

/ 

10 

12 

14 

16 

18 

\t 

3 

6 

9 

10 

13 

16 

19 

20 

23 

26 

29 

4 

8 

10 

14 

18 

20 

24 

28 

30 

34 

38 

5 

/ 

13 

18 

21 

26 

2e 

34 

39 

42 

47 

6 

10 

16 

20 

26 

30 

36 

40 

46 

50 

56 

7 

12 

19 

24 

2e 

36 

41 

48 

53 

5/ 

65 

8 

14 

20 

28 

34 

40 

48 

54 

60 

68 

74 

9 

16 

23 

30 

39 

46 

53 

60 

69 

76 

83 

/ 

18 

26 

34 

42 

50 

5/ 

68 

76 

84 

92 

e 

1/ 

29 

38 

47 

56 

65 

74 

83 

92 

t\ 

Multiplication 
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Each  result  can  be  checked  by  reconverting  to  the  decimal  system.  The  ternary 
product  is  equal  to  1458  +  243  +  81  +  54  =  1836,  and  the  quinary  product  is 
equal  to  1250  +  500  +  75  +  10  +  1  =  1836. 

The  standard  procedure  or  algorithm  of  dividing  one  natural  number  by 
another  is  again  justified  by  expressing  the  various  constituent  parts  of  the 
total  array  in  terms  of  powers  of  the  base. 

Example  4.  Use  the  laws  of  real  numbers  to  justify  the  following  formal  pro- 
cedure for  dividing  1955  by  23  (in  decimal  notation).  Then  perform  the  same 
division  in  the  systems  with  base  nine  and  base  seven. 

85 


23)1955 
184 
~Il5 

ilution.     1955  =  184-10  +  115 

115. 

=  23-80  +  23-5 

=  23(8-10  +  5)  = 

=  23-85. 

ith  base  nine  and  base  seven  the  divisions  become: 

104 

151 

25)2612 

25 

32)5462 

32 

112 

226 

112 

223 

32 

32 

Base  nine 

Base  seven 

Example  5.  Write  out  the  addition  and  multiplication  tables  for  the  duodecimal 
system,  using  t  and  e  for  ten  and  eleven,  respectively.  Then  perform  the  multi- 
plication 285  x  562  =  160,170  (base  ten)  by  converting  to  the  duodecimal  system, 
and  check. 

Solution.  The  addition  and  multiplication  tables  (with  0  omitted  from  the 
addition  table  and  with  0  and  1  omitted  from  the  multiplication  table)  are  on  the 
opposite  page. 

Conversion  of  the  factors  in  the  product  to  the  duodecimal  system  takes 
the  form,  in  decimal  notation : 

12)285  Remainders  12)562  Remainders 

12  )23                 9  12  )46               10 

12    )1               11  12    )3               10 

0                 1,  0                 3, 
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so  that  the  problem  in  duodecimal  notation  is  to  perform  the  multiplication 
le9  x  3tt: 

U9 
3tt 
1796 
1796 
5e3 


78,836. 

To  check  the  result  we  convert  it  back  to  the  decimal  system:  7-124  +  8-123 
+  8-122  +  3-12  +  6  =  7-20736  +  8-1728  +  8-144  +  3-12  +  6  =  145,152  + 
13,824  +  1152  +  36  +  6  =  160,170. 

1203.  TERMINATING  DECIMALS 

The  rational  numbers  of  the  form  p/l0q,  where  p  is  an  integer  and  q  is  a 
nonnegative  integer  are  called  decimal  rationals,  decimal-rational  numbers, 

or  decimal  fractions.  If  p  is  a  positive  integer  less  than  10*,  then/?/10e  is  a 
decimal  fraction  between  0  and  1 .  In  notational  systems  other  than  decimal 
the  terminology  is  similar.  For  example,  in  the  binary  system  one  speaks  of 
binary  rationals,  binary-rational  numbers,  and  binary  fractions. 

Since  computational  and  numerical  work  calls  for  approximations  by 
finite  decimal  expansions  (and  by  similar  expansions  with  bases  other  than 
ten)  the  following  theorem  is  important  (cf.  §  904  for  the  definition  of 
denseness) : 

Theorem  I.  The  decimal  rationals  are  dense  in  &,  and  similarly  for  bases 
other  than  ten. 

Proof.  Let  x  and  y  be  any  real  numbers  such  that  x  <  y,  let  q  be  a  positive 
integer  such  that  -  <  y  —  x,  and  let  p  be  an  integer  such  that 

P   ^       ,     1 
x  <  —  ^  x  H <  y. 

10*  10* 

The  remaining  ideas  of  the  proof  of  Theorem  I,  §  904,  including  the  existence 
of  both  q  and/?,  apply  to  the  present  proof  since  1/109  <  \\q. 

Since  decimal  expansions  of  negative  numbers  can  be  immediately  obtained 
from  decimal  expansions  of  positive  numbers,  and  since  any  positive  number 
that  is  not  an  integer  can  be  expressed  as  the  sum  of  a  nonnegative  integer  and 
a  positive  number  less  than  1 ,  we  shall  concentrate  principally  on  the  problem 
of  obtaining  decimal  representations  for  numbers  a  satisfying  the  inequalities 
0  <  a  <  1 .  In  the  present  section  we  consider  the  decimal  rationals  in  the 
interval  (0,  1). 


di        do 

d* 

dm 

—  +—,  +  • 

'+—,+  • 

10       102 

10* 

1Qm 
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Notation.     The  symbol  .d±d2  •  •  •  dm  denotes  the  sum 

(1)  c 

where  the  coefficient  or  digit  dk  is  a  nonnegative  integer  less  than  10,  for 
k  =  1 ,  2,  •  •  • ,  m,  and  where  dm  ^=-  0. 

Any  sum  of  the  form  (1)  or,  more  generally,  any  nonnegative  integer  or  a 
nonnegative  integer  plus  a  sum  of  the  form  (1)  is  called  a  terminating  decimal. 

Theorem  II.  Every  terminating  decimal  of  the  form  (1)  is  a  decimal  fraction 
less  than  1.  Conversely,  every  decimal  fraction  a  between  0  and  1  can  be 
uniquely  represented  as  a  terminating  decimal  in  the  form  (1).  The  digit  dk  in 
(1)  is  equal  to  the  units  digit  of  the  nonnegative  integer  [10fc#]  for  k  =  1, 
2,  •  •  •  ,  m. 

Proof  Every  positive  number  of  the  form  (1)  is  clearly  a  positive  integer 
divided  by  10w  (take  a  common  denominator).  That  any  such  number  a  is 
less  than  1  follows  from  the  inequalities  (cf.  proof  of  the  Theorem,  §  1201,  and 
Theorem  II,  §314): 


A=!(1  +  ...+  (±p)=1_(±) 

10m      10  \  \10/       /  \10/ 


«*£+... -I      -f>  ^    i  (±1   I  s  (if 


Conversely,  let  /?/10s  be  a  decimal  fraction  between  0  and  1,  where  /?  is  a 
positive  integer  between  0  and  109.  Then  (§  1201)/?  has  a  representation  of 
the  form  £La+110s_1  +  •  •  •  +  d0.  Division  by  10ff,  and  a  change  in  notation, 
gives  a  terminating  decimal  in  the  form  (1).     If 

a  _di    ■     d2     I    ...    I     ***»  =  _£l  _L_  _fs     .    . . .    .   _£r 
10       102  10w       10       102  10r* 

where  the  t/'s  and  e's  are  decimal  digits,  dm  ^  0,  en  ^  0,  and  m  ^  r,  then 
multiplication  by  10r  gives 

rfl10r-1  +  ^/210r-2  +  •  •  •  +  ^m10r-m  =  e^O"-1  +  •  •  •  +  er. 

By  the  Theorem,  §  1201,  this  representation  is  unique  (m  =  r,  and  dk  =  ek 
fork=  1,  2,  •  •  •  ,  m).     Finally,  for  any  k  =  1,  2,  •  •  • ,  m, 

10ka  =  10*"1  d1  -+  •  •  •  +  104-i  +  4  +  —  +  ••'  +  -^2L-  • 

1  10  10w_fc 

As  in  the  proof  of  the  Theorem,  §  1201,  dk  is  the  units  digit  of  [\0ka]. 

Example.    Find  the  terminating  expansion  with  base  six  for  the  rational  number 
whose  decimal  notation  is  47/144. 

Solution.     Since  144  =  24-32  we  first  multiply  numerator  and  denominator  of 
47/144  by  32  =  9  in  order  to  get  a  denominator  that  is  a  power  of  6:  -^^  =  -&£$. 
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We  next  express  the  numerator  423  in  terms  of  powers  of  6: 

6)423  Remainders 
6p70  3 

6)~TT  4 

6)~T  5 

0  1. 

In  decimal  notation,  423  =  163  +  5-62  +  4-6  +  3.     In  the  system  with  base  six, 
the  original  fraction  takes  the  form 


1,543 
10,000 


.1543. 


1204.  INCREASING  SEQUENCES 

The  concepts  of  finite  sequence,  infinite  sequence,  decreasing  sequence,  and 
strictly  decreasing  sequence  were  introduced  in  §§313  and  316.  In  the 
present  chapter  we  shall  be  interested  in  reversing  inequalities,  and  in  studying 
increasing  sequences,  as  defined  below.  It  should  be  noted  that  decreasing 
and  increasing  sequences  are  special  instances  of  the  more  general  notions  of 
decreasing  and  increasing  functions  discussed  in  §  1003. 

In  the  remaining  sections  of  this  book  the  single  word  sequence,  unless 
modified  by  the  adjective/z/i zte,  should  be  interpreted  to  mean  infinite  sequence. 
All  sequences  under  consideration  in  this  chapter  are  infinite  sequences  of  real 
numbers. 

Definition  I.  A  sequence  {aTC}  is  increasing]  if  and  only  if  an  <  cin+1for 
every  natural  number  n.  A  sequence  {an}  is  strictly  increasing  if  and  only  if 
an  <  an+1  for  every  n.  A  sequence  is  bounded,  bounded  above,  or 
bounded  below,  if  and  only  if  the  set  of  all  of  its  values,  or  terms,  is 
bounded,  bounded  above,  or  bounded  below,  respectively. 

Note.  An  increasing  sequence  is  always  bounded  below  by  its  first  term.  There- 
fore, an  increasing  sequence  is  bounded  if  and  only  if  it  is  bounded  above. 

Example  1.  Of  the  sequences  of  Examples  2,  §  313,  (6)  and  (8)  are  increasing, 
but  only  (6)  is  strictly  increasing;  (7),  (8),  (9),  and  (1 1)  are  bounded;  all  are  bounded 
below,  but  (6)  and  (10)  are  not  bounded  above. 

Examples  2.    The  following  are  examples  of  strictly  increasing  bounded  sequences : 

(1)  .3,.33,.333;...;i{l-(l)j---; 

(2)  .1,  .14,  .141,  .1414,  .14141,  .141414,  •  •  • ,  an,  •  •  • , 

t  An  increasing  sequence  is  also  called  a  monotonically  increasing  sequence,  or  a  non- 
decreasing  sequence. 
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where  a7 


sl1"^)  )ifwiseven- 


Definition  II.  ^4  bounded  increasing  sequence  is  said  to  converge,  or  be 
convergent,  and  to  have  as  limit  the  supremum  or  least  upper  bound  of  its 
values.     This  is  written : 

(3)  lim  an  =  a,  or  an  ->  a  as  n  ->  +  oo, 

n-*  +  oo 

where 

(4)  a  =  sup  {alt  a2,  •  •  • ,  an9  •  •  ■}. 

v4rc  increasing  sequence  that  is  not  bounded  is  said  to  diverge,  or  be  divergent; 
it  is  also  said  to  fail  to  converge  or  be  convergent. 

The  justification  for  the  terminology  and  notation  of  the  preceding  defini- 
tion is  given  by  the  following  theorem. 

Theorem.  If  {an}  is  a  bounded  increasing  sequence,  and  if  a  =  sup  {al9  a2, 
-  •  • ,  an,  -  -  •},  then 

(5)  an^  a,    for    n  =  1,  2,  •  •  ■'. 

If,  in  addition,  {an}  is  strictly  increasing,  then 

(6)  an  <a,    for    n ;=  1,  2,  ••  • . 

«  —  e                              a  +  e 
I I I I      JU     I    I  Mill L_ 


fH 


ai  a2  az  an       a 

FIG.  1201 

Furthermore,  if  {an}  is  a  bounded  increasing  sequence  and  if  e  is  an  arbitrary 
positive  number,  there  exists  a  corresponding  natural  number  N  such  that  the 
inequality  n  >  N  implies 

(7)  an  >  a  -  e, 
and  therefore,  in  conjunction  with  (5) : 

(8)  a  -  e  <  an  <  a  +  e,     or     \an  -  a\  <  e. 

(Cf.  Fig.  1201.) 

Proof.  The  inequality  (5)  follows  from  the  fact  that  a  is  an  upper  bound 
of  the  set  of  all  terms  of  the  sequence.  To  prove  (6),  assume  that  equality 
holds  for  some  term :  am  =  a.  Then  for  n  ==  m  +  1,  an  =  am+1  >  am  =  a, 
in  contradiction  to  (5).     Since  a  is  the  least  upper  bound  of  {ax,  a2,  •  •  •}, 
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and  a  —  €  <  a,  a  —  e  is  not  an  upper  bound  of  {av  a2,  •  •  •}.  Consequently, 
there  must  exist  a  term  aN  greater  than  a  —  e:  aN  >  a  —  e.  Therefore, 
n  >  N  implies  an  S>  aN  and  hence  an  >  a  —  e.  The  equivalence  of  the 
inequalities  in  (8)  is  a  consequence  of  part  IV  of  Theorem  I,  §  804,  with 
x  =  an  —  a. 

Example  3.     Show  that  the  sequence 

12    3  n 

(9) 


2'3'4'         '  n  +  1' 

is  strictly  increasing  and  bounded,  and  find  its  limit. 

Solution.     If  an  =  nf(n  +  1),  then  an+1  =  (n  +  l)/(«  +  2)  and  the  inequality 
an  <  an+1  is  equivalent  to  the  inequality 

(n  +  1)(«  +  2)  <  ^— -  («  +  l)(w  +  2), 


«  +  1  «  +  2 

or«2  +  2«  <«2  +  In  +  1,  which  is  true  for  all  n.  This  establishes  the  fact  that 
the  sequence  (9)  is  strictly  increasing.  It  is  obvious,  since  n  <  n  +  1,  that  1  is  an 
upper  bound  for  the  terms  of  (9).  To  show  that  1  is  the  least  upper  bound  it  is 
necessary  only  to  show  that  no  number  less  than  1  can  be  an  upper  bound.  Ac- 
cordingly, assume  that  b  is  a  number  less  than  1  that  is  an  upper  bound  of  (9).  Our 
objective  is  to  find  a  positive  integer  n  such  that  nj(n  +  1)  >  b,  and  thus  find  a 
contradiction  to  the  assumption  that  b  <  1.  The  inequality  n/(n  +  1)  >  b  is 
equivalent  to  n  >  nb  +  b  which,  in  turn,  is  equivalent  to  n(l  —  b)  >  b.  Since 
1  —  b  >  0,  the  solutions  of  this  last  inequality  are  all  positive  integers  n  such  that 
n  >  b/(l  —  b).  Since  such  positive  integers  exist  (Corollary  I  to  Theorem  I,  §  903) 
the  desired  contradiction  is  obtained. 

Example  4.  Prove  that  if  {mn}  is  any  strictly  increasing  sequence  of  positive 
integers,  then  mn  ^  n  for  every  n.  Conclude  that  every  strictly  increasing  sequence 
of  integers  is  unbounded. 

Solution.  Let  P(n)  be  the  proposition  mn  ^  n.  Then  P(l)  is  true  since  1  is  the 
least  positive  integer.  Assuming  P{n)  to  be  true  for  the  particular  positive  integer  «, 
we  wish  to  establish  the  truth  of  P(n  +  1);  that  is,  we  wish  to  show  that  the  in- 
equality mn  >  n  implies  the  inequality  mn+1  ^  n  +  1 .  Since  {mn}  is  strictly 
increasing,  mn+1  ^mn  +  l  2>  n  +  1 .  Finally,  if  {an}  is  a  strictly  increasing 
sequence  of  integers,  let  bn  =  an  —  ax  +  1 .  Then  {bn}  is  a  strictly  increasing 
sequence  of  positive  integers,  and  bn  ^  n.  Therefore,  an  ^  n  +  ax  —  1,  and  since 
the  set  of  all  positive  integers  is  unbounded  above,  so  is  the  sequence  {an}. 

1205.  INFINITE  SERIES  OF  NONNEGATIVE  TERMS 

Let  {an}  be  a  sequence  of  nonnegative  real  numbers,  and  form  a  new 
sequence  called  the  sequence  of  partial  sums  of  {an}: 

(1)  sn  =  a1-\-a2^r-"  +  an9n==l92,'-' 
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The  original  sequence,  then,  is  called  an  infinite  series,  or  series,  and  is 
denoted  Y*an,  or: 

+  00 

(2)  J  an  =  al  +  a2  H +■«»  +  •••. 

W  =  l 

The  terms  of  a  series  2>an  are  the  numbers  «n,  n  =  1 ,  2,  •  •  •  .  Since  <2TC  ^  0 
for  every  «,  sn+1  2>  jn  for  every  n,  and  the  sequence  {.yTC}  of  partial  sums  of  Han 
is  an  increasing  sequence.  If  {sn}  is  bounded,  its  limit  s  =  sup  {j1?  s2,  •  •  •}  is 
called  the  sum  of  the  infinite  series  San,  with  the  notation : 

+  oo 

(3)  S  =  J  an  =    2    fln  =  Gl  +  fl2  +   •  •  '   +  an  +   '  *  *  • 

In  this  case  the  series  Han  is  said  to  be  convergent,  and  to  converge  to  s. 
If  {sn}  is  unbounded  the  series  Han  is  said  to  diverge  or  to  be  divergent. 

For  the  sake  of  emphasis,  let  us  extract  the  following  statement  from  the 
preceding  paragraph : 

Theorem  I.  A  series  of  nonnegative  terms  converges  if  and  only  if  its  partial 
sums  are  bounded. 

A  useful  basic  theorem  concerning  series  of  nonnegative  terms  is  the 
comparison  test. 

Theorem  II.  Comparison  Test.  If  1uan  and  Hbn  are  series  of  nonnegative 
terms,  if  an  <  bn  for  every  n,  and  if  Hbn  converges,  then  2a „  converges  too. 
In  this  case,  if  s  =  Y*an  and  t  =  2&n,  then  s  ^  t. 

Proof  Let  {sn}  and  {tn}  be  the  sequences  of  partial  sums  of  the  series 
Ttan  and  2&n,  respectively.  The  equality  an  <  bn  implies  immediately  the 
inequality  sn  ^  tn,  for  all  n.  Therefore,  if  Hbn  converges,  {tn}  is  bounded 
and  {sn}  must  be  bounded  too.  Consequently,  ^an  converges.  To  show 
that  s  ^  t,  assume  s  >  t,  and  let  e  =  s  —  t  >  0.  By  the  Theorem,  §  1204, 
applied  to  the  sequence  {sn}  there  exists  a  number  N  such  that  n  >  N  implies 
sn  >  s  —  e  =  t  and  hence  tn  ^  sn  >  t.  But  this  is  in  contradiction  to  the 
inequality  tn  ^  t  (cf.  (5),  §  1204). 

Example.     Show  that  the  series 

111  1 

<4>  Ji  +  2"2  +  32  +  *  '  '  +  -2  +  '  '  * 

converges. 

Solution.    Consider  the  two  related  series: 

(5)  2««=4  +  i+  •■  +  ^TI^  +  "-' 


(6)  1K=-X 


1       1  1 

•2       2-3  «(«  +  1) 
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These   are   series   of  positive   terms,   and  an  <  bn  for  every   n.     Furthermore, 

*i  +  -  +  *.-.(i-5).+  (5-5)  +  (5-J)+-  +  (--r^) 


1  1 


1       n  +  1       n  +  1 

Since  the  sequence  of  partial  sums  of  2&n  is  that  of  Example  3,  §  1204,  the  series 
^£bn  converges.  Consequently,  by  the  comparison  test  (Theorem  II),  the  series ^an 
converges.  If  u  denotes  any  upper  bound  for  the  partial  sums  of  series  (5),  u  +  1  is 
an  upper  bound  for  the  partial  sums  of  the  series  (4).  Since  these  partial  sums  are 
bounded,  the  series  (4)  must  converge. 

1206.  GEOMETRIC  SERIES 

A  series  of  the  form 

(1)  a  +  ar  +  ar2  +  •  •  •  +  ar71-1  +  •  •  • 

is  called  a  geometric  series  with  first  term  a  and  common  ratio  r.  Although 
much  interest  attaches  to  the  series  (1)  for  all  a  and  for  all  r  between  —  1  and  1, 
we  shall  be  interested  in  this  series  only  for  the  following  values  of  a  and  r : 
a>0,  0<r  <  1. 

Theorem  I.     Ifa>0  and  0  <  r  <  1,  the  geometric  series  (1)  converges  to 
the  sum  aj{\  —  r): 

(2)  — ^—  =  a  +  ar  +  ar2  +  •  •  •  +  ar71'1  +  •  •  •  . 
1  —  r 

Proof.     If  sn  designates  the  partial  sum  of  the  first  n  terms  of  (1)  then  by 
the  formula  for  the  sum  of  definite  geometric  sequence  (Theorem  II,  §  314): 

(3)  sn  =  a{\  +  r  +  •  •  •  +  r"-1)  =  a  1-^-  < 


1 - r        i-r 

and  we  see  that  aj{\  —  r)  is  an  upper  bound  for  {sl9  s2,  •  •  •}.     To  show  that 

aj{\  —  r)  is  the  least  upper  bound  of  this  set,  assume  that  there  exists  an  upper 

a  a 

bound  b  less  than  al(\  —  r)  and  define  e  = b  so  that  b  = e. 

1  —  r  1  —  r 

Then  for  every  positive  integer  n : 

sa\  \  —  rn  ^      a  n  *    e(l  —  r) 

(4)  a < e,     or     rn  ^ 

1  —  r        1  —  r  a 

This  means  that  the  set  {r,  r2,  r3,  •  •  •  ,  rn,  •  •  •}  has  a  positive  lower  bound. 
Let  p  designate  the  greatest  lower  bound  of  this  set,  so  that  rn  ^  p  >  0  for 
every  positive  integer  n.     This  implies  that 

(5)  r"-1  2>  £  >  p  >  0, 
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for  every  positive  integer  n,  and  as  a  consequence,  rn  ^  pjr.  But  this  means 
that  pjr  is  a  lower  bound  of  the  set  {r,  r2,  r3,  •  •  • ,  rn,  •  •  •}  greater  than  the 
greatest  lower  bound !     With  this  contradiction  the  proof  is  complete. 

Example  1.    Find  the  sum  of  the  geometric  series 

98  +  42  +  18  +  *£  +  •  •  •  +  98(f)"-1  +  •  •  •  . 

Solution.     Since  a  =  98  and  r  j=  f ,  the  sum  is 

98  7  343 

98  =  —  =  17U. 


1  —  f      4  2 

A  useful  extension  of  the  result  in  Theorem  I  is  the  following: 

Theorem  II.     If  c  is  any  number,  ifa>0  and  if0<r<l,  then  the  series 

(6)  c  +  a  +  ar  +  ar2  +  •  •  •  +  arn~2  +  •  •  •     (n  >  1) 


converges  to  the  sum  c  + 

1     A 

Proof.  If  /TC  denotes  the  partial  sum  of  n  +  1  terms  of  (6),  and  if  sn  denotes 
the  partial  sum  of  n  terms  of  (1),  as  in  the  proof  of  Theorem  I,  then  tn  — 
c  +  sn  for  n  —  1,  2,  •  •  • .  If  s  =  #/(l  —  r),  then  sn  <  s  for  every  «,  rn  < 
c  +  s  for  every  «,  and  therefore  the  series  (6)  converges  and  has  a  sum 
t  ^  c  +  s.  On  the  other  hand,  the  inequality  tn  <  t  implies  sn  <  t  —  c  for 
every  n,  and  hence  s  ^  t  —  c,  or  £  >  c  +  5".  Therefore  t  =  c  -\-  s,  as 
desired. 

Example  2.    The  series 


^  +  98  +  42  +  18  +  sa  + 


with  terms  continuing  as  in  Example  1  converges  and  has  sum  equal  to  ^-  +  ^f^ 
200. 


1207.  CANONICAL  DECIMAL  EXPANSIONS 

For  reasons  outlined  in  §  1203  we  shall  limit  our  considerations  of  decimal 
expansions  to  those  for  positive  numbers  less  than  1.  We  start  by  defining 
the  symbol  .d^d2  '  *  •  dn  •  •  •  : 

Definition  I.  The  symbol  .d^d2  ■  *  ■  dn  •  ■  • ,  where  the  coefficient  or  digit 
dn  is  a  nonnegative  integer  less  than  10,  for  n  =  1,  2,  •  •  •  ,  is  called  a  decimal 
expansion,  and  is  an  abbreviation  for  the  infinite  series: 

w  1  2         n  10      102  10" 

If  only  a  finite  number  of  the  digits  are  nonzero  the  decimal  expansion  (1)  is 
terminating  (cf.  §1203);  otherwise,  if  infinitely  many  digits  are  nonzero, 
the  decimal  expansion  (1)  is  nonterminating. 
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Our  first  main  problem  is  to  show  how  a  decimal  expansion  can  be  obtained 
for  an  arbitrary  given  positive  number  less  than  1,  and  to  prove  that  this 
decimal  expansion  converges  to  the  given  number. 

Theorem  I.  If  a  is  any  positive  number  less  than  1 :  0  <  a  <  1,  and  if  dn  is 
the  units  digit  of  the  nonnegative  integer  [\0na],  for  n  =  1,  2,  •  •  • ,  then  the 
infinite  series  .dxd2  *  *  *  dn  •  •  •  converges  to  a: 

(2)  a  =  .d1d2--dn---. 

If  sn  denotes  the  partial  expansion  or  partial  sum  of  (2):  sn  =  .dxd2  •  •  •  dn, 
then  sn  satisfies  the  inequalities 

(3)  a <  sn^  a, 

forn  =  1,2,  •••. 

Proof  Let  P(ri)  designate  the  assertion  of  the  inequalities  (3)  for  the  natural 
number  n.  Then  P(l)  is  true  since  0  <  a  <  1  implies  0  <  10a  <  10,  and 
hence  0  <  [10a]  ^  10a  <  10.     Since,  for  any  real  number  x,  x  —  1  <  [x]  ^ 

x,  10a  —  1  <  a\  =  [10a]  ^  10a,  and  hence  a  —  —  <  s±  =  -^-^  a.    Assuming 

the  truth  of  P(n)  for  a  particular  natural  number  «,  we  wish  to  establish  the 
truth  of  P(n  +  1).  Since  10n+1.yTO  is  an  integer  divisible  by  10,  the  units  digit 
of  [10n+1a]  is  the  same  as  the  units  digit  of  [10w+1(a  —  sn)].     Furthermore, 

from   the   inequalities    a  —  — -  <  sn  ^  a,    we    immediately   deduce   0  ^ 

10n+1(a  -  sn)  <  10,  so  that  dn+1  =  [\0n+1(a  —  sn)].  Again  using  x  —  1  < 
[x]  ^  x,  we  conclude   \0n+1(a  —  sn)  —  1  <  dn+1  ^  10n+1(a  —  s J,  or  a  — 

T7TT-,  <sn  +  ttt^j  ^  a-     Witn  tnis.  tne  trutn  of  P(n  +  1)  is  established. 

Therefore  (3)  holds  for  all  natural  numbers  n.  Since  inequalities  (3)  imply 
in  particular  that  the  partial  sums  of  (2)  are  bounded,  the  convergence  of 
.d±d2  •  •  •  dn  •  •  •  follows.  We  also  know  that  if  s  is  the  sum  of  the  series 
.d±d2  •  -  -  dn  •  •  • ,  then  (from  (3)  again)  s  ^  a.  It  only  remains  to  show  that 
the  inequality  s  <  a  is  impossible  and  that  the  equality  of  (2)  must  obtain. 
Assuming  s  <  a  would  force  us,  as  a  consequence  of  the  first  inequality  of  (3) 

and  the  inequality  sn  ^  s  of  (5),  §  1204,  to  the  conclusion  that  a  —  —  <  s 

1  1QW 

for  all  natural  numbers  n.     But  this  would  mean  that  — —  is  always  greater 

than  the  positive  number  a  —  s,  and  consequently  that  every  natural  number 
n  must  satisfy  the  inequalities  n  <  10n  <  l/(a  —  s).  Since  the  natural 
numbers  are  not  bounded  (cf.  §  903),  the  desired  contradiction  has  been 
reached  and  the  proof  is  complete. 

We  have  found  in  §§  1201  and  1203  that  any  terminating  decimal  expansion 
is  unique.     To  what  extent  does  this  uniqueness  carry  over  to  decimal 
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expansions  in  general?  The  answer  (such  as  it  is)  is  "most  of  the  way." 
The  following  example  indicates  the  nature  of  the  nonuniqueness  when  it 
occurs. 

Example  1.     Show  that 

(4)  .24000  •  •  •  =  .23999 

where  the  dots  indicate  repeated  0's  and  9's. 

Solution.  By  Theorem  II,  §  1206,  since  the  second  decimal  expansion  of  (4)  is  an 
infinite  series  of  the  form  c  +  a  +  ar  +  •  •  •  +  arn~2,  where  c  =  .23,  a  =  .009,  and 
r  =  .1,  it  has  a  sum  equal  to  c  +  a/(l  -  r)  =  .23  +  .009/.9  =  .24. 

The  same  technique  as  that  used  in  the  solution  of  Example  1  shows  that 
any  decimal  expansion  with  solidly  repeating  9's  is  equal  to  a  terminating 
decimal : 

Axd2  •  •  •  dn999  •••  =  .dxd2  '-(dn+  1), 

where  dn  <  9.  If  we  rule  out  such  atypical  expansions,  we  can  establish 
uniqueness.     We  begin  with  the  definition : 

Definition  II.     The  decimal  expansion 

(5)  Axd2  -  •  dn-  - 

is  canonical  if  and  only  if  the  inequality  dn  <  9  holds  for  infinitely  many 
subscripts  n. 

Concerning  the  expansions  given  by  Theorem  I  we  have  the  theorem: 

Theorem  II.  IfO  <  a  <  1  and  if  dn  is  the  units  digit  of  [\0na],  for  n  —  1, 
2,  •  •  •  ,  then  the  expansion  a  =  .dxd2  •  •  *  dn  •  •  ■   is  canonical. 

Proof  If  a  =  .d±d2  •  •  •  dn999  ' '  ' ,  then  a  =  ,dxd2  •  • ■■•  {dn  -f-  1),  and  a  is 
equal  to  a  decimal  rational.  In  this  case,  by  §  1203,  its  decimal  expansion,  as 
prescribed  by  the  rule  for  dn  stated  above,  terminates.  This  is  the  desired 
contradiction. 

A  converse  to  Theorem  II  is  the  following : 

Theorem  III.  If  .d±d2  •  •  •  dn  •  •  •  is  a  canonical  decimal  expansion,  if  not 
every  digit  dn  is  equal  to  0,  and  if  a  is  its  sum,  then  0  <  a  <  1 . 

Proof  The  inequality  a  >  0  is  obvious.  Let  m  be  the  least  subscript  such 
that  dm  ^  8.  Then  a  ^  .dxd2  '  '  '  dm999  •  •  •  .  This  last  decimal  expansion, 
by  Theorem  II,  §  1206,  with  c  =  .dxd2  •  •  •  dm,  a  =  .00  •  •  •  09,  and  r  ■==  .1,  is 
equal  to  .dxd2  •  •  •  (dm  +  1)  ^  .d±d9  ■  •  •  dm_x9  <  1. 

Every  positive  number  less  than  1  has  a  unique  canonical  decimal  expansion. 
In  precise  terms : 

Theorem  IV.     IfO  <  a  <  1,  and  if  .d±d2  •  ■  •  dn  •  • «  and  .e1e2  •  •  •  en  •  •  •  are 
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two  canonical  decimal  expansions  whose  sums  are  both  equal  to  a : 
(6)  a  =  .dxd2  •  -  -  dn  •  •  •  =  .exe2  •  ■  •  en  •  •  •  , 

then  dn  =  en  for  every  n  =  1 ,  2,  •  •  •  . 

Proof.  Let  k  be  the  least  subscript  such  that  dk  ^  ek,  and  assume  that 
the  notation  is  such  that  dk  <  en.  Now  let  m  be  the  least  subscript  greater 
than  k  such  that  dm  <  8.  Then,  by  the  same  process  as  that  used  in  the 
proof  of  Theorem  III,  we  see  that  ,dxd%  •  •  •  dk  •  •  •  dm_1  dm  •  •  •  ^  .d±d2  •  *  * 
dk  '  •  •  dm_x9  <  .d±d2  •  •  •  4-i(<4  +  1)  ^  .^2  '  '  *  ^*-A  ^  ^1^2  •■•«»-/•■ 
In  other  words,  a  <  a.    This  contradiction  establishes  the  desired  uniqueness. 

As  a  corollary  to  Theorem  IV  we  have : 

Theorem  V.  There  is  a  one-to-one  correspondence  between  the  points  of  the 
half-open  interval  [0,  1)  (that  is,  the  numbers  a  such  that  0  ^  a  <  1)  and  all 
canonical  decimal  expansions  .dxd2  •  •  •  dn  •  •  •  (that  is,  all  sequences  of  digits 
dn  =  0,  1,  2,  •  •  • ,  9  swc/z  7to  infinitely  many  of  the  digits  are  different  from  9). 

Proof  Every  canonical  expansion  .^t/g '  ' '  dn'  '  '  converges  to  a  number 
a  such  that  0  ^  0  <  1,  and  every  number  a  such  that  0  ^  0  <  1  determines 
a  unique  canonical  expansion  .d±d2  •  •  •  dn  •  •  •  that  converges  to  a. 

1208.  INFINITE  DIVISION  ALGORITHM 

In  order  to  obtain  the  canonical  decimal  expansion  for  a  rational  number, 
like  9/13  (decimal  notation),  the  customary  procedure  is  to  divide  9  by  13  in 
much  the  same  style  as  one  would  divide  a  positive  integer  by  a  divisor, 
except  that  in  the  case  of  9/13,  the  process  continues  without  end.  Does  this 
actually  give  the  canonical  expansion,  and  if  so  why  ?  Let  us  take  a  good  look 
at  this  example  and,  in  this  way,  see  why  the  method  is  perfectly  valid  in 
general.     The  division  process,  or  algorithm,  for  9/13  is: 

69230769  •  •  • 
13  )9.00000000 
78 
T20 
117 
~~ 30 
26 
~40 
39 


100 
9L 

To 

78 
120. 
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Let  us  look  at  the  first  five  digits,  dx,  d2,  ds,  d^  and  d5  of  the  canonical 
expansion,  and  see  that  they  are,  indeed,  6,  9,  2,  3,  and  0,  respectively.  To 
find  dl9  we  first  seek  [10  •  A]  =  [ff]  =  [6\%]  =  6.  Hence  dx  is  equal  to  the 
units  digit  of  6  =  6.  To  find  </2  we  compute  [102  •  -&]  =  [Wl  =  [69A]  = 
69,  whose  units  digit  is  9.  For  d3,  [103  •  A]  =  [-?p]  =  [692A]  =  692,  with 
a  units  digit  of  2.  Finally,  for  d±  and  d5,  we  have  the  units  digits  of  [— A— ]  = 
[6923-I3-]  and  [90;°00]  =  [69230H]  -  69230,  so  that  d4  =  3  and  ^/5  =  0. 

The  reader  may  wish  to  carry  through  the  details  on  other  examples  in 
order  to  convince  himself  that  the  infinite  division  algorithm  illustrated  by 
the  example  of  9/13  is  universally  justified. 

1209.  REPEATING  DECIMALS 

In  the  example  of  §  1208,  it  is  clear  after  momentary  inspection  that  the 
digits  692  •  •  •  have  begun  to  repeat  themselves  in  a  cycle  of  6,  and  that  the 
decimal  expansion  of  9/13  is 

(1)  A  =  692307692307692307692307  •  •  • 

It  does  not  take  long  to  discover  why  such  a  cyclic  repetition  must  take  place 
if  we  look  at  the  successive  remainders  after  division:  12,  3,  4,  1,  10,  9,  12,  3, 
4,  •  •  •  .  Unless  the  remainder  turns  out  to  be  0 — in  which  case  the  decimal 
terminates — there  are  finitely  many  nonzero  remainders  possible,  namely 
1,  2,  3,  •  •  • ,  12.  Therefore  the  length  of  any  possible  sequence  of  divisions 
without  a  repeated  remainder  can  be  at  most  12.  Thus  a  repeated  remainder 
must  occur,  and  the  division  cycle  repeats  itself. 
Let  us  try  another  example,  87/110: 

.7909  •  •  • 


110    87.0 
77  0 


10  00 
9  90 


1000 
990. 


It  is  evident  from  this  division  that 

(2)  £L  =  .79090909090  •  •  • 

We  notice  that  the  cyclic  repetition  in  this  case  starts  with  the  second  digit 
(not  the  first)  and  continues  in  a  cycle  of  2. 

The  restriction  of  our  considerations  to  positive  numbers  less  than  1  has 
been  for  convenience  of  notation  only,  as  brief  reflection,  and  an  illustrative 
example  or  two,  will  show.     Division  by  a  power  of  10  in  the  denominator 
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serves  to  transform  a  fraction  greater  than  1  to  one  less  than  1 ;  a  corre- 
sponding shift  of  the  decimal  point  completes  the  story.  To  illustrate  with 
87/11: 

7.909  •  •  • 
11     87 
77 


100 
99 


100 
99. 

Comparison  with  the  preceding  example  shows  that  no  further  justification 
is  needed. 

If  we  define  a  repeating  decimal  to  be  either  a  terminating  decimal  (with 
repeating  0's)  or  a  nonterminating  decimal  with  a  cyclic  repetition  of  a 
sequence  of  digits,  and  if  we  include  negative  numbers  by  simply  attaching 
negative  signs  to  the  decimal  expansions  of  their  absolute  values,  we  have 
the  result : 

Theorem  I.  Every  rational  number  has  a  repeating  decimal  expansion. 
Equivalently,  every  nonrepeating  decimal  expansion  converges  to  an  irrational 
number. 

The  converse  of  this  is  also  true : 

Theorem  II.  Every  repeating  decimal  expansion  converges  to  a  rational 
number.  Equivalently,  every  irrational  number  has  a  nonrepeating  decimal 
expansion. 

Proof.  We  may  clearly  limit  our  considerations  to  canonical  decimal 
expansions  for  positive  numbers  less  than  1 .  Terminating  expansions  were 
considered  in  §  1203.     Nonterminating  repeating  decimals  have  the  form: 

(3)  .d±d2  •  •  •  dke1e2  •  •  •  epe1e2  •  •  •  epe1e2  •  •  •  ep  •  •  • . 

Since  any  partial  sum  sn  of  (3),  for  n  >  k,  satisfies  an  inequality  of  the  form 
Sk+mp  ^  sn  ^  sk+{m+1)p,    where    k  +  mp  ^  n  £  k  +  (m  +  l)p, 

it  is  sufficient  to  consider  the  limit  of  sk+m3>,  as  m  ->  +  oo.  (This  is  true  since 
sup  {%„,}  ^  sup  {sn}  <  sup  {sk+{m+1)p}  =  sup  {sk+mp}.)  Any  sum  sk+mp  has 
the  form 

(4)  sk+mv  =  c  +  a  +  ar  +  •  •  •  +  arm~\ 

where  c  =  .dxd2  •  •  •  dk,  a  =  10-Jc(.e1e2  •  •  •  ep),  and  r  =  10-J\  Therefore,  by 
Theorem  II,  §  1206, 

s=     lim    sk+mv  =  c  +  - , 

ra->  +  oo  1   —  r 

which  is  a  rational  number.    This  completes  the  proof. 
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We  illustrate  Theorem  II  by  taking  the  decimal  expansions  of  9/13  and 
87/110,  obtained  above,  and  "rediscovering"  the  original  fractions  that 
produced  them.  In  the  case  of  9/13,  with  the  notation  of  the  proof  of 
Theorem  II,  k  =  0,p  =  6,  a  =  .692307,  and  r  =  10"6,  so  that  the  sum  of  the 
infinite  series  in  (1)  is  a  +  ar  +  ar2  +  •  •  •  +  arm~x  +  •  •  •  =  a  (1  —  r)  = 
.692307/.999999  =  692307/999999  =  9/13.  In  the  case  of  87/110,  k  =  1, 
p  =  2,  c  =  .7,  a  =  .090,  and  r  —  10~2,  and  the  infinite  series  in  (2)  becomes 


7  +  .090  +  (.090)10-2  +  (.090)10-4  -\ 

7           .090            7        9 

=  1+1  = 

10       11 

87 

1  -  10"2       10      99 

110 

Notation.  In  the  examples  and  exercises  that  follow,  we  shall  adopt  the 
convention  of  placing  a  horizontal  line  or  bar  over  the  digits  of  a  repeating 
cycle.     Thus,  in  the  examples  already  considered,  we  could  write : 


-A-  -  .692307,    -A-6  =  -790,    and    f{  =  7.90  . 

Example  1.    Show  that  Vl  ^  \A. 

Solution.     Let  b  =  L4  =  1.4141414  •  •  •  .     Then,  with  a  =  \A  and  r  =  10"2, 

c  1.4       140 

b  = =  — -  =  — —  ,  and  b  is  a  rational  number.     On  the  other  hand  (8  905), 

1  -  r       .99        99  5 

V2  is  irrational,  so  V2  7^  b. 

For  further  illustrative  material  we  consider  two  examples  where  the  base 
is  not  ten: 

Example  2.    Find  the  quinary  expansion  of  the  fraction  2/3  and  check. 
Solution.     Repetitive  division  gives 

.313  ••  • 


3)2.0000 
14 
~~ 10 
3 

20 
14 


The  process  has  started  to  repeat ,  so  that  the  quinary  expansion  desired  is  .3131313131 
•  •  •  or  .31.     To  check,  we  use  the  formula  a/ (I  —  r),  where  a  =  .31  and  r  =  .01, 

.,    ,  .31       31       2-13       2 

with  the  result :  —  =  —  =  — —  =  -  . 
.44       44       3-13       3 

Example  3.      What  rational  number  has  the  binary  expansion  .  1 100  ? 
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First  solution.     Using  decimal  notation  we  rewrite  the  binary  expansion  in  the 
form 

i  +  i  +  tti)  +  i(i)2  +  -', 

a 
which  has  the  sum  c  + ,  where  c  =  \t  a  =  J,  and  /-  =  J,  or: 

1  J       _  1       18       1       2       11 

2  +  1  -i  ~2  +  4'l  ~2+7  ~U' 

Second  solution.     With  binary  notation,  the  above  evaluation  takes  the  form: 
.0100  1         10        111+100       1011 

1  +  i  -  .ooi  =  To  +  In  =     mo     =  iTTo  * 

This  result  is  in  agreement  with  the  first  solution  since,  in  the  decimal  system  the 
final  numerator  is  equal  to  8+2  +  1  =11  and  the  denominator  is  equal  to 
8  +  4  +  2  =  14. 


1210.  THE  SQUARE  ROOT  ALGORITHM 

In  this  section  we  shall  examine  the  standard  procedure,  or  algorithm,  for 
obtaining  the  decimal  expansion  for  the  square  root  of  a  given  positive 
number.  Our  main  objective  will  be  to  establish  the  validity  of  this  square 
root  algorithm.  For  simplicity  of  notation  we  shall  limit  our  theoretical 
discussions  to  positive  numbers  less  than  1,  but  for  illustrative  material  we 
shall  feel  free  to  use  arbitrary  positive  numbers,  whether  greater  or  less  than  1 . 
For  any  number  greater  than  1  we  have  only  to  divide  by  a  power  of  100  and 
multiply  the  answer  by  the  same  power  of  10.  For  example,  if  the  expansion 
VX)2  =  -141421  •  •  •  is  justified,  then  we  can  infer  V2  =  1-41421  •  •  •,  V200 
=  14.1421  --^etc. 

Let  us  recall  the  square  root  algorithm  through  an  example,  V.02.  If  we 
wish  to  determine  the  first  6  digits  (to  the  right  of  the  decimal  point),  we  mark 
off  12  digits  in  pairs: 

.02  00  00  00  00  00. 

The  next  step  is  to  find  the  largest  integer  whose  square  does  not  exceed  the 
number  represented  by  the  first  pair,  in  this  case  2,  and  proceed  thus : 

.1 


V.02  00  00  00  00  00. 
1    00 


1  00 
Now  double  the  1  found  on  top,  and  determine  the  largest  digit  d  such  that 
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(10-2-1  +  d)d<  100.     This  digit  is  4,  and  it  is  placed  on  the  top  row: 

.1     4 


V.02  00  00  00  00  00, 

1     00 

24 

1     00 

4 

96 

96 

4    00 

Continuing  in 

this 

manner,  we  have 

24 

.14     14     2     1 

_4  V.02  00  00  00  00  00 

96 

281 
1 
281       2824 
4 


11296 


1 

00 

1 

00 
96 

4 

00 

2 

81 

1 

19  00 

1 

12 

96 

6 

04  00 

5 

65  64 

28282 

2 

56564 

282841  38  36  00 

1  28  28  41 

282841 

We  conclude:  to .6  decimal  places  V.02  =  .141421.  Is  this  correct?  If  so, 
why? 

Let  .dxd2dzd±  •  •  •  d2n_±  d2n  •  •  •  be  the  canonical  decimal  expansion  of  a 
positive  number  a  less  than  1 .  If  rx  is  the  largest  digit  whose  square  does  not 
exceed  \0dx  +  d2,  then 

r2  ^  lQdx  +  d2  <  (ri  +  l)2. 

This  is  equivalent  to  (.r^2  ^  .dxd2  <  (.(rx  +  l))2.  Consequently,  (.r^)2  ^ 
a  <  (-(ri  +  I))2-  (If  equality  held:  a  =  (.(rx  +  l))2,  then  a  would  be  a 
terminating  decimal  and  hence  equal  to  .dxd2 — which  is  less  than  {.{rx  +  l))2.) 
In  other  words, 

.rx  ^Va<  .(/-!  +  1), 

and  rx  is  the  correct  first  digit  of  Va. 
We  next  proceed  by  doubling  rxf  and  determining  the  largest  digit  r2  such 

t  The  reader  should  observe  that  the  doubling  of  r1  is  directly  related  to  the  coefficient  2 
in  the  middle  term  of  the  binomial  expansion  with  exponent  2:  \a  +  b)2  =  a2  +  lab  +  b2. 
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that  (10-2^  +  r2)r2  does  not  exceed  the  difference  between  lO3^  +  \02d2  + 
I0d3  +  </4and  lOO^2: 

(20/i  +  r2)r2  <  lO3^  +  I02d2  +  \0d3  +  d±-  lOO^2 

<  (20^  +  r2  +  1)02  +  1). 

These  inequalities  are  equivalent  to : 

{10*1  +  r2f  <  10H  +  10V2  +  1W3  +  </4 

<  {lOn  +  (r2  +  l)}2, 
or: 

(.r^)2  ^  .dxd2dzd^  <  {.rx{r2  +  l))2. 

We  therefore  have,  as  before, 

{.rxr2f  ^a<  (.rx(r2  +  l))2, 
or: 

.rxr2  ^Va<  .r1(r2  +  1), 

and  r2  is  the  correct  second  digit  in  the  decimal  expansion  of  Va. 

We  could  now  continue  by  mathematical  induction,  but  since  the  notation 
is  cumbersome  and  the  ideas  relatively  elementary,  we  feel  that  it  is  more 
instructive  to  present  the  details  for  the  third  digit  r3,  and  leave  the  induction 
proof  to  any  reader  who  is  sufficiently  interested. 

Accordingly,  we  double  the  number  10^  +  r2,  multiply  by  10,  and  seek 
the  largest  digit  r3  such  that  the  product  (200rx  +  20r2  +  r3)r3  does  not 
exceed  lOOflO3^  +  \02d2  +  \0d3  +  </4  -  (10^  +  r2)2}  +  I0d5  +  d6— that  is, 
the  preceding  difference  shifted  by  means  of  a  factor  of  100,  with  two  more 
digits  included.  The  requirement  imposed  on  r3  takes  the  form  of  the 
inequalities : 

(100*1  +  10r2  +  r3)2  <  lO5^  +  10V2  +  •  •  •  +  \0d5  +  d6 

<  (100*1  +  10r2  +  (r8  +  l))2, 

or:  (./*1/*2r3)2  ^  .d±d2  •  •  •  d6  <  (.fy2(r3  +  l))2.     From  this  we  conclude: 
.r±r2r3  ^  Va  <  .rtr2(r3  +  1), 

and  r3  is  the  correct  third  digit  in  the  decimal  expansion  of  Va. 

Example.  Find  the  binary  expansion  of  Vl  to  8  digits  (7  to  the  right  of  the 
"binary  point"),  and  interpret  the  resulting  inequalities  in  the  decimal  system. 

Solution.  In  the  binary  system  the  number  2  takes  the  form  10,  and  the  square 
root  algorithm  proceeds  as  follows  (since,  in  the  binary  system,  doubling  merely 
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involves  attaching  a  0,  and  the  only  digits  are  0  and  1,  the  process  is  particularly 
simple) : 

1.     0     1     1     0     1     0     1 

VlO.  00  00  00  00  00  00  00 

1 


1  00  00 

10  01 

1  11 

00 

1  01 

01 

1 

11 

00  00 

1 

01 

10  01 

1 

01 

11 

00  00 

1 

01 

10 

10  01 

In  the  decimal  system  the  result  just  obtained  can  be  expressed  by  the  inequalities: 
1  +  i  +  i  +  h  +  rk  <  v2  <  1  +  i  +  |  +  h  +  its, 


or 


128    <-     v  Z    <.    ! 


91 
64- 


1211.  EXERCISES 


In  Exercises  1-4,  the  number  given  is  written  in  the  decimal  system.     Rewrite  it  in 
the  binary  system;   quaternary  system;   duodecimal  system. 
1.  100.  2.  144. 

3.  255.  4.  999. 

In  Exercises  5-12,  perform  the  indicated  operation  both  in  the  given  decimal 
system  and  in  the  system  with  indicated  base,  and  check  by  converting  your  answer 
to  decimal  form. 

5.  27  +  51;  base  two.  6.  967  +251;  base  twelve. 

7.  137  -69;  base  five.  8.  311  -  149;  base  seven. 

9.  87  x  38;  base  two.  10.  113  x  217;  base  three. 

11.  ^;  base  four.  12.  *ff-  base  nine. 

*13.  Prove  that  any  positive  integer  is  congruent  modulo  nine  to  the  sum  of  its 
decimal  digits.  This  principle  provides  a  simple  means  of  checking  arithmetic 
operations,  known  as  casting  out  nines.  To  illustrate:  to  check  87  x  35  =  3045, 
we  write  (modulo  9):  87=8+7  =  15=1  +5=6  (modulo  9),  35  =  3  +  5  = 
8  (modulo  9),  so  that  87  x  35  =6x8=  48  =4  +  8=  12  =1+2=3  (modulo 
9).  On  the  other  hand,  3045  =3+0+4  +  5=3  (modulo  9).  Show  that  the 
method  of  casting  out  nines  is  not  an  infallible  check.  Discuss  casting  out  threes 
and  casting  out  elevens,  with  examples,  in  the  decimal  system. 

14.  Prove  that  any  number  represented  by  a  terminating  expansion  in  the  system 
with  base  m  is  also  represented  by  a  terminating  expansion  in  any  system  with  base 
mn,  where  m  and  n  are  arbitrary  integers  greater  than  1 . 

In  Exercise  15-18,  the  fraction  is  given  in  decimal  notation.  Write  a  terminating 
expansion  for  the  given  number  in  the  specified  system. 

15.  |JB;   quinary.  16.  |ft;   binary. 
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17.  ffj;  quaternary.  18.  ^§;  duodecimal. 

In  Exercises  19-22,  find  the  rational  number  equal  to  the  given  repeating  decimal, 
where  the  decimal  system  is  used  throughout.  Check  by  applying  division  to  your 
answer. 

19.  .35272727.  20.  .1296296296. 


21.  .59405940.  22.  .692307692307. 

In  Exercises  23-26,  write  out  the  (repeating  or  terminating)  expansion  for  the 
number  one-third  in  the  system  with  specified  base. 

23.  Two.  24.  Five. 

25.  Six.  26.  Eleven. 

In  Exercise  27-30,  write  out  the  (repeating  or  terminating)  expansion  for  the 
number  three-sevenths  in  the  system  with  specified  base. 

27.  Two.  28.  Three. 

29.  Eight.  30.  Twelve. 

31.  Write  in  terms  of  decimal  numerals  the  rational  number  represented  by  the 
repeating  expansion  .011011011,  if  the  base  is  two;  three;  six;  ten;  twelve. 

32.  The  period  of  a  repeating  decimal  is  the  number  of  digits  in  the  repeating  part 
of  the  decimal.  For  example,  the  period  of  1/3  =  .3333  •  •  •  is  1,  and  the  period  of 
1/7  =  .142857  is  6.  Prove  that  the  repeating  decimal  for pjq  has  period  less  than  q. 
Find  the  period  n  for  every  repeating  (and  nonterminating)  decimal  for  \jq,  for 
1  <  q  <  40. 

In  Exercises  33-36,  find  the  expansion  of  V2  in  the  indicated  system  to  the 
specified  number  of  digits  to  the  right  of  the  base  point. 

33.  Base  three;  five  digits.  34.  Base  five;  four  digits. 
35.  Base  six;  three  digits.                      36.  Base  twelve;  three  digits. 

1212.  COUNTABLE  SETS 

In  §  312,  finite  sets  were  defined  as  either  empty  or  such  that  their  numbers 
are  in  one-to-one  correspondence  with  the  natural  numbers  from  1  to  n,  for 
some  n.  It  was  demonstrated  in  Theorem  IV,  §  312,  that  the  points  of  a 
finite  set  cannot  be  put  into  one-to-one  correspondence  with  those  of  a 
proper  subset.  Since  such  a  correspondence  between  the  natural  numbers 
and  a  proper  subset  is  possible  (Theorem  V,  §  312),  the  set  Jf  of  all  natural 
numbers  is  infinite.  This  points  up  an  important  distinction  between  the 
finite  and  the  infinite.  In  contrast  to  this  distinction,  as  we  shall  see  presently, 
there  is  a  close  similarity  between  finite  sets  and  certain  infinite  sets.  This 
similarity  turns  out  to  hold,  for  example,  for  the  set  Jf  of  all  natural  numbers, 
for  the  set  J  of  all  integers,  and  for  the  set  1  of  all  rational  numbers,  but  not 
for  the  set  0t  of  all  real  numbers.  The  underlying  idea  is  counting.  We 
formulate  a  definition  and  give  some  examples.  For  a  historical  discussion, 
see  E.  T.  Bell,  The  Development  of  Mathematics  (New  York,  McGraw-Hill 
Book  Co.,  Inc.,  1940),  p.  138. 
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Definition.  A  set  is  denumerable  or  countably  infinite  if  and  only  if  its 
members  can  be  put  into  a  one-to-one  correspondence  with  the  natural  numbers. 
A  set  is  countable  if  and  only  if  it  is  either  finite  or  denumerable.  Equivalently, 
a  set  is  countable  if  and  only  if  its  members  can  be  arranged  in  a  sequence  of 
distinct  terms,  finite  or  infinite:  a^  a2,  a3,  •  •  • ,  an9  •  •  • ,  where  am^an 
whenever  m  =£  n.  A  set  is  uncountable  if  and  only  if  it  fails  to  be  countable; 
that  is,  if  and  only  if  it  is  infinite  and  there  exists  no  one-to-one  correspondence 
between  its  members  and  the  natural  numbers. 

Example  1.  The  set  of  all  even  natural  numbers  is  countable  since  the  cor- 
respondence n  <r- >  2n  is  one-to-one. 

Example  2.    Show  that  the  set  J  of  all  integers  is  countable. 

Solution.     A  simple  arrangement  of  the  integers  in  a  sequence  is: 

(1)  0,  1,  -1,2,  -2,3,  -3,  •••. 

A  formula  for  the  nth  integer  an  is :  If  n  is  even,  an  =  \n.    \in  is  odd,  an  =  |(1  —  n). 
This  correspondence  is  clearly  one-to-one,  and  every  integer  appears  in  the  sequence 

1213.  COUNTABILITY  OF  THE  RATIONAL  NUMBERS 

Since  between  any  two  natural  numbers  there  are  infinitely  many  rational 
numbers,  it  may  seem  almost  paradoxical  that  there  can  exist  a  one-to-one 
correspondence  between  the  natural  numbers  and  the  rational  numbers. 
Such  a  correspondence  is  possible,  however,  as  we  shall  demonstrate  in  this 
section.     We  do  this  in  two  steps. 

Theorem  I.     The  set  A  of  positive  rational  numbers  is  countably  infinite. 

Proof  We  shall  place  the  positive  rational  numbers  in  an  infinite  sequence 
by  first  arranging  them  in  a  doubly  infinite  array  as  follows : 
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Following  the  path  indicated  by  the  arrows  we  obtain  the  desired  sequence : 

1     lOlIlliiill... 
A?    2»  A»   3>   2?  JJ   4>   35   2?  ^j   55   4? 

We  designate  these  positive  rational  numbers  by  the  symbols  {pn}:  p±  =  1, 
/>2  =  h  Pb  =  2,  •  •  • .  It  is  possible  to  obtain  an  explicit  formula  for  pn  as  a 
function  of  the  natural  number  n,  but  such  a  formula  is  far  too  cumbersome 
to  be  worthwhile  for  our  purposes.  It  is  sufficient  to  know  that  a  rigorous 
procedure  is  established  to  determine  each  particular  pn. 

Theorem  II.     The  set  £  of  all  rational  numbers  is  countably  infinite. 

Proof.  By  following  the  ideas  of  Example  2,  §  1212,  and  using  the 
sequence  {pn}  of  positive  rational  numbers  from  Theorem  I,  we  have  the 
entire  set  of  rational  numbers  arranged  in  a  sequence : 

0,/>i,  ~Pi,p*  —p*p*  —p*Pto  -p^ 

Note.  Let  Q.  be  any  nonempty  family  of  open  intervals  /.  The  density  of  the  set 
J  of  rational  numbers  guarantees  that  for  each  I  of  Q,  the  set  A(I)  =  {r  \  r  G  2, 
r  e  /}  of  all  rational  numbers  in  /  is  nonempty.  The  countability  of  21  provides  a 
rule  that  selects  a  member  r  =  r(I)  of  A(I)  for  every  /  of  O  as  follows :  Let  {rn}  be  an 
arrangement  of  the  members  of  i  as  a  sequence,  and  let  k  =  k(I)  be  the  least 
subscript  n  such  that  rn  G  A(I);  that  is,  rk  G  A(I)  and  for  no  m  less  than  k  does  the 
statement  rm  e  A(f)  hold.  Then  r  =  r{I)  is  defined  to  be  rk.  The  significance  of 
this  fact  is  that  a  single  rule  of  selection  has  been  set  up  to  apply  to  the  entire  family 
D.  If  Q  were  an  arbitrary  nonempty  family  of  nonempty  sets  S,  then  a  rule  of 
selection  that  chooses  a  member  from  each  set  S  of  the  collection  £1  would  exist  only 
by  means  of  an  added  postulate  that  such  a  choice  function  does  indeed  exist.  This 
postulate  is  known  as  the  axiom  of  choice.  For  a  discussion  of  the  axiom  of  choice 
and  other  equivalent  formulations,  see  E.  J.  McShane  and  T.  A.  Botts,  Real  Analysis 
(Princeton,  D.  Van  Nostrand  Co.,  Inc.,  1959),  Appendix  II.  One  of  the  alternative 
formulations  of  the  axiom  of  choice  is  the  principle  of  transfinite  induction  mentioned 
in  the  footnote,  §  303.  It  is  for  the  reasons  outlined  above  that  the  existence  of  the 
rational  numbers  rn  and  sn  for  every  positive  integer  n,  as  used  in  the  proofs  of 
Theorem  II,  §  1102,  and  the  Theorem,  §  1104,  can  be  assumed  without  use  of  the 
axiom  of  choice. 

A  simple  illustration  of  the  use  to  which  the  choice  function  r(I)  described  in  the 
preceding  paragraph  can  be  put  is  a  proof  of  the  following  fact  (a  corresponding  fact 
concerning  strictly  decreasing  sequences  of  rational  numbers  also  holds) :  Jfx  is  any 
real  number,  then  there  exists  a  strictly  increasing  sequence  of  rational  numbers  whose 
limit  is  x.  We  construct  the  strictly  increasing  sequence  {sn}  of  rational  numbers  as 
follows :  Let  {rn}  be  an  arrangement  of  the  members  of  2,  as  a  sequence,  and  define  sx 
to  be  the  first  term  of  the  sequence  {rn}  less  than  x:  st  <  x.  The  second  term  s2  is 
then  defined  to  be  the  first  term  of  the  sequence  {rn}  between  s±  and  x :  s±  <  s2  <  x. 
In  general,  if  n  is  an  arbitrary  positive  integer  for  which  sn  is  defined,  sn+1  is  defined 
to  be  the  first  term  of  the  sequence  {rn}  between  sn  and  x :  sn  <  sn+1  <  x.  In  this 
way  a  strictly  increasing  sequence  {sn}  of  rational  numbers  all  of  which  are  less  than 
x  is  inductively  defined.     Since  x  is  an  upper  bound  of  {sn},  in  order  to  show  that 
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lim  sn  =  x,  or  sup  {sn}  =  x,  it  is  necessary  only  to  show  that  {sn}  has  no  upper 
n— *■  +00 

bound  less  than  x.  Let  us  assume  that  there  does  exist  such  an  upper  bound  y  less 
than  x:  sn  ^  y  <  x  for  n  =  1,  2,  •  •  • .  We  can  obtain  a  contradiction  as  follows: 
In  the  first  place,  if  for  each  positive  integer  n,  mn  is  the  subscript  for  the  term  of  the 
sequence  rn  that  gives  the  n\X\  term  of  the  sequence  {sn},  that  is,  sn  =  rmn,  then  (by 
the  definitions  of  sn  and  sn+1)  mn+l  >  mn  for  n  =  1,  2,  •  ••  .  Therefore,  by  Example 
4,  §  1204,  mn  ^  «  for  n  =  1,  2,  •  •  • .,.  Now  let  r^  be  the  first  term  of  the  sequence 
{/-J  such  that  y  <  rN  <  x.  By  definition  of  sn+1  and  by  the  fact  that  for  every  «, 
sTC  ^  j  <  x,  we  know  that  mn+1  ^  TV.  We  conclude  that  N  ^  n  +  1  for  every 
positive  integer  «.  The  desired  contradiction  is  given  by  the  Archimedean  property 
(§903). 
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We  shall  now  prove  that  it  is  impossible  to  arrange  the  real  numbers  in  a 
sequence — there  are  simply  too  many  of  them.  The  procedure  will  be  to 
show  that  the  real  numbers  x  such  that  0  <  x  <  1  are  too  numerous  to  be 
arranged  in  a  sequence,  and  it  will  follow  that  the  larger  set  &  of  all  real 
numbers  is  too  numerous.  (The  idea  here  is  that  if  all  real  numbers  could  be 
arranged  xl9  x2,  x3,  •  •  • ,  then  we  could  define  a  sequence  ylf  y2,  y3  •  -  •  of  the 
points  of  [0,  1)  by  letting  y1  be  the  first  xn  that  belongs  to  [0,  1),  by  letting  y2 
be  the  next  xn  that  belongs  to  [0,  1),  and  so  forth  inductively.) 

By  Theorem  V,  §1207,  the  points  of  [0,  1)  are  in  a  one-to-one  correspon- 
dence with  all  sequences  of  digits  0,  1 ,  2,  •  •  •  ,  9  such  that  infinitely  many 
terms  are  different  from  9.  If  we  assume — as  we  now  do — that  the  points  of 
[0,  1)  can  be  arranged  in  a  sequence,  then  we  are  assuming  at  the  same  time 
that  all  sequences  of  digits  of  the  type  described  above — which  we  shall  call 
canonical  sequences — can  be  arranged  in  a  sequence.  We  shall  obtain  a 
contradiction  to  our  assumption  by  showing  that  any  arbitrary  sequence  of 
canonical  sequences  must  inevitably  omit  at  least  one  canonical  sequence. 
In  other  words,  no  matter  how  we  try  to  arrange  the  canonical  sequences  in  a 
sequence,  there  will  always  be  at  least  one  left  over. 

To  designate  a  sequence  of  sequences  we  use  double  subscripts.  The 
following  double  array,  then,  represents  our  assumed  arrangement  of  all 
canonical  sequences  in  a  sequence  of  sequences ;  the  first  (horizontal)  row 
represents  the  first  canonical  sequence,  the  second  row  represents  the  second, 
and  so  forth: 


(1) 


\dix, 

d12, 

dis, 

du, 

? 

"Ira' 

d21> 

"22' 

"23i 

d2i. 

*  *  '  ' 

"2n' 

d31, 

«32> 

"33» 

"34' 

' 

"3n' 

di±, 

^42> 

<^43> 

^44' 

? 

"4w 

"ml, 

"ra2> 

"m3' 

"m4' 

? 

"i»«) 
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The  first  subscript  tells  which  canonical  sequence  is  designated,  and  the 
second  subscript  designates  the  term  of  the  canonical  sequence  specified  by 
the  first  subscript. 

We  now  set  to  work  to  find  a  canonical  sequence  that  is  not  in  the  array 
given  above.  We  do  this  by  what  is  called  the  diagonal  process.  This 
consists  of  constructing  a  sequence  of  digits  el9  e2,  e3,  -  •  •  such  that  ex  ^  dn, 
e2  7^  d22,  e3  ^z  dzz,  and,  in  general,  en  ^  dnn  for  every  natural  number  n.  It 
is  also  important  that  this  new  sequence  {en}  be  canonical — that  is,  that 
infinitely  many  of  the  terms  be  different  from  9.  This  part  is  easy — we  shall 
see  to  it  that  all  terms  are  different  from  9.  In  fact,  all  we  need  do  is  to  pick 
any  two  distinct  digits,  say  1  and  2,  and  assign  these  as  values  of  en  in  such 
a  way  that  en  is  always  different  from  dnn.  A  simple  way  of  doing  this  is  to 
let  en  be  defined  to  be  1  whenever  dnn  is  even,  and  to  let  en  be  defined  to  be  2 
whenever  dnn  is  odd.  Then,  since  en  is  odd  whenever  dnn  is  even,  and  even 
whenever  dnn  is  odd,  the  equation  en  =  dnn  can  never  hold.  We  can  now 
draw  our  conclusion:  the  sequence  {en}  is  not  in  the  array  (1):  it  is  not  the 
first  sequence  since  its  first  term  is  different;  it  is  not  the  second  sequence 
since  its  second  term  is  different ;  in  general,  for  every  natural  number  n,  it  is 
not  the  nth  sequence  since  its  nth  term  is  different.  The  desired  contradiction 
has  been  reached,  and  the  proof  is  complete. 

Example.    If  the  double  array  (1)  is  as  follows: 
'1,     7,     1,     7,     1,     7, 


(2) 


5,     0, 

0,     0,     0, 

o, 

2,     2, 

2,     2,     2, 

2, 

5,     5, 

5,     5,     5, 

5, 

2,     4, 

7,     2,     4, 

7, 

6,     1, 

6,     1,     6, 

1, 

2,1, 

1,2,1,2,- 

then  the  sequence  {en}  is 


We  summarize  our  results  in  a  formal  statement,  and  derive  a  corollary: 
Theorem  I.     The  set  &  of  real  numbers  is  uncountable. 
Theorem  II.     The  set  A  of  irrational  numbers  is  uncountable. 

Proof.  Assume  that  A  is  countable,  and  let  its  members  be  arranged  in  a 
sequence :  al9  a2,  •  •  * ,  an9  •  •  • .  If  rl9  r2,  •  •  • ,  rn9  •  •  •  is  the  sequence  of  all 
rational  numbers,  then  the  real  numbers  can  be  arranged  in  a  sequence  as 
follows : 

rl>  aij  r2">  a2>  r3">  &%•>  r4?  a4> 

This  contradiction  to  Theorem  I  is  the  one  desired. 

Note.  An  algebraic  real  number  is  a  real  number  that  is  a  root  of  a  nonzero 
polynomial  all  of  whose  coefficients  are  integers.    A  transcendental  number  is  a  real 
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number  that  is  not  algebraic.  It  can  be  shown  (cf.  the  Birkhoff  and  MacLane  text 
cited  in  the  footnote  of  §  606)  that  the  algebraic  numbers  constitute  an  ordered  field, 
and  that  they  form  a  countable  set.  It  follows  from  the  uncountability  of  the  real 
number  system  that  the  set  of  transcendental  numbers  is  also  uncountable.  (Why  ?) 
Consequently,  transcendental  numbers  must  exist.  The  most  familiar  trans- 
cendental numbers  are  e  (the  base  of  the  so-called  system  of  natural  logarithms)  and 
77.  The  transcendental  character  of  e  was  established  by  C.  Hermite  (1822-1905, 
French)  in  1873,  and  that  of  77  by  C.  L.  F.  Lindemann  (1852-1939,  German)  in  1882.f 
The  first  number  to  be  proved  transcendental  was  neither  e  not  77,  but  a  number 
constructed  artificially  for  the  purpose  by  J.  Liouville  (1809-1882,  French)  in  1844 
(cf.  page  413  of  the  Birkhoff  and  MacLane  reference).  The  demonstration  of  the 
uncountability  of  the  transcendental  numbers  is  due  to  G.  Cantor  (1845-1918, 
German). 

t  It  is  easy  to  show  that  e  is  irrational  (for  example,  cf.  Ex.  34,  §  1211,  of  the  author's 
Advanced  Calculus,  in  the  Appleton-Century  Mathematics  Series).  A  proof  of  the  irration- 
ality of  77  was  given  in  1761  by  J.  H.  Lambert  (1728-1777,  German).  For  an  elementary 
proof,  and  further  discussion  of  both  the  irrationality  and  transcendence  of  77,  see  Ivan 
Niven,  Irrational  Numbers  (Carus  Mathematical  Monographs,  1956). 
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I.  INTRODUCTION 

The  purpose  of  this  appendix  is  to  present  several  alternative  formulations 
of  the  completeness  property  for  the  real  number  system  and  to  establish 
equivalences  among  them.  Although  all  necessary  definitions  and  theorems 
are  stated,  standard  proofs  that  are  to  be  found  in  any  fairly  complete 
textbook  on  mathematical  analysis  at  the  level  of  advanced  calculus — for 
example,  the  author's  Advanced  Calculus  in  the  Appleton-Century  Mathe- 
matics Series — are  omitted.  No  effort  at  motivation  or  complete  discus- 
sion will  be  made,  and  the  general  demands  on  the  reader  by  way  of 
maturity,  independence,  and  experience  will  be  greater  than  in  the  main  text 
of  the  book. 

In  the  present  section  we  give  the  definitions  and  theorems  needed  in  the 
sequel,  with  references  to  the  author's  Advanced  Calculus  (abbreviated  AC) 
when  proofs  are  omitted.  In  §2  we  give  ten  statements  each  of  which  is 
equivalent,  in  an  ordered  field,  to  the  Axiom  of  Completeness  of  §  902,  and 
we  establish  their  equivalences  by  a  cycle  of  implications.  In  §  3  we  give  four 
more  methods  of  imposing  completeness,  each  involving  a  property  of 
continuous  functions  on  a  closed  interval.  Finally,  in  §  5,  we  present  an 
additional  triplet  of  properties  each  of  which  is  equivalent  to  completeness 
in  an  Archimedean  ordered  field.  Seven  more  formulations  of  completeness 
in  terms  of  continuity  are  given  in  Exercises  7-13,  §  6.  References  to  the 
literature  of  non- Archimedean  ordered  fields  are  given  at  the  end  of  §  713. 
For  further  comments  and  historical  sidelights,  see  E.  T.  Bell,  The  Develop- 
ment of  Mathematics  (New  York,  McGraw  Hill  Book  Co.,  1940),  especially 
p.  439. 

Definition  I.  A  nonempty  set  S  with  a  relation  <  (cf.  §  309)  is  a  totally 
ordered  system,  or  a  simply  ordered  system,  or  a  chain  if  and  only  if(i) 
the  statement  a  <  a  is  false  for  every  a  e  S;  (ii)  transitivity  holds:  a  <  b  and 
b  <  c  imply  a  <  c;  (Hi)  trichotomy  holds:  for  any  a  and  b  in  S,  either  a  <  b, 
a  =  b,  or  b  <  a.  The  relation  >  is  defined  by  the  equivalence  of  a  <  b  and 
b>  a. 

Theorem  I.     In  a  totally  ordered  system  S  no  two  of  the  three  statements 
a  <  b,  a  =  b,  and  a  >  b  can  hold  simultaneously. 
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Proof.    This  is  a  consequence  of  (i)  and  (//). 
Theorem  II.     An  ordered  field  is  a  totally  ordered  system. 
Proof.     This  was  proved  in  Chapter  2. 

Definition  II.  Let  S  be  a  totally  ordered  system.  Open  and  closed 
intervals  in  S  are  defined  by  inequalities  as  in  §  802.  A  subset  AofS  is  open 
if  and  only  if  corresponding  to  each  point  x  of  A  there  exists  an  open  interval 
of  S  that  contains  x  and  is  a  subset  of  A.  A  point  x  is  a  limit  point  of  a 
subset  A  of  S  if  and  only  if  every  open  interval  of  S  that  contains  x  contains  at 
least  one  point  of  A  different  from  x.  A  subset  A  of  S  is  closed  if  and  only  if 
every  limit  point  of  A  is  a  member  of  A.  If  A  is  any  subset  of  S,  the  comple- 
ment A'  of  A  is  the  set  of  all  points  of  S  that  are  not  members  of  A. 

Definition  III.  Two  sets  A  and  B  in  a  totally  ordered  system  S  are  separated 
if  and  only  if(i)  A  and  B  are  both  nonempty,  (ii)  A  and  B  have  no  point  in 
common,  and  (Hi)  no  point  of  A  is  a  limit  of  B  and  no  point  of  B  is  a  limit  point 
of  A.  A  subset  C  of  S  is  connected  if  and  only  if  there  do  not  exist  separated 
sets  A  and  B  such  that  (i)  A  and  B  are  subsets  of  C  and  (ii)  every  member  of  C 
is  either  a  member  of  A  or  a  member  of  B. 

Theorem  III.  In  any  totally  ordered  system  S  the  empty  set  0  (§201)  is 
both  open  and  closed. 

Proof.  If  0  were  not  open  it  would  contain  a  point  that  belongs  to  no 
open  interval  of  S  lying  in  0,  and  hence  0  would  contain  a  point.  The 
empty  set  has  no  limit  points  and  therefore  contains  all  of  its  limit  points. 

Theorem  IV.  In  any  totally  ordered  system  S  a  set  is  open  if  and  only  if  its 
complement  is  closed;  equivalently,  a  set  is  closed  if  and  only  if  its  complement 
is  open. 

Proof.  If  A  is  open  and  A'  not  closed  then  there  exists  a  point  x  of  A  that 
is  a  limit  point  of  A'.  But  there  is  an  open  interval  of  S  containing  x  and 
lying  entirely  in  A,  so  that  x  is  not  a  limit  point  of  A'.  If  A'  is  closed  and  A 
not  open  then  there  exists  a  point  x  of  A  such  that  no  open  interval  of  S 
containing  x  lies  entirely  in  A;  that  is,  every  open  interval  of  S  that  contains 
x  must  contain  at  least  one  point  of  A',  and  x  is  a  limit  point  but  not  a  member 
of  A',  and  A'  is  not  closed. 

Theorem  V.  If  x  is  a  limit  point  of  a  set  A  in  a  totally  ordered  system  S, 
then  every  open  interval  of  S  containing  x  must  contain  infinitely  many  points 
of  A. 

Proof.  Assume  that  x  is  a  limit  point  of  A,  that  a  <  x  <  b,  and  that  there 
are  only  finitely  many  points  al9  a2,  •  •  • ,  an  of  A  that  lie  between  a  and  b. 
This  means  that  if  any  of  these  points  lie  between  a  and  x  there  must  be  only 
finitely  many  and  therefore,  by  the  methods  used  in  the  solution  of  Example 
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4,  §  306,  there  must  be  a  greatest.  Let  c  denote  this  greatest  member  of  the 
finite  set  less  than  x — unless  there  are  none,  in  which  case  let  c  =  a.  Similarly, 
if  there  are  any  of  {ax,  a2,  •  •  ' ,  an}  between  x  and  b  there  will  be  a  least 
member.  Denote  by  d  this  least  member — or,  if  there  are  none,  let  d  =  b. 
As  a  consequence  of  this  we  have  an  open  interval  (c,  d)  containing  x  but 
no  other  point  of  A,  and  x  is  not  a  limit  point  of  A.     (Contradiction.) 

Definition  IV.  If  Aa,for  each  <x  of  an  index  set  (that  is,  a  set  of  indices  or 
subscripts)  2,  is  a  set  of  points  in  a  totally  ordered  system  S  the  union 
\jAa  of  the  sets  Aa  consists  of  points  p  such  that  p  e  Aafor  at  least  one  a  e  2. 

The  intersection  n  Aa  of  the  sets  Aa  consists  of  points  p  such  that  p  e  A^for 

every  a  eS.     If  B  <=  U  Aa,  then  the  collection  {Aa}  of  the  sets  Aa  is  called  a 

a 

covering  of  B.  If  in  addition  every  set  Aa  is  open  the  covering  {Aa}  is  called 
an  open  covering. 

The  definitions  of  increasing,  decreasing,  and  monotonic  sequences  of 
members  of  an  ordered  field,  given  in  §§316,  1003,  and  1204,  are  immediately 
available  without  change  for  any  totally  ordered  system. 

Definition  V.  A  sequence  {bn}  is  a  subsequence  of  a  sequence  {an}  if  and 
only  if  there  exists  a  strictly  increasing  sequence  {mn}  —  ml9  m2,  ra3,  •  •  • ,  mn,  •  •  • 
of  natural  numbers  such  that  bn  =  am  for  every  natural  number  n. 

Theorem  VI.  If  a  sequence  in  a  totally  ordered  system  is  increasing, 
strictly  increasing,  decreasing,  strictly  decreasing,  monotonic,  strictly  monotonic, 
bounded  above,  bounded  below,  or  bounded,  so  is  any  subsequence. 

Proof     Trivial. 

Theorem  VII.  Every  sequence  in  a  totally  ordered  system  contains  a 
monotonic  subsequence. 

Proof.  The  essential  details  of  the  proof  are  contained  in  the  proof  of 
Lemma  1,  §217,  of^4C 

Definition  VI. |     A  sequence  {an}  in  an  ordered  field  &  converges  if  and 

only  if  there  exists  a  member  aof^t  having  the  property :  corresponding  to  an 
arbitrary  positive  member  €of@  there  exists  a  natural  number  N  such  that  the 
inequality  n  >  N  implies  \an  —  a\  <  e.  The  element  a  is  called  the  limit  of 
the  sequence  {an},  with  the  notation 


lim  an  =  a,  or  an-^  a  as  n  ->  +  oo 

n->  +  oo 


and  the  sequence  is  said  to  converge  to  a.     (Cf.  the  Theorem,  §  1204.) 

t  Most  of  the  concepts  and  facts  in  the  remainder  of  this  section  can  be  extended  to 
totally  ordered  systems  in  general.  However,  for  the  sake  of  simplicity,  since  our  interest  is 
principally  focused  on  ordered  fields,  we  have  formulated  statements  in  those  terms. 


§  I]  INTRODUCTION  193 

Theorem  VIII.  Every  convergent  sequence  in  an  ordered  field  is  bounded  and 
has  a  unique  limit. 

Proof.  Assume  an-^a  as  n  ->  +  oo,  and  let  e  =  1  >  0.  Then 
there  exists  a  natural  number  TV  such  that  n  >  N  implies  \an  —  a\  <  \,  or 
a  —  1  <  an  <  a  +  1.  Therefore,  for  n  =  1,  2,  •  •  • ,  min  (a  —  I,  a±,  a2,  -  -  •  , 
aN)  ^  an  ^  max  {a  +  1,  0l5  a2,  •  •  •  ,  aiV),  and  {an}  is  bounded.  Assume 
an-+  a  and  an-+b  as  /?  ->  +  oo,  where  a  <  b,  and  let  e  =  \{b  —  a). 
Then  there  exists  a  natural  number  Nx  such  that  n  >  Nx  implies  \an  —  a\  <  e, 
and  there  exists  a  natural  number  TV2  such  that  n  >  N2  implies  \an  —  b\  <  e. 
If  n  =  1  +  max(Ar1, TV2),  then  b  —  e  <  an  <  a  +  e,  and  hence  b  —  a  <  2e  = 
b  —  a.     (Contradiction.) 

Theorem  IX.  In  any  ordered  field,  every  subsequence  of  a  convergent 
sequence  is  convergent,  and  its  limit  is  the  same  as  the  limit  of  the  original 
sequence. 

Proof.  If  {bn}  is  a  subsequence  of  {an},  with  bn  =  amn,  if  an  -*  a,  and  if 
e  >  0,  let  TV  be  such  that  n  >  TV  implies  \an  —  a\  <e.  Then  n  >  TV  implies 
(cf.  Example  4,  §  1204)  mn^  n  >  N,  and  hence  \bn  —  a\  =  |aOTn  —  a|  <  e. 

Theorem  X.  /«  any  ordered  field  &  an  increasing  sequence  {an}  converges  if 
and  only  if  the  set  of  its  values  has  a  supremum  X\  in  case  of  convergence, 
an-+  X  as  n->  +  oo.  A  decreasing  sequence  {bn}  converges  if  and  only  if  the 
set  of  its  values  has  an  infimum  y;  in  case  of  convergence,  bn->y  as 
n  ->  +oo.  Any  monotonic  sequence  that  contains  a  convergent  subsequence 
is  convergent.  The  set  of  values  of  a  monotonic  sequence  has  at  most  one  limit 
point.  A  strictly  monotonic  sequence  converges  if  and  only  if  the  set  of  its 
values  has  a  limit  point. 

Proof.  If  {an}  is  an  increasing  sequence  converging  to  a,  then  a  is  an 
upper  bound  for  {an}  since  otherwise  there  would  exist  a  natural  number  TV 
such  that  aN  >  a.  Defining  e  =  aN  —  a,  we  have,  for  every  n  >  N,an^  aN 
and  hence  \an  —  a\  =  an  —  a  ^  aN  —  a  =  e  >  0,  in  contradiction  to  an  -> 
a.  Furthermore,  if  a  is  not  the  least  upper  bound  of  {an}  there  exists  a 
member  b  of  ^  such  that  for  every  n  =  1,  2,  •  •  •  ,  an  ^  b  <  a.  lf€  =  a  —  b, 
then  the  inequality  \an  —  a\  <  e  can  never  hold,  in  contradiction  to  an  ->  a. 
Conversely,  assume  that  X  is  the  supremum  of  the  set  of  values  of  the  increas- 
ing sequence  {an},  and  let  e  >  0.  Then  there  exists  a  natural  number  TV  such 
that  a  v  >  X  —  e,  and  therefore  n  >  TV  implies  X  —  €<aN^an^X<X-{- 
e,  and  hence  \an  —  X\  <  e.  Therefore  an  ->  X  as  n  ->  +oo.  The 
corresponding  details  for  a  decreasing  sequence  are  completely  analogous, 
with  a  reversal  of  inequalities.  Now  let  {an}  be  a  monotonic  sequence 
containing  the  convergent  subsequence  {bn},  and  assume  for  definiteness  that 
{an}  is  increasing.  From  what  has  just  been  established,  we  have  only  to 
prove  that  a  =  sup  {bn}  is  the  least  upper  bound  of  {an}.  In  the  first  place, 
a  is  an  upper  bound  of  {an}  since  otherwise  there  would  exist  an  n  such  that 
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an  >  a,  and  hence  bn  =  am  >  an  >  a.  On  the  other  hand  there  can  be  no 
upper  bound  b  of  {an}  less  than  a,  since  such  an  upper  bound  of  {an}  would 
also  be  an  upper  bound  of  {bn}  less  than  the  least  upper  bound.  Next,  we 
assume  there  exists  a  monotonic  sequence  {an}  whose  set  of  values  has  at 
least  two  distinct  limit  points  b  and  c,  assuming  further  (for  definiteness)  that 
{an}  is  increasing  and  that  b  <  c.  A  contradiction  is  obtained  by  considering 
the  open  interval  /  =  (b,  2c  —  b)  containing  c.  Since  c  is  a  limit  point  of 
{an}  there  must  exist  a  natural  number  N  such  that  aN  g  /,  and  therefore 
n  >  N  implies  an  >  aN  >  b.  This  means  that  the  open  interval  (2b  —  aN,aN) 
containing  b  contains  at  most  the  first  N  —  1  terms  of  the  sequence  {an}. 
Therefore,  by  Theorem  V,  b  cannot  be  a  limit  point  of  {an}.  Finally,  let  {an} 
be  a  strictly  increasing  sequence,  and  assume  first  that  an  — >  a  as  n  ->  +°a 
Then,  as  has  already  been  proved,  a  is  the  least  upper  bound  of  {an}. 
Furthermore,  since  {an}  has  no  largest  term,  the  inequality  an  <  a  must  hold 
for  all  n.  Therefore  every  open  interval  containing  a  must  contain  at  least 
one  term  of  the  sequence  different  from  a,  and  a  is  a  limit  point  of  {an}. 
Conversely,  assume  that  b  is  a  limit  point  of  {an}.  Then  b  must  be  an  upper 
bound  for  {an},  for  otherwise,  if  TV  is  such  that  aN  >  b,  then  the  open  interval 
(2b  —  aN,  aN)  containing  b  contains  only  finitely  many  points  of  {an},  and  b 
is  not  a  limit  point  of  {an}.  The  limit  point  b  must  be  the  least  upper  bound 
of  {an},  for  otherwise,  if  c  is  an  upper  bound  of  {an}  and  c  <  b,  since  an  <  c 
for  all  n,  the  open  interval  (c,  2b  —  c)  containing  b  contains  no  points  of 
{an},  and  b  is  not  a  limit  point  of  {an}.  Since  the  final  details  for  decreasing 
sequences  are  strict  duplicates  of  those  just  presented  for  increasing  sequences, 
the  proof  is  complete. 

2.  ALTERNATIVES  FOR  COMPLETENESS 

Theorem.  Let  &  be  an  ordered  field.  Then  each  of  the  following  is  a 
necessary  and  sufficient  condition  for  &  to  be  complete: 

I.     Every  nonempty  set  of  members  of  &  that  is  bounded  below  has  a 

greatest  lower  bound. 
II.     The  Bolzano-Weierstrass^  property  holds:   Every  infinite  bounded 
set  has  at  least  one  limit  point. 

III.  &  is  connected. 

IV.  The  overlapping  intervals  property^  holds:  If  {[aa,  ba]}  is  a  non- 
empty family  of  closed  intervals  every  pair  of  which  have  at  least  one 
point  in  common  then  there  exists  at  least  one  point  x  belonging  to 
every  interval  of  the  family:  x  e  n  [#a,  ba]. 

t  After  B.  Bolzano  (1781-1848,  of  Prague,  then  Austrian)  and  K.  W.  T.  Weierstrass 
(1815-1897,  German). 

t  Due  to  G.  Cantor  (1845-1918,  German).  Also  cf.  part  (//')  of  Theorem  IV,  §  4,  for  the 
related  nested  intervals  property.  The  extension  to  general  topological  spaces  is  known  as 
the  finite  intersection  property.  Cf.  John  L.  Kelley,  General  Topology  (New  York,  D.  Van 
Nostrand  Co.,  Inc.,  1955). 
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V.     The  Dedekind  property^  holds:   If  @  is  divided  into  two  nonempty 
sets  L  and  R  whose  union  is  &  and  which  are  such  that  ifx  is  an  arbitrary 
member  of  L  and y  is  an  arbitrary  member  of  R  then  x  <  y,  then  either 
L  has  a  greatest  member  or  R  has  a  least  member. 
VI.     The  Heine-Borel  property  §  holds:   If  {Aa}  is  an  open  covering  of  a 
closed  interval  [a,  b],  then  there  exists  a  finite  subcollection  of  {A%}, 
Aa  ,  Aa  ,  •  -  -  ,  Aa  ,  that  is  a  covering  of  [a,  b];    in  short,  every  open 
covering  of  a  closed  interval  can  be  reduced  to  a  finite  covering. 
VII.     Every  bounded  increasing  sequence  converges. 
VIII.     Every  bounded  decreasing  sequence  converges. 
IX.     Every  bounded  monotonic  sequence  converges. 
X.     Every  bounded  sequence  contains  a  convergent  subsequence. 
Proof     The  technique  of  proof  will  be  to  establish  a  complete  cycle  of 
implications:    The  axiom  of  completeness  (§902)  implies  I,  I  implies  II,    II 
implies  III,  •  •  •  ,  X  implies  the  axiom  of  completeness, 

The  axiom  of  completeness  implies  I:  This  is  the  Theorem,  §  902. 
/  implies  II:  Assume  /  and  that  there  exists  an  infinite  bounded  set  A 
without  a  limit  point.  Let  a  be  a  lower  bound  of  A  and  b  be  an  upper  bound 
of  A  so  that  z  e  A  implies  a  <  z  <  b,  and  let  B  be  the  set  of  all  x  of  the  closed 
interval  [a,  b]  such  that  the  set  {y  \  y  e  A,  x  ^  y  ^  b}  is  finite.  Then  b  e  B, 
so  that  B  is  a  nonempty  set  bounded  below  (by  a).  Let  y  be  the  greatest 
lower  bound  of  B:  y  =  inf  B.  We  shall  show  that  y  is  a  limit  point  of  A 
by  assuming  the  contrary,  that  is,  that  there  is  an  open  interval  /  =  (c,  d) 
containing  y  but  no  point  of  A  different  from  y.  If  a  <  y  <  b  then  there  is  a 
point  u  of  the  interval  /between  a  and  y,  and  there  is  a  point  x  of  the  interval 
/between  y  and  b.  But  since  there  are  only  finitely  many  points  y  of  A  such 
that  x  ^  y  ^  b  and  at  most  one  point  y  of  A  such  that  u  ^  y  <  x 
(namely,  y  =  y),  there  are  only  finitely  many  points  y  of  A  such  that 
u  ^  y  <  b,  and  hence  ue  B.  But  u  is  less  than  inf  B.  (Contradiction.) 
If  y  —  b,  then  there  is  a  point  u  of  the  interval  /  between  a  and  b,  and 
since  there  is  at  most  one  point  y  of  A  such  that  u  ^  y  ^  b  (namely, 
y  =  y  =  b),  ue  B.  But  u  is  less  than  inf  B.  (Contradiction.)  Therefore 
y  =  a,  and  there  is  a  point  x  of  the  interval  /  between  a  =  y  and  b.  But 
since  there  are  only  finitely  many  points  y  of  A  such  that  x  ^  y  <  b  and  at 
most  one  point  y  of  A  such  that  a  =  y  ^  y  <  x  (namely,  y  =  a  =  y),  there 
are  only  finitely  many  points  y  of  A  such  that  a  ^  y  <  b.  But  all  points  y 
of  the  infinite  set  A  satisfy  these  inequalities.     (Contradiction.) 

//  implies  III:     We  first  establish  a  lemma : 

Lemma.     If  II  is  true,  and  if  p  >  0,  then  pjn  ->  0  andp/2n  ->  0  as  n  ->  +  oo. 

Proof  of  lemma.     Since  {pjn}  is  a  strictly  decreasing  sequence  bounded 

below  by  0  and  above  by  p,  and  since  its  set  of  values  is  assumed  to  have  a 

t  After  J.  W.  R.  Dedekind  (1831-1916,  German). 

§  After  E.  Heine  (1821-1881,  German)  and  E.  Borel  (1871-1956,  French). 
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limit  point,  the  sequence  must  converge  to  the  greatest  lower  bound  of  its 
values,  by  Theorem  X,  §  1.  Since  0  is  a  lower  bound,  if  {pin}  does  not 
converge  to  0  it  must  converge  to  a  positive  limit:  pjn  ->c>0as/2->+oo, 
where  c  =  inf  {pin},  and  c  <  pjn  for  every  n  =  1,  2,  •  •  • .  In  particular 
(for  n  =  1),  c  <  p,  and  hence  c  <  cp/(p  —  c).  Therefore  there  exists  a 
natural  number  TV  such  that  n  >  N  implies  pjn  <  cpj(p  —  c)  or,  equivalently, 
pl(n  +  1)  <  c.  (Contradiction.)  Finally,  since  {p/2n}  is  a  subsequence  of 
{pln},pl2n  ->  0  as  n  ->  +  oo. 

//  implies  HI,  continued:  Assume  that  II  is  true  and  that  ^  is  not  connected. 
Then  &  can  be  represented  as  the  union  of  two  separated  sets  A  and  B.  Let 
aY  be  a  member  of  A  and  b±  be  a  member  of  B,  and  assume  for  definiteness 
that  ax  <  bv  Consider  the  midpoint  \{ax  +  &i)  of  the  closed  interval 
[av  &J.  If  this  midpoint  belongs  to  A  call  it  a2,  define  b2  =  bx,  and  consider 
the  midpoint  \{a2  +  b2)  of  the  right-hand  half-interval  [a2,  b2].  If  the  mid- 
point of  [al9  6J  belongs  to  B  call  it  Z>2,  define  a2  =  al9  and  consider  the 
midpoint  \{a2  +  b2)  of  the  left-hand  half-interval  [a2,  b2].  In  general,  if 
\(an  +  bn)eA,  call  it  an+1  and  define  bn+1  =  bn;  if  \{an  +  2>n)  G  B,  call  it 
Z>w+1  and  define  an+1  =  an.  In  this  way,  two  bounded  monotonic  sequences 
are  obtained  inductively,  {an}  increasing  and  {bn}  decreasing,  with  an  <  bn,  and 
bn  —  an  =  (^i  —  «i)/2n_1.  If  there  exists  a  natural  number  N  such  that  n  >  N 
implies  an  =  aN,  then  an  ->  aN  as  n  — ►  -|-  oo  and  {i7n}  is  a  convergent  sequence. 
On  the  other  hand,  if  there  exists  no  such  N,  define  mx  =  1  and  for  any  « 
define  mn+1  to  be  the  least  natural  number  k  greater  than  mn  such  that  ak  > 
am  .  If  cn  =  amn,  then  {cn}  is  a  strictly  increasing  subsequence  of  {an}. 
Since  {cn}  is  bounded  it  converges  by  assumption  II  and  Theorem  X,  §  1,  and 
furthermore  (by  the  same  theorem)  {an}  converges  also.  Under  all  circum- 
stances, then,  {an}  converges.  By  similar  reasoning  we  conclude  that  {bn} 
converges  too.  Assume  <zn  — ►  a  and  bn  — ►  b.  Since,  for  any  natural  numbers 
m  and  n,  if  p  =  max  (m,  n),  am<  av  <  bv  ^  bn,  every  term  of  {an}  is  a 
lower  bound  for  {bn},  and  hence  for  every  n,  an  ^  b.  Consequently  a  <  b. 
lfa<b,  since  an  ^  a  for  all «  and  since,  by  the  preceding  lemma,  bn  —  an^ 
0,  it  follows  that  for  sufficiently  large  n,  bn  —  an  <  b  —  a,  or  bn  <  an  +  b  —a 
<  b.  But  this  contradicts  the  inequality  bn  >  b,  and  we  infer  that  a  =  b; 
that  is,  that  {an}  and  {bn}  have  the  same  limit  a  =  b.  Finally,  we  seek  a 
contradiction  to  the  assumption  that  this  limit  is  a  member  of  the  set  A  (if  the 
limit  is  a  member  of  B,  a  contradiction  can  be  obtained  in  an  identical 
manner).  Accordingly,  we  have  bn  ->  a,  where  a  e  A,  and  bne  B  for  every 
natural  number  n.  By  assumption,  a  is  not  a  limit  point  of  B  and  therefore 
there  exists  an  open  interval  (u,  v)  containing  a  but  no  point  of  B.  If  we 
define  €  to  be  the  positive  number  e  =  min  (a  —  u,  v  —  a),  then  the  in- 
equality \bn  —  a\  <  e  is  never  satisfied  for  any  bn.  This  contradiction  to  the 
fact  that  bn  — >  a  is  the  one  sought. 

77/  implies  IV:    Assume  that  &  is  connected  and  that  there  exists  a  non- 
empty family  {[aa,  ba]}  of  closed  intervals  each  pair  of  which  have  a  point  in 
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common,  but  whose  intersection  n  [aa,  ba]  is  empty.     Let  A  be  the  set  of  all 

points  x  of  rS  such  that  x  <  aa  for  some  a,  and  let  B  be  the  set  of  all  points 
y  of  *&  such  that  y  >  ba  for  some  a.  Then  ^  is  equal  to  the  union  of  A  and 
B,  for  otherwise  there  would  exist  a  point  w  belonging  to  neither  A  nor  B  and 
hence  such  that  w  ^  aa  for  every  a  and  w  ^  ba  for  every  a.  Therefore  w  e 
[aa,  ba]  for  every  a.  (Contradiction.)  Since  points  a^  and  6a  exist,  A  and  5 
are  nonempty.  Finally  A  and  i?  have  no  point  in  common,  for  if  u  were  in 
both  A  and  B,  there  would  exist  a  and  /?  such  that  u  <  aa  and  w  >  6^.  But 
this  would  mean  that  the  closed  intervals  [aa,  ba]  and  \a^  bp]  would  have  no 
point  in  common.  (Contradiction.)  We  conclude  that  either  a  point  a  of  A 
is  a  limit  point  of  B  or  a  point  &  of  5  is  a  limit  point  of  A,  since  ^  is 
connected.  Assume  for  definiteness  that  there  exists  a  point  a  of  A  that  is  a 
limit  point  of  B.  (The  reader  can  supply  the  details  for  the  alternative.) 
Since  a  <  aa  for  some  a0  and  since  aa  <  ba  for  every  a  (otherwise  the  closed 
intervals  [aa,  bj  and  [#a  ,  Z?a  ]  would  have  no  point  in  common),  the  open 
interval  (2a  —  aa  ,  aa)  contains  a  and  no  point  of  B.     (Contradiction.) 

IV  implies  V:  Assume  IV  and  that  the  Dedekind  Property  V  fails ;  that  is, 
that  there  exist  two  nonempty  sets  L  and  R  whose  union  is  the  ordered  field 
&,  such  that  x  e  L  and  y  e  R  imply  x  <  y,  and  such  that  L  has  no  greatest 
member  and  R  has  no  least  member.  Consider  the  family  of  all  closed 
intervals  [x,  y],  where  x  e  L  and  y  e  R.  Any  two  of  these,  [xl9  y±]  and 
[x2,  y2],  have  a  point  in  common,  since  any  point  u  satisfying  the  inequalities 
max  (xl9  x2)  ^  u  ^  min  (ylt  y2)  belongs  to  both.  Therefore,  by  IV,  there 
exists  a  point  c  belonging  to  every  interval  [x,  y] ;  that  is,  x  e  L  and  y  e  R 
imply  x  ^  c  ^  y.  Since  ce^,  either  c  e  L  or  c  e  R.  If  c  e  L,  then  c  must 
be  the  greatest  member  of  L,  and  if  c  £  R,  then  c  must  be  the  least  member  of 
R.     (Contradiction.) 

V  implies  VI:  Assume  V  and  that  the  Heine-Borel  property  fails  for  the 
closed  interval  [a,  b\,  and  let  {Aa}  be  an  open  covering  of  [a,  b]  that  cannot  be 
reduced  to  a  finite  covering.  Define  a  set  L  to  consist  of  all  members  x  of  the 
ordered  field  ^  such  that  x  ^  a,  together  with  all  those  x  (if  any)  between  a 
and  b  such  that  the  closed  interval  [a,  x]  can  be  covered  by  a  finite  sub- 
collection  of  {Aa}.  Define  a  set  R  to  consist  of  all  members  x  of  ^  such  that 
x  >  b,  together  with  all  those  x  such  that  a  <  x  ^  b  and  such  that  the  closed 
interval  [a,  x]  cannot  be  covered  by  a  finite  subcollection  of  {Aa}.  Clearly, 
L  and  R  are  nonempty  sets  whose  union  is  @,  and  x  e  L  and  y  e  R  imply 
x  <  y.  Assume  first  that  L  has  a  greatest  member  c.  Then  a  ^  c  <  b,  and 
the  point  c  must  belong  to  some  set  Ay  of  the  covering.  Since  Ay  is  open  it 
contains  an  open  interval  /  containing  c,  and  there  must  be  a  point  v  of  I 
between  c  and  b.  If  c  =  a,  then  [a,  v]  is  finitely  covered  by  Ay,  and  dgZ, 
If  c  >  a,  and  if  {^a~,.4a2,  •  •  •  ,  Aa  }  is  a  finite  covering  of  [a,  c],  then  {,4a  , 
Aa^  •  •  • ,  ^4a^,  ^4y}  is  a  finite  covering  of  [a,  v],  and  v  e  L.  But  in  either  case,  v 
>  c  and  a  contradiction  has  been  obtained  to  the  assumption  that  c  is  the 
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greatest  member  of  L.  Finally,  we  assume  that  R  has  a  least  member  c.  Then 
a  <  c  ^  b,  and  the  point  c  must  belong  to  some  set  Ay  of  the  covering. 
Since  Ay  is  open  it  contains  an  open  interval  /containing  c,and  there  must  be  a 
point  u  of  I  between  a  and  c.  Since  u  <  c,  u  e  L  and  therefore  there 
exists  a  finite  covering  {Aai,  Aa<>,  •  •  • ,  Aa^  of  the  closed  interval  [a,  u\ 
Then  {Aai,  Aa^,  •  •  •  ,  ,4  Av}  is  a  finite  covering  of  [a,  c].  (Contradic- 
tion.) 

VI  implies  VII:  Assume  VI  and  that  there  exists  a  bounded  increasing 
sequence  {an}  that  fails  to  converge,  and  assume  that  a  <  an  ^  b  for  every  n. 
As  shown  in  the  proof  of  II  implies  III,  there  must  exist  a  strictly  increasing 
subsequence  {cn}  of  {an}.  By  Theorem  X,  §  1 ,  this  sequence  fails  to  converge, 
and  the  set  of  its  values  has  no  limit  point.  Therefore,  the  set  Q  =  {cl9 
c2, '  '  ' ,  cn,  •  •  -  }  is  closed.  Similarly,  the  set  C2  =  {c2,  c3,  •  •  • ,  cn,  •  •  •  },  being 
a  subset  of  Cl9  has  no  limit  point  and  is  therefore  closed.  In  general,  the  set 
Cn  —  icn>  cn+i>  *  *  *  }  is  closed  for  every  n  =  1,  2,  •  •  •  .  If  Gn  is  defined  to  be 
the  complement  (in  the  ordered  field  ^)  of  the  set  Cw  for  every  n  =  1,  2,  •  •  •  : 
Gn  =  Cnr,  then  by  Theorem  IV,  §  1,  Gn  is  open  for  n  =  1,  2,  •  •  •  .  The 
collection  {Gn}  is  an  open  covering  of  the  closed  interval  [a,  b]  since  (for 
every  n),  cn  e  Gn+1,  and  any  point  of  [a,  b]  that  is  not  in  the  sequence  {cn} 
belongs  to  every  Gn.  Therefore,  by  assumption,  the  interval  [a,  b]  is  a  subset 
of  the  union  of  a  finite  number  of  the  GN's  and  hence,  since  Gn  c=  Gn+1  for 
every  n,  [a,  b]  is  a  subset  of  Gn  for  some  n  (the  largest  of  the  finite  set  of 
subscripts).  But  this  means  that  cn  is  a  member  of  Gn,  whereas  cn  £  Cw. 
(Contradiction). 

K/7  implies  VIII:  If  {an}  is  a  bounded  decreasing  sequence,  then  {bn}, 
where  bn  =  —an  is  a  bounded  increasing  sequence.  If  bn  ->  Z?,  and  if 
a  =  — Z>,  then  an  ->  a,  since  \an  —  a\  =  \—bn  -{-  b\  =  \bn  —  b\. 

VIII  implies  IX:  VIII  implies  VII  exactly  as  VII  implies  VIII.  Hence 
VIII  implies  IX. 

IX  implies  X:  If  {an}  is  a  bounded  sequence,  let  {bn}  be  any  monotonic 
subsequence  of  {an}  , which  exists  by  Theorem  VII,  §  1 .  Since  {bn}  is  bounded 
and  monotonic  it  converges  by  IX. 

X  implies  the  axiom  of  completeness:     We  first  establish  a  lemma: 

Lemma.     If  X  is  true  and  if  p  >  0,  then  pjn  — >►  0  and p\2n  — >  0  as  n  — >■  +  oo. 

Proof  of  lemma.  By  X,  since  the  sequence  {pjn}  is  bounded  (by  0  and/?), 
it  contains  a  convergent  subsequence.  By  Theorem  X,  §  1,  any  decreasing 
sequence  that  contains  a  convergent  subsequence  is  itself  convergent,  and  its 
limit  is  the  infimum  of  the  set  of  its  values.  The  remaining  details  are  given 
in  the  proof  of  the  lemma  to  //'  implies  HI. 

X  implies  the  axiom  of  completeness,  continued:  Let  C  be  any  nonempty  set, 
in  the  ordered  field  ^,  that  is  bounded  above,  let  A  be  the  set  of  all  points  of 
^  that  are  not  upper  bounds  of  C  and  let  B  be  the  set  of  all  upper  bounds  of 
C.    Then  A  and  B  are  nonempty  sets  whose  union  is  ^,  and  x  e  A  and  y  e  B 


§3]  CONTINUITY   AND   COMPLETENESS  199 

imply  x  <  y.  Let  al  be  an  arbitrary  member  of  A  and  bx  be  an  arbitrary 
member  of  B,  and  proceed  inductively  as  in  the  proof  of  //  implies  III  to 
define  the  increasing  sequence  {an}  of  points  of  A  and  the  decreasing  sequence 
{bn}  of  points  of  B  as  follows:  If  \{an  +  bn)  e  A,  call  it  an+1  and  define 
bn+1  =  bn;  if  \(an  +  bn)  e  B,  call  it  bn+1  and  define  an+1  =  an.  As  shown 
in  the  proof  of  the  preceding  lemma,  X  implies  the  convergence  of  both  {an} 
and  {bn},  and  as  shown  in  the  proof  of  77  implies  III,  the  limits  of  these 
sequences  are  the  same:  if  an  ->  a  and  bn  —>  b,  then  a  =  b.  We  now  wish 
to  prove  that  a  =  b  is  an  upper  bound  of  the  set  C,  and  proceed  by  assuming 
that  there  exists  a  point  c  of  C  greater  than  a:  c  >  a.  But  since  a  = 
inf  {bn}  <  c,  there  must  be  a  term  bn  such  that  bn  <  c.  This  contradicts  the 
fact  that  bn  is  a  member  of  the  set  B,  and  is  therefore  an  upper  bound  of  the 
set  C.  Finally,  we  wish  to  prove  that  a  =  b  is  the  least  upper  bound  of  C, 
and  proceed  by  assuming  that  there  exists  a  number  u  less  than  a  such  that  u 
is  an  upper  bound  of  C.  But  since  a  =  sup  {an}  >  u,  there  must  be  a  term 
an  such  that  an  >  u.  This  contradicts  the  fact  that  an  is  a  member  of  the  set 
A,  and  is  therefore  not  an  upper  bound  of  C.  This  completes  the  proof  of 
the  theorem. 

Corollary.     If  @  is  an  ordered  field  in  which  any  one  of  the  ten  conditions  of 
the  preceding  theorem  is  satisfied,  then  CS  is  Archimedean  (§  903). 

Proof.     Each  condition  implies  completeness,  and  completeness  implies 
the  Archimedean  property  (Theorem  I,  §  903). 


3.  CONTINUITY  AND  COMPLETENESS 

Definition.  Let  ^  be  an  ordered  field  and  let  f be  a  function  from  &  to  ^ . 
Then  f  is  continuous  at  a  point  a  of  its  domain  of  definition^  if  and  only  if 
corresponding  to  an  arbitrary  positive  member  e  of  ^  there  exists  a  positive 
member  d  of  &  such  that  the  inequality  \x  —  a\  <  d  implies  the  inequality 
\f(x)  —  f(a)\  <  e  for  points  x  of  the  domain  off  A  function  is  continuous 
on  a  set  within  its  domain  if  and  only  if  it  is  continuous  at  every  point  of  that 
set.  A  function  is  continuous  if  and  only  if  it  is  continuous  on  its  domain. 
A  function  is  bounded  above,  bounded  below,  or  bounded  if  and  only  if 
its  range  of  values  is  bounded  above,  bounded  below,  or  bounded,  respectively. 
A  value  f(c)  of  the  function  f  is  the  maximum  value  of  f  if  and  only  if  the 
inequality  f(c)  ^  f(x)  holds  for  every  x  in  the  domain  off.  A  value  f(d) 
of the  function  f is  the  minimum  value  off  if  and  only  if  the  inequality  f (d)  ^ 
f(x)  holds  for  every  x  in  the  domain  off. 

t  In  §  1004,  continuity  for  monotonic  functions  is  defined  in  terms  of  suprema  and  infima. 
It  is  a  straightforward  exercise  in  any  course  in  mathematical  analysis  at  the  level  of  advanced 
calculus  to  prove  that  the  definition  of  §  1004  is  subsumed  under  the  present  one  (cf.  AC, 
§§209  and  215,  and  Exs.  23  and  24,  §  216). 
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Theorem.  Let  &  be  an  ordered  field.  Then  each  of  the  following  is  a 
necessary  and  sufficient  condition  for  @  to  be  complete^: 

I.  Whenever  f  is  a  continuous  function  from  &  to  &  whose  domain  is  a 
closed  interval  I,  then  the  absolute  value  off  is  bounded  by  a  natural  number, 
that  is,  there  exists  a  natural  number  N  such  that  x  e  I  implies  \f(x)\  ^  N. 

II.  Whenever  f  is  a  continuous  function  from  &  to  &  whose  domain  is  a 
closed  interval  I,  then  f  has  a  maximum  value  on  I,  that  is,  there  exists  a  point 
c  of  I  such  thatf(c)  is  the  maximum  value  off 

III.  Whenever  f  is  a  continuous  function  from  &  to  &  whose  domain  is  a 
closed  interval  I,  then  f  has  a  minimum  value  on  I,  that  is,  there  exists  a  point 
d  of  I  such  that  f(d)  is  the  minimum  value  off 

IV.  Whenever  f  is  a  continuous  function  from  &  to  &  whose  domain  is  a 
closed  interval  I,  then  f  has  the  intermediate  value  property  on  I;  that  is, 
iff(u)  <  h  <f(v),  where  u  e  I  and  v  e  I,  then  there  exists  a  point  w  of  I  such 
thatfiw)  =  h. 

Proof  That  each  of  these  conditions  is  necessary  is  a  standard  theorem 
in  the  elementary  theory  of  real  variables.  For  detailed  proofs,  see  AC, 
§  218.  We  proceed  now  to  establish  sufficiency  for  each  of  the  four  condi- 
tions of  the  theorem.     To  this  end  we  first  prove  two  lemmas. 

Lemma  1.  In  an  ordered  field  &  any  linear  function  is  everywhere  con- 
tinuous; that  is,  if  a  function  f  is  defined  by  an  equation  of  the  form  f  (x)  = 
mx  +  c,  where  m  and  c  are  arbitrary  constants  in  &,  then  f  is  continuous. 

Proof  Ifm  =  0,  then  the  inequality  \f(x)  —  f(a)\  <  e  reduces  to  \c  —  c\  — 
0  <  e,  which  is  trivially  satisfied  for  all  x,  and  the  d  of  the  Definition  can 
be  taken  equal  to  1.  If  m  ^  0,  then  the  inequality  \f(x)  —  f(a)\  <e 
becomes  \(mx  +  c)  —  (ma  +  c)|  =  \m\  •  \x  —  a\  <e,  which  is  satisfied  pro- 
vided (5  =  €J\m\  and  \x  —  a\  <  d. 

Lemma  2.  If  [a,  b]  is  an  arbitrary  closed  interval  of  @  and  if  c  and  d  are 
arbitrary  members  of '  @ ',  there  exists  a  continuous  function  f  defined  on  [a,  b] 
such  that  f  (a)  =  c  and  J "(b)  =  d. 

d-  c 

Proof     Let/O)  =  c  + (x  —  a). 

b  —  a 

I  implies  completeness:  Assume  that  I  is  true  and  that  Property  VII  of  the 
Theorem,  §  2,  fails,  that  is,  there  exists  a  bounded  increasing  sequence  that 
does  not  converge.  As  in  the  proof  of  //  implies  III  of  the  Theorem,  §  2, 
there  must  exist  a  strictly  increasing  bounded  sequence  {an}  that  does  not 
converge.  If  a  =  ax,  and  if  b  is  an  upper  bound  of  {an}  we  shall  define  a 
continuous  function /from  ^  to  ^  with  domain  [a,  b]  whose  absolute  values 
are  not  bounded  by  any  natural  number  N,  as  follows:    If  an  <  x  ^  an+1,  for 

f  Properties  I,  II,  and  III  are  due  to  K.  W.  T.  Weierstrass  (1815-1897,  German),  and 
property  IV  is  due  to  B.  Bolzano  (1781-1848,  of  Prague,  then  Austrian). 
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n  =  1,  2,  •  •  •  ,  define  f(x)  by  "linear  interpolation"  with  values  f(an)  =  n 
and  f(an+1)  =  n  +  1 :  /(#)  =  n  +  (x  —  an)l(an+1  —  an).  If  x  is  an  upper 
bound  of  the  set  {an}  and  x  ^  b,  define  /(x)  to  be  0.  To  see  that /is  con- 
tinuous at  every  point  x0  of  [a,  b]  we  examine  the  cases:  (1)  If  x0  is  between 
#n  and  an+1,/is  continuous  at  x0  by  Lemma  2.  (2)  If  x0  is  equal  to  some  an, 
then /is  continuous  on  each  of  the  two  intervals  touching  x0  (one  interval 
if  n  =  1).  "-(3)  If  x0  is  an  upper  bound  of  {an},  let  u  be  a  smaller  upper 
bound  (which  must  exist  since  sup  {an}  does  not  exist),  and  let  6  =  x0  —  u. 
Then  \x  —  x0\  <  d  implies  x  >  x0  —  S  =  u  and  hence  \f{x)  —  f(x0)\  = 
|0  —  0|  <  e.     We  have  thus  obtained  the  desired  contradiction  to  I. 

//  implies  completeness:  Assume  that  Property  VII  of  the  Theorem,  §  2, 
fails  and  let  {an},  a,  and  b  be  defined  as  in  the  proof  of  /  implies  completeness. 
Let  the  function  /  be  defined  by  linear  interpolation  on  [an,  an+1]  so  that 
f(an)  =  (n  —  I) /n  for  n  =  1,  2,  •  •  • ,  by  the  formula  f(x)  =  (n  —  \)jn  + 
(x  —  an)ln(n  +  l)(tfn+1  —  an),  and  let/(x)  =  0  if  x  is  an  upper  bound  of  {an} 
not  exceeding  b.  Then  (as  before) /is  continuous  on  [a,  b].  Furthermore, 
since  every  value /(x)  is  exceeded  by  some  number  of  the  form  (n  —  l)//7, 
/can  have  no  maximum  value  on  the  interval  [a,  b]. 

III  implies  completeness:  Assume  that  Property  VII  of  the  Theorem,  §  2, 
fails  and  let  {an}y  a,  and  b  be  defined  as  in  the  proof  of  I  implies  completeness. 
If/ is  the  function  just  defined  for  II,  then  g  =  1  —  /  (g(x)=  1  —  f{x))  is 
continuous  on  [a,  b]  without  having  a  minimum  value  there. 

IV  implies  completeness:  Assume  that  IV  is  true  and  that  III  of  the  Theorem, 
§2,  fails;  that  is,  there  exist  nonempty  sets  A  and  B  having  no  point  in 
common,  whose  union  is  ^,  and  such  that  no  point  of  A  is  a  limit  point  of 
B  and  no  point  of  B  is  a  limit  point  of  A.  Let  a  be  an  arbitrary  point  of  A 
and  b  be  an  arbitrary  point  of  B,  and  assume  for  definiteness  that  a  <  b 
(ifa>b  change  the  notation).  On  the  interval  [a,  b]  define  the  function/to 
be  equal  to  1  at  all  points  of  A  and  —  1  at  all  points  of  B.  Since  this  function 
fails  to  have  the  intermediate  value  property  (nowhere  on  [a,  b]  does  it  have 
the  value  0),  a  contradiction  to  IV  will  have  been  obtained  as  soon  as  we  show 
that/ is  continuous  at  every  point  x0  of  [a,  b].  Assume  for  definiteness  that 
x0  g  A  (the  same  method  applies  if  x0  e  B),  and  let  (u,  v)  be  an  open  interval 
containing  x0  and  no  points  of  B.  If  d  =  min  (x0  —  w,  v  —  x0),  then  d  >  0 
and  ]x  —  x0|  <  d  implies  u  ^  x0  —  (5<x<x0  +  (5^z;  and  hence 
|/(x)  — /(x0)|  =  |1  —  1|  =  0  <  €  for  every  point  x  in  the  domain  of/ 
Therefore  /is  continuous,  a  contradiction  to  IV  has  been  found,  and  the 
proof  is  complete. 

4.  CAUCHY  SEQUENCES 

As  a  preliminary  to  the  next,  and  final,  section  we  introduce  a  new  concept, 
due  to  the  French  mathematician  A.  L.  Cauchy  (1789-1857),  and  prove  a  few 
of  its  properties. 
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Definition.  A  sequence  {an}  in  an  ordered  field  &  is  a  Cauchy  sequence  if 
and  only  if  corresponding  to  an  arbitrary  positive  member  eof^  there  exists  a 
natural  number  N  such  that  the  two  inequalities  m  >  N  and  n  >  N  together 
imply  \am  -  an\  <  e. 

Theorem  I.  Every  convergent  sequence  in  an  ordered  field  is  a  Cauchy 
sequence. 

Proof  Assume  that  an  ->  a  as  n  — ►  +  go,  and  let  €  >  0  be  given.  Then 
corresponding  to  the  positive  element  Je  there  exists  a  natural  number  N  such 
that  n  >  N  implies  \an  —  a\  <  fc.  If  simultaneously  m  >  N  and  n  >  N, 
then  by  the  triangle  inequality  (VII,  §  804),  \am  —  an\  =  \{am  —  a)  + 
(—an  +  a)\  ^  \am  -  a\  +  \—an  +  a\  =  \am  -  a\  -f  \an  -  a\  <  Je  + 

Theorem  II.     Every  Cauchy  sequence  in  an  ordered  field  is  bounded. 

Proof  If  e  =  1 ,  there  exists  a  natural  number  N  such  that  n  >  N  implies 
\an  —  aN+1\  <  1,  or  aN+1  —  1  <  an  <  aN+1  +  1.  Therefore,  for  every 
natural  number  n,  min  {al9  a2,  •  •  •  ,  aN,  aN+1}  —  \  ^  an  <  max  {%,  a2,  •  •  •  , 

Theorem  III.  Every  Cauchy  sequence,  in  an  ordered  field,  that  contains  a 
convergent  subsequence  is  convergent. 

Proof.  Assume  that  {an}  is  a  Cauchy  sequence,  that  {bn}  is  a  subsequence 
with  bn  =  amn,  and  that  bn  ->  b  as  n  ->  +  oo,  and  let  e  >  0  be  given.  Let  iVj 
be  a  natural  number  such  that  m  >  Nx  and  n  >  N±  imply  \am  —  an\  <  \e\ 
let  A^2  be  a  natural  number  such  that  n  >  N2  implies  \bn  —  b\  <  \e,  define 
N  ==  max  (JVi,  iV2),  and  let  n  >  N.  Then  mn>  n  >  N  (cf.  Example  4, 
§  1204),  and  K  -  6|  =  |(an  -  bn)  +  (Z>B  -  b)\  £  \an  -  6J  +  \bn  -  b\  = 
K  -  «mj  +  [*«  -  *l  <  *c  +  |e  -  e. 

5.  THE  ARCHIMEDEAN   PROPERTY  AND  COMPLETENESS 

In  this  final  section  we  give  three  conditions  each  of  which  is  both  necessary 
and  sufficient  for  completeness  in  an  Archimedean  ordered  field  (§  903). 
If  each  of  these  is  coupled  with  the  assumption  that  the  ordered  field  under 
consideration  is  Archimedean,  then  the  present  section  completes  a  total  list 
of  eighteen  alternative  formulations  of  completeness  (the  axiom  of  complete- 
ness, the  ten  conditions  of  §  2,  the  four  conditions  of  §  3,  and  the  three  new 
conditions  about  to  be  presented).  (If  Exercises  7-13,  §  5,  are  included,  the 
total  number  of  statements  of  completeness  is  brought  to  twenty-five), 

Theorem.    Let  &  be  an  Archimedean  ordered  field.     Then  each  of  the 
following  is  a  necessary  and  sufficient  condition  for  &  to  be  complete: 
I.     Every  Cauchy  sequence  converges. 
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II.  The  nested  intervals  property^  holds:  If  {\an,  bn\}  is  a  decreasing 
sequence  of  closed  intervals,  that  is,  [an+1,  bn+1]  c:  [an,  bn]  for  n  =  1 ,  2,  •  •  •  , 
then  there  exists  at  least  one  point  x  belonging  to  every  interval  of  the  sequence: 
xe  n  [an,  bn]. 

n 

III.  Whenever  f  is  a  continuous  function  from  &  to  &  whose  domain  is  a 
closed  interval  I,  then  the  absolute  value  of  f  is  bounded,  that  is,  there  exists  a 
positive  member  p  of  &  such  that  xe  I  implies  \f(x)\  ^  p. 

Proof.  Necessity  of  I:  Assume  ^  is  complete,  and  let  {an}  be  a  Cauchy 
sequence.  By  Theorem  II,  §  4,  {an}  is  bounded,  and  hence  by  Theorems  VI 
and  VII,  §  1,  {an}  contains  a  bounded  monotonic  subsequence  {bn}.  By  IX 
of  the  Theorem,  §  2,  {bn}  converges  and  therefore,  by  Theorem  III,  §  4, 
{an}  converges. 

Sufficiency  of  I:  Assume  that  every  Cauchy  sequence  in  the  Archimedean 
ordered  field  ^  converges  and  that  ^  is  not  complete.  By  VII  of  the  Theorem 
§  2,  there  must  exist  a  bounded  increasing  sequence  {an}  that  does  not  con- 
verge. By  assumption,  then,  {an}  is  not  a  Cauchy  sequence.  This  means 
that  there  exists  a  positive  member  e  of  ^  such  that  for  any  natural  number  N 
there  exist  natural  numbers  m  and  n  such  that  m  >  N,  n  >  N,  and 
\am  —  an\  =  €>  and  hence,  if  m  <  n,  such  that  an  2>  am  +  e  ^  aN  +  e. 
If  N  =  1,  in  particular,  there  exists  a  natural  number  n  such  that  an  ^  a1  +  e. 
Let  m1  be  the  least  such  natural  number,  so  that  am  ^  ax  -\-  e.  With  am 
determined,  let  mn+1  be  the  least  natural  number  k  such  that  k  >  mn  and 
ak^  am  +  e,  so  that  am  ^  am  +  e.  In  this  way,  by  mathematical 
induction,  a  strictly  increasing  bounded  subsequence  {bn}  of  {an}  is  defined, 
with  £w+1  ^  bn-{-  e  for  every  natural  number  n,  and  6X  ^  ax  +  e.  Conse- 
quently (as  is  easily  proved  by  mathematical  induction),  bn  ^  <2X  +  «e  for 
every  «  =  1,  2,  •  •  •  ,  and  if  b  is  an  upper  bound  of  the  set  {an},  we  infer  that 
b  ^  bn  ^  ax  +  ne  for  «  =  1,  2,  •  •  •  ,  and  conclude  that  the  inequality 
ne  ^  b  —  ax  holds  for  every  natural  number  n.  This  contradicts  the  assump- 
tion that  the  ordered  field  ^  is  Archimedean. 

Necessity  of  II:  This  is  a  special  case  of  IV  of  the  Theorem,  §  2. 

Sufficiency  of  II:  Assuming  II,  we  wish  to  prove  that  the  Archimedean 
ordered  field  ^  must  be  connected  (cf.  Ill  of  the  Theorem,  §  2).  Accordingly, 
assume  that  ^  is  an  Archimedean  ordered  field  that  is  not  connected,  and  let 
^  be  represented  as  the  union  of  two  separated  sets  A  and  B.  We  proceed  as 
in  the  proof  of  II  implies  III,  of  the  Theorem,  §  2,  defining  a  bounded 
increasing  sequence  {an}  of  points  of  A  and  a  bounded  decreasing  sequence 
{bn}  of  points  of  B  such  that  an  <  bn  and  bn  —  an  =  (bx  —  a^jl71'1  for 
every  n.  Since,  in  an  Archimedean  ordered  field,  if/?  >  0,p/n  <  e  whenever 
n  >  pie,  pjn  — >  0  as  n  ->  +  oo.  Therefore,  since  {p/2n}  is  a  subsequence  of 
{pin},  p/2n  -►  0  and  hence  bn  —  an  ->  0,  as  «  ->  +  oo.     By  the  assumption 

t  Due  to  Georg  Cantor  (1845-1918,  German).  Also  cf.  IV  of  th^Theorem,  §  2,  for  the 
related  overlapping  intervals  property. 
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II,  since  {[an,  bn]}  is  a  decreasing  sequence  of  closed  intervals,  there  exists  an 
element  c  such  that  an  ^  c  ^  bn  for  all  n.  Since  0  S  c  —  an  ^  bn  —  an  and 
0  ^  bn  —  c  ^  bn  —  an,  c  —  an  ->  0  and  6n  —  c  ->  0  as  n  ->  +  oo,  or 
equivalently,  #„  -*-  c  and  Z>n  -►  c  as  n  ->  +  oo.  Now,  if  c  e  ,4,  since  6TC  ->  c, 
c  is  a  limit  point  of  B  (contradiction,  since  A  and  B  are  separated),  and  if 
c  e  B,  since  aw  ->  c,  c  is  a  limit  point  of  A  (again,  a  contradiction). 

Necessity  of  III:  If  |/(x)|  is  bounded  by  a  natural  number  N,  then  |/(jc)| 
is  bounded  by  a  positive  member  of  ^  (namely,  N). 

Sufficiency  of  III:  If  \f(x)\  is  bounded  by  a  positive  member/?  of  ^,  and 
if  TV  is  a  natural  number  greater  than  p  (which  exists  by  the  Archimedean 
property),  then  |/(jc)|  is  bounded  by  N. 

6.  EXERCISES 

1.  Let  £  be  the  ordered  field  of  rational  numbers,  which  fails  to  be  complete  (cf. 
Theorem  IV,  §  905).  Find  a  counter-example  for  each  of  the  ten  conditions  of  the 
Theorem,  §  2.  (For  example,  for  I  of  that  theorem  find  a  nonempty  set  of  rational 
numbers  that  is  bounded  below  by  a  rational  number  but  that  has  no  greatest  lower 
bound  in  J.) 

2.  Same  as  Exercise  1,  for  each  of  the  four  conditions  of  the  Theorem,  §  3. 

3.  Same  as  Exercise  1,  for  each  of  the  three  conditions  of  the  Theorem,  §  5. 

*4.  Let  &  be  the  non- Archimedean  ordered  field  of  rational  functions  from  the 
real  number  system  #  to  9t  defined  and  discussed  in  §  711-713.  Find  a  counter- 
example for  each  of  the  ten  conditions  of  the  Theorem,  §  2. 

*5.  Same  as  Exercise  4   for  each  of  the  four  conditions  of  the  Theorem,  §  3. 

6.  Let  ^  be  an  ordered  field  that  is  not  complete  and  let  p  be  an  arbitrary 
positive  member  of  <g.  Prove  that  there  exists  a  strictly  increasing  divergent 
sequence  of  positive  members  of  ^  all  of  which  are  less  than  p. 

In  Exercises  7-10  let  ^  be  an  ordered  field.  A  function  from  ^  to  ^  is  said  to  be 
one-to-one  on  its  domain  D  if  and  only  if  it  is  a  one-to-one  correspondence  between 
the  members  of  D  and  those  of  its  range  R  (cf.  §  3 10).  A  nonempty  subset  A  of  ^  is 
compact  if  and  only  if  A  has  the  Heine-Borel  property;  every  open  covering  of  A  is 
reducible  to  a  finite  covering  (cf.  VI  of  the  Theorem,  §  2).  Prove  that  each  of  the 
statements  in  Exercises  7-10,  is  a  necessary  and  sufficient  condition  for  ^  to  be 
complete. 

7.  Whenever /is  a  continuous  function  from  ^  to  ^  whose  domain  is  a  closed 
interval  and  which  is  one-to-one  on  its  domain,  then  the  range  of/is  a  closed  interval. 
Hint:  Use  the  example  of  the  proof  of  II  of  the  Theorem,  §  3,  for  ax  <  x  ^  an  for 
some  n,  and/(x)  ==  b  +  2  —  x  for  x  >  an  for  all  n. 

8.  Whenever /is  a  continuous  function  from  ^  to  ^  whose  domain  is  a  closed 
interval  and  which  is  one-to-one  on  its  domain,  then  the  range  of/  is  connected. 
(Cf.  Ex.  7.) 

9.  Whenever  /  is  a  continuous  function  from  ^  to  ^  whose  domain  is  a  closed 
interval  and  which  is  one-to-one  on  its  domain,  then  the  range  of  /  is  compact. 
(Cf.  Exs.  7-8.) 
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10.  Whenever  /"is  a  continuous  function  from  ^  to  ^  whose  domain  is  a  closed 
interval  and  which  is  one-to-one  on  its  domain,  then  /is  monotonic. 

In  Exercises  11-12,  let  <&  be  an  Archimedean  ordered  field.  The  inverse  of  a 
function  /"from  ^  to  ^  that  is  one-to-one  on  its  domain  is  the  function  from  #  to  7J 
obtained  by  interchanging  the  domain  and  range  of/.  A  function  /  from  ^  to  0 
is  said  to  be  uniformly  continuous  on  its  domain  D  if  and  only  if  corresponding  to  an 
arbitrary  positive  member  e  of  <s  there  exists  a  positive  member  6  of  V  such  that  the 
inequality  \xx  —  x2\  <  <5  implies  the  inequality  |  f(xY)  —  f(x2)\  <  e  for  points  x1 
and  x2  of  D.  Prove  that  each  of  the  statements,  in  Exercises  1 1-12,  is  a  necessary 
and  sufficient  condition  for  ^  to  be  complete. 

11.  Whenever  /"is  a  continuous  function  from  g  to  rg  whose  domain  is  a  closed 
interval  and  which  is  one-to-one  on  its  domain,  then  the  inverse  function  of/  is 
continuous  on  the  range  R  of/  Hint:  Adjust  the  example  of  the  hint  of  Exercise 
7  by  means  of  the  formula  f(x)  =  6  +  1  —  x. 

12.  Whenever  /"is  a  continuous  function  from  0  to  <&  whose  domain  is  a  closed 
interval  I,  then/is  uniformly  continuous  on  I.  Hint:  Use  the  example  of  the  proof 
of  part  I  of  the  Theorem,  §  3. 

13.  Let  ^  be  an  ordered  field.  A  function  /'from  ^  to  ^  that  is  continuous  and 
one-to-one  on  its  domain  D  and  whose  inverse  is  continuous  on  the  range  R  of/ 
is  said  to  be  a  topological  mapping  of  D  onto  R.  Prove  that  if  <g  is  not  complete, 
then  there  exists  a  topological  mapping  of  the  closed  unit  interval  [0,  1]  onto  itself 
that  is  not  monotonic.  Prove  indeed,  that  rS  is  complete  if  and  only  if  such  a 
mapping  is  impossible.  Hint:  Let  0  <  cx  <  ■  •  ■  <  cn  <  •  •  •  <  J,  where  {cn}  does 
not  converge,  define  f(x)  =  x  if  0  ^  x  ^  cn  for  some  n,  or  if  1  —  cn  ^  x  ^  1  for 
some  n,  and  let  f(x)  =1  —  x  if  cn  <  x  <  1  —  cn  for  every  n. 
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1. 

3. 
3. 

5. 
7. 

138,618. 

3280i 

M6n2  +  3n  -  1). 

i«(/i  -f  1)0*  +  2). 

&n(/i  +  1)(az  +  2)(3«  +  5). 

2.  2n2  +  4«. 

4.  2"  -  1. 
14.  «2(2«2  -  1). 
16.  x\n(n  +  1)(« 
18.  hn(n  +  1)(« 

§406, 

page  54 

+  2)(3/i  +  1). 


+  6«  +  1). 


6.  Prime. 

8.  89  •  97  •  101. 

37,  41,  43,  47,  53,  59,  61,  67,  71,  73,  79,  83,  89,  97, 


5.  41  •  47. 

7.  7-7-1113-13. 

9.  2,3,5,7,  11,  13,  17,  19,23,29,31 

101,  103,  107,  109,  113. 
10.  3,  7,  31,  211,  2301.  15.  227,  229. 

16.  20  =  3  +  17  =  7  +  13,  30  =  7  +  23  -  11  +  19  =  13  +  17, 
29  =  17  +  23,  50  =  3  +  47  =  7  +  43  =  13  +  37  =  19  +  31 
47  =  17  +  43  =  19  +  41  =  23  +  37  =  29  +  31. 

17.  n  =  41m,  n  =  42(41m  +  1). 


40 
60 


3  +  37  =  11  + 
7  +  53  =  13  + 
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1.  4;  24. 

3.  6;  546. 

5.  1;  111,111. 

7.  m  =  2,  n  = 

9.  m  =  6,  n  = 

11.  m  =  56,  n  ■■ 

14.  24. 


l,r  =  1,j  =  1. 
U,r  =  2,s  =  1. 

=  505,  r  =  496,  s'- 


55. 


2.  1;  840. 

4.  10;  126,000. 

6.  12;  30,240. 

8.  m  =  11,  «  =  16,  r  =  19,5=  13. 
10.  m  =  221,  «  =  55,  r  =  1,  s  =  4. 
12.  m  =  35,  n  =  17,  r  =  18,  s  =  37. 


609,  page  80 


1.  x  =  9.  2.  *  =  56. 

3.  x  =  3.  4.  *  -  20. 

5.  12.  6.  11. 

7.  32.  8.  89. 

9.  n  =  6.  10.  «  -  13. 

11.^  =  3,7  =  4.  12.  x  =  3,y  =  1,  z  =  2. 

15.  jc  =  0,  y  =  2;  #  =  1,  y  =  3;  x  =  2,  j  =  4;  *  =  3,  j  =  0;  *  =  4,  y  =  1. 

16.  x  =  0,j>  =  2,z  =  0;  x  =  \,y  =  2,z  =  2;  *  =  2,y  =  2,z  =  4;  jc  =  3, 7  =  2,z  =  1 
x  =  4,  y  =  2,  z  =  3. 

17.  x  =  4,  jc  =  7.  18.  No  solutions. 
23.  3.                          24.  3. 

27.  jc  =  4,y  =  0,  2,  4,  6,  8,  10;  jc  =  10,  7  =  1,  3,  5,  7,  9,  11. 


4.  ^(x)  =  I,  r(x)  =  — i*  —  i 
13.  GCD:  x2  -jc  +  1,LCM: 
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5.  f(*)  =  ix*  -&&h  r(jc) 
3jc6  +  5jc5  +  9jc4  +  2jc3  +  9jc2  +  5x  +  3. 
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14.  GCD:  *3  -  5*  -  3,  LCM: 

15.  </>(*)  =  f*  -  f ,  xp{x)  =  -x 

16.  <£(*)  =  3-1  (6*  +  7),  yj(x)  =  - 


xs  -  25*4  -  15*3  -  9*2  -  75*  -  45. 


3M12jc3  +  2x2  +  4*  +  3). 
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3. 

-1  <  *  <  5. 

5. 

x  >  2. 

7. 

No  solutions. 

9. 

-3  <*  <  -1  or  1 

11. 

x  <  -5/3  or  x  >  5 

13. 

4  <  x  <  6. 

15. 

No  solutions. 

17. 

1*1  >  M. 

<*  <  3. 


19.  |*|  ^  2  or  |*|  >  3. 

21.  If  |«|  =  \b\,  no  solutions;  if  \a\  <  \b\, 


>\b\, 


22. 


< 


b\ 


4.  *  f^  —5  or  *  ^  —1. 

6.  x  <  3. 

8.  —oo  <  *  <  +oo. 

10.  No  solutions. 

12.  *  <  -1. 

14.  2  <  *  <  4  or  6  <  *  <  12. 

16.  —  oo  <  *  <  +oo. 

18.  |*|  <  \a\  or  *  =  a. 

20.  2  <  |*|  <  3. 

b  - 


> 


\a  +  b\ 


If  a  —  b,  no  solutions : 

*<  -\b\. 


2 
if  a  <  b, 


■\b\  <  x  <  0  or  *  >  \b\ ;  if  a  >  b,  0  <  *  <  \b\  or 


23.  *  >  a  +  |6|. 
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1.  1,100,100; 

3.  11,111,111; 
15.  0.43002. 
17.  0.30202. 

_97 

275* 

60 

101  ' 

0.010101. 

0.2.         

o.oi  ioi  ion 


1210;  84. 
3333;   193. 


19 


21. 


2. 

10,010,000; 

2100; 

100. 

4. 

1,111,100,11 

I;  33,213; 

6e3 

16. 

0.110010001 

18. 

0.88. 
7 

20. 

22. 

54* 
9 
13* 

24. 

0.131313. 

26. 

0.373737. 

28.  0.102120102120. 


30.  0.5186/35186^3. 


29.  0.3333. 

3        2         7  11         13 

V     13'     215'     999'     1727" 

For  q  =  3,6,  9,  12,  15,  18,  24,  30,  and  36,  the  period  n  is  1 ;  for  q  =  11,  22,  and  33, 

77  =  2;  for  #  =  27  and  37,  77  =  3;  for  9  =  7,  13,  14,  21,  26,  28,  35,  and  39,  77  =  6;  for 

q  =  31,  tt  =  15;  for  9  =  17  and  34,  n  =  16;  for  9  =  19  and  38, 77  =  18;  for  7  =  23, 

77  =  22;  for  9  =  29,77  =  28. 


31. 

32. 


33. 
35. 


1.10201. 

1.225. 


34. 
36. 


1.2013. 
1.4e7. 
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#  Real  number  system;  field  §  102,  p.  2 

G  Is  a  member  of  §201,  p.  9 

c  Is  a  subset  of  §201,  p.  9 

0  Empty  set  §201,  p.  9 

&  Set  of  positive  numbers  §  202,  p.  10 

0  Ordered  field  §  202,  p.  10 

<,  >,  ^,  ^                      Order  symbols                                           §  202,  pp.  10,  11 

jV  Natural  number  system  §  303,  p.  17 

Inductive  set  §  303,  p.  17 


n 


it, 

max  (xk)  Maximum  of  xlt  x2,  •  •  ■ ,  xn  §  306,  p.  25 


*=i 


min  (*fc)  Minimum  of  xly  x2,',xn  §  306,  p.  25 


a=i 


ft.  —  X 

jVq  Extended  natural  number  system  §  308,  p.  28 

A  x  B  Cartesian  product  §  309,  p.  30 

(jc,  y)  Ordered  pair  §  309,  p.  30 

p  Relation  §309,  p.  31 

^2  =  m  x  m  Cartesian  plane  §  309,  p.  31 

/  Function  §310,  p.  31 

f:  A  ->B  Function  on  A  into  B  §  310,  p.  32 

A  -*  B  Function  on  A  into  B  §  310,  p.  32 

f(x)  Functional  value;  function  §310,  p.  32 

f  ±g  Sum  and  difference  of  functions  §  310,  p.  33 

fg  Product  of  functions  §  310,  p.  33 

cf  Constant  times  a  function  §  310,  p.  33 

/ 

fig  =  -  Quotient  of  functions  §  310,  p.  33 


n\ 


8 


n  factorial  §  310,  p.  33 

fl<— >  a'  Isomorphism  §311,  p.  34 

{an}  Sequence  §313,  p.  38 

&  Field  §317,  p.  43 

n 

2  f(k)  Sigma  summation  notation  §  317,  p.  43 

k  =  m 

AuB  Union  of  A  and  B  §318,  p.  46 

Binomial  coefficient  §318,  p.  46 
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m\k 

m  divides  k 

§401,  p.  48 

(a,b) 

GCD  of  a  and  b 

§  408,  p.  56 

[a,b] 

LCM  of  a  and  6 

§  408,  p.  57 

(a,  b,  c) 

GCD  of  «,  6,  and  c 

§409,  p.  61 

[a,  b,  c] 

LCM  of  a,  b,  and  c 

§409,  p.  61 

J 

System  of  integers 

§501,  p.  62 

£ 

Rational  number  system 

§  504,  p.  66 

~ 

Equivalence  relation 

§  603,  p.  70 

n 

Partition 

§603,  p.  71 

m\k 

m  divides  k 

§  604,  p.  72 

a  =  b  (mod  m) 

Congruence  modulo  m 

§  604,  p.  72 

[n] 

Equivalence  class 

§  605,  p.  73 

deg/ 

Degree  of/ 

§  702,  p.  86 

f\g 

/  divides  g 

§  703,  p.  88 

(f>g) 

GCD  of/ and g 

§  709,  p.  96 

U,g] 

LCM  of/ and g 

§  709,  p.  97 

f'.g 

Ordered  pair  of  polynomials 

§711,  p.  100 

[f'g] 

Rational  function 

§711,  p.  102 

Jf 

Rational  function  system 

§712,  p.  103 

(a,b) 

Open  interval 

§802,  p.  Ill 

[a,b] 

Closed  interval 

§802,  p.  Ill 

(a,  b],  [a,  b) 

Half-open  intervals 

§802,  p.  Ill 

+  co 

Plus  infinity 

§803,  p.  Ill 

—  oo 

Minus  infinity 

§803,  p.  Ill 

{a,  +  oo),  [a,  +  oo) 

Infinite  intervals 

§803,  p.  112 

(-co,  a),  {-co,  a] 

Infinite  intervals 

§803,  p.  112 

(-oo,  +oo) 

Real  number  system 

§803,  p.  112 

M 

Absolute  value 

§804,  p.  112 

sup  (A) 

Supremum 

§902,  p.  119 

l.u.b.  (A) 

Least  upper  bound 

§902,  p.  119 

inf  (A) 

Infimum 

§  902,  p.  121 

g.l.b.  (A) 

Greatest  lower  bound 

§  902,  p.  121 

{■••!•■•} 

Set-builder  notation 

§  902,  p.  127 

11/11 

Norm  of  a  function 

§  908,  p.  133 

O 

{a  +  bv/5\aeJ,beJ} 

§  1009,  p.  143 

AT(jc) 

Norm  of  x  e  ® 

§  1009,  p. 144 

.^^2  •  •  •  dm 

Terminating  decimal 

§  1203,  p.  167 

lim  an  =  a 

Limit  of  an  increasing  sequence 

§  1204,  p.  169 

an-+d 

+  oo 

Limit  of  an  increasing  sequence 

§1204,  p.  169 

2«n  =  ^an 

n  =  l 

.dxd2  •  -  -  dn  •  •  • 

Infinite  series 

§  1205,  p.  171 

Nonterminating  decimal 

§  1207,  p.  173 

U  -4o 

Union  of  sets 

§l,p.  192 

a 

Intersection  of  sets 

§  1,  p-  192 

a 

lim  an  =  a 

Limit  of  a  sequence 

§  l,p.  192 

Limit  of  a  sequence 

§  l,p-  192 
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Absolute  value,  112 
Addition,  2 

of  functions,  33 

of  n  numbers,  22 

of  rational  functions,  104 
Addition-preserving,  35,  64,  130 
Additive,  43 
Additive  inverse,  8 
Algebraic  number,  188 
Algorism,  55 
Algorithm,  55 

division,  90,  176 

Euclidean,  56,  95 

square  root,  180 
Archimedean  ordered  field,  68  (Ex.  8),  107 
Archimedean  property,  51,  63,  122 

and  completeness,  202 
Arithmetic,  fundamental  theorem  of,  53 
Arithmetic  mean,  14  (Ex.  14),  147  (Ex.  11) 
Arithmetic  sequence,  39 

sum  of,  40 
Associative  law,  2,  61  (Ex.  25) 

general,  22 
Axiom  of  choice,  1 86 
Axiom  of  completeness,  120 
Axiom  of  induction,  17 
Axiomatic  system,  1 
Axioms,  of  a  field,  2 

of  order,  10 

Peano,  1,  16 


Base,  141,  150,  154,  159 

Between,  11,  110 

Binary  operation,  3 

Binary  system  of  notation,  1 59 

Binomial  coefficients,  46  (Ex.  25) 

Binomial  theorem,  46  (Ex.  27) 


Bolzano- We ierstrass  property,  194 
Borel  (Heine-Borel),  195 
Bound,  greatest  lower,  121,  132  (Exs.  9-10), 
133  (Ex.  16) 

least    upper,    119,    132   (Exs.    7-8),    133 
(Ex.  16; 

lower,  118 

upper,  118 
Bounded,  118,  133  (Ex.  16),  199 

above,  118,  133  (Ex.  16),  199 

below,  118,  133  (Ex.  16),  199 
Bounded  function,  133  (Ex.  16),  199 
Bounded  sequence,  168 
Bracket  function,  123 
Buniakowsky  inequality,  147  (Ex.  12) 


Cancellation  law,  4,  6  (Ex.  7),  63,  87 
Canonical  decimal  expansion,  175 
Canonical  form,  100 
Canonical  sequence,  187 
Cantor,  194,  203 
Cartesian  plane,  31 
Cartesian  product,  30 
Casting  out  nines,  183  (Ex.  13) 
Categorical  nature  of  the  axioms,  128,  131 
Cauchy  inequality,  147  (Ex.  12) 
Cauchy  sequence,  202 
Chain,  190 

Choice,  axiom  of,  186 
Closed  interval,  111,  191 
Closed  set,  191 
Closure,  11 

Coefficient,  85,  160,  167 
binomial,  46  (Ex.  25) 
Common  difference,  39 
Common  ratio,  39    _ 
Commutative  group,  7  (Ex.  31) 
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Commutative  law,  2,  61  (Ex.  25) 

general,  23 
Compact  set,  204 
Comparison  test,  171 
Complement,  191 
Complete  ordered  field,  1,  120 
Completeness,  axiom  of,  120 
Composite,  48,  88,  143 
Congruence,  72 
Connected  set,  191 
Consecutive  integers,  68  (Ex.  9) 
Consecutive  natural  numbers,  18 
Constant  function,  32 
Constant  multiple  of  a  function,  33 
Constant  term,  86 
Continuity  and  completeness,  199 
Continuous  function,  138,  199 

uniformly,  205 
Contrapositive,  5 
Convergent  sequence,  169,  192 
Convergent  series,  171 
Convex  function,  157  (Ex.  9) 
Coordinate,  31 
Correspondence,  32 

one  to  one,  31 
Countability  of  the  rational  numbers,  185 
Countable  set,  185 
Cubic  polynomial,  86 


Decimal,  nonterminating,  173 

repeating,  178 

terminating,  167 
Decimal  fraction,  166 
Decimal  rational,  166 
Decimal  representation,  159,  167,  173 
Decimal  system  of  notation,  159 
Decreasing  function,  137 
Decreasing  sequence,  42 
Dedekind  property,  195 
Definition,  inductive,  41 

recursive,  41 
Degree  of  a  polynomial,  86 
Dense  set,  123 

Density  of  the  irrational  numbers,  127 
Density  of  the  rational  numbers,  123 
Denumerable  set,  185 
Descent,  finite,  42 
Difference,  2 

of  functions,  33 

of  rational  functions,  104 
Digit,  160,  166 
Diophantine  equations,  59 
Discriminant,  117  (Ex.  27) 
Disjoint  sets,  10 
Distance,  112 
Distributive  law,  3,  61  (Ex.  24) 

general,  24 
Divergent  sequence,  169 


Divergent  series,  171 
Dividend,  51,  90 
Divisibility  of  products,  52,  93 
Division,  3 

of  functions,  33 

of  rational  functions,  104 
Division  algorithm,  90,  176 
Divisor,  48,  51,  72,  88,  90 
Divisor,  greatest  common,  56,  96 
Domain,  integral,  63 
Domain  of  definition,  31 
Dummy  variable,  43 
Duodecimal  system  of  notation,  159 
Dyadic  system  of  notation,  159 


e,  147  (Ex.  16),  189 
Element,  9 
Embedded,  105 
Empty  set,  9 
Endpoint,  111,  112 
Equality,  4 

between  functions,  33 

between  sets,  9 
Equivalence  class,  70 
Equivalence  relation,  70,  100 
Equivalent  inequalities,  114 
Euclid,   fundamental   theorem   of,    51,   68 

(Ex.  13),  89 
Euclidean  algorithm,  56,  95 
Even  integer,  51 
Exponent,  integral,  65 

natural  number,  26 

rational,  139,  141 

real,  149 
Exponential  function,  141,  150 
Exponents,  laws  of,  26,  65,  140,  150 
Extended  natural  number  system,  28  (Ex.  4) 
Extended  real  number  system,  1 1 1 
Extension,  106 


Factor,  48,  72,  88 

Factor  theorem,  92 

Factorial  function,  33 

Factorization,  unique,  53,  94,  143-146 

Fermat's  theorem,  83  (Ex.  33) 

Fibonacci  sequence,  42,   47  (Ex.   31),   55 

(Ex.  18),  148  (Ex.  19) 
Field,  1-8 

complete  ordered,  1,  120 

finite,  7  (Ex.  32),  76 

ordered,  9-14 
Finite  descent,  42 
Finite  field,  7  (Ex.  32),  76 
Finite  induction,  17 
Finite  intersection  property,  194 
Finite  interval,  1 1 1 
Finite  sequence,  38 
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Finite  set,  36 

Fraction  in  lowest  terms,  50,  145 

Function,  31 

bounded,  199 

bracket,  123 

constant,  32 

constant  multiple  of,  33 

continuous,  138,  199 

convex,  157  (Ex.  9) 

decreasing,  137 

exponential,  141,  150 

factorial,  33 

graph  of,  33 

greatest  integer,  123 

idempotent,  70 

increasing,  137 

logarithmic,  154 

monotonic,  137 

of  a  real  variable,  32 

polynomial,  84 

power,  142,  154 

rational,  101 

real-valued,  32 

uniformly  continuous,  205 
Functions,  difference,  33 

product,  33 

quotient,  33 

sum,  33 
Fundamental  theorem  of  arithmetic,  53 
Fundamental   theorem   of  Euclid,   51,   68 

(Ex.  13),  89 
Fundamental    theorem    of    mathematical 
induction,  18,  30  (Ex.  33),  68  (Ex.  12) 


GCD,  56,  61  (Exs.  20,  25,  28),  96 

linear,  58,  97 
General     associative,     commutative,     and 

distributive  laws,  21 
General  triangle  inequality,  116  (Ex.  2) 
Generated  ideal,  78,  99  (Ex.  23) 
Geometric  mean,  147  (Ex.  11) 
Geometric  sequence,  39 

sum  of,  40 
Geometric  series,  172 
Goldbach  conjecture,  55  (Ex.  16) 
Graph  of  a  function,  33 
Greatest  common  divisor,  56,  61  (Exs.  20, 

25,  28),  96 
Greatest  integer  function,  123 
Greatest  tower  bound,  121,  132  (Exs.  9-10), 

133  (Ex   16) 
Group,  7  (Ex.  30) 

commutative.  7  (Ex.  31) 


Half-open  interval,  111 

HCF,  56 

Heine-Borel  property,  195 


Highest  common  factor,  56 
Holder  inequality,  158  (Ex.  11) 
Homogeneous,  43 


Ideal,  77,  99  (Ex.  22) 

generated,  78,  99  (Ex.  23) 
Idempotent  function,  70 
Identity,  8 
Identity  relation,  69 
If  and  only  if,  6 
If  •  •  •  then,  5 
Implication,  5 
Increasing  function,  137 
Increasing  sequence,  168 
Induction,  axiom  of,  17 

finite,  17 

mathematical,  18 

principle  of,  17 

proof  by,  24 

transfinite,  17 
Inductive  set,  16 
Inequalities,  solving,  113 
Inequality,  10 

arithmetic-geometric  mean,  147  (Ex.  11) 

general  triangle,  116  (Ex.  2) 

Holder,  158  (Ex.  1) 

Minkowski,  147  (Ex.  13),  158  (Ex.  12) 

root-mean-square,  158  (Ex.  13) 

Schwarz-Cauchy-Buniakowski,   147  (Ex. 
12) 

triangle,  112,  116  (Ex.  2) 
Infimum,  121,  132  (Exs.  9-10),  133  (Ex.  16) 
Infinite  division  algorithm,  176 
Infinite  interval,  112 
Infinite  sequence,  38 

convergent,  169,  192 
Infinite  series,  171 

geometric,  172 
Infinite  set,  36,  37 
Infinitude  of  the  primes,  49 
Infinity,  111 
Integer,  62 
Integers,  consecutive,  68  (Ex.  9) 

positive,  1,  15-47,  62 
Integral  domain,  63 
Interior  point,  111,  112 
Intermediate  value  property,  200 
Intersection  of  sets,  192 
Interval,  closed,  111,  191 

finite,  111,  191 

half-open,  111 

infinite,  112 

open,  111,  191 
Inverse,  8 

Inverse  of  a  function,  205 
Irrational  number,  66_ 
Irrational  numbers,  124-127 

uncountability  of,  188 
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Irreducible,  88 

Isomorphic,  34,  64,  67,  105,  128 

Isomorphism,  natural,  34,  64,  67,  128 


Law,  associative,  2,  22,  61  (Ex.  25) 
commutative,  2,  23,  61  (Ex.  25) 
distributive,  3,  24,  61  (Ex.  24) 
transitive,  12,  14  (Ex.  11),  69,  190 

Law  of  cancellation,  4,  6  (Ex.  7),  87 

Law  of  trichotomy,  12,  190 

Laws  of  exponents,  26,  65,  140,  150 

Laws  of  logarithms,  156 

LCM,  57,  61  (Exs.  20,  25,  28),  96 

Leading  coefficient,  86 

Least  common  multiple,  57,  61  (Exs.  20, 
25,  28),  96 

Least  upper  bound,  119,  132  (Exs.  7-8),  133 
(Ex.  16) 

Left,  109 

Limit  of  a  sequence,  169,  192 

Limit  point,  191 

Line,  vertical,  33 

Linear  GCD,  58,  97 

Linear  polynomial,  86 

Logarithmic  function,  1 54 

Logarithms,  laws  of,  156 

Lower  bound,  118 

Lowest  common  multiple,  57,  61  (Exs.  20, 
25,  28),  96 

Lowest  terms,  50,  100 


Mapping,  topological,  205 
Mathematical  induction,  18 

fundamental  theorem  of,  18,  30  (Ex.  33), 
68  (Ex.  12) 

proof  by,  24 
Maximum,  25,  199 
Mean,  arithmetic,  14  (Ex.  14),  147  (Ex.  11) 

geometric,  147  (Ex.  11) 
Member  of  a  set,  9 
Midpoint,  111 
Minimum,  25,  199 
Minkowski  inequality,    147  (Ex.    13),   158 

(Ex.  12) 
Minus  infinity,  1 1 1 
Model,  131 
Modulus,  72 
Monic  polynomial,  96 
Monotonic  function,  137 
Multiple,  48,  72 
Multiple,  least  common,  57,  61  (Exs.  20,  25, 

28),  96 
Multiplication,  2 

of  functions,  33 

of  n  numbers,  22 

of  rational  functions,  104 


Multiplication-preserving,  35,  64,  130 
Multiplicative  inverse,  8 


n  points,  21 

Natural  numbers,  1,  15^47 

axioms  for,  1 

consecutive,  18 

definition,  17 

extended,  28  (Ex.  4) 

properties  of,  18 
Negation,  5 
Negative,  2 
Negative  number,  1 1 
Neighborhood,  113 
Nested  intervals  property,  203 
Nines,  casting  out,  183  (Ex.  13) 
Non- Archimedean  ordered  field,  107 
Nonconstant  polynomial,  86 
Nonzero  polynomial,  85 
Norm,  144 

Norm  of  a  function,  133  (Ex.  19) 
Null  divisor,  82  (Ex.  30) 
Number,  2 

algebraic,  188 

composite,  48 

even,  51 

integral,  62 

irrational,  66 

natural,  17 

negative,  11 

odd,  51 

positive,  11 

prime,  48 

rational,  66 

real,  1 

transcendental,  188 

whole,  62 
Number  scale,  109 
Numbers,  Fibonacci,  42,  47  (Ex.  31),  55 

(Ex.  18),  148  (Ex.  19) 
Numeral,  159 


Odd  integer,  51 

One,  2 

One-to-one  correspondence,  31 

Open  interval,  111,  191 

Open  set,  191 

Order,  10,  190 

Order  of  a  field,  76 

Order-preserving,  35,  64,  129 

Ordered  field,  9-14 

Archimedean,  68  (Ex.  8),  107 
complete,  1,  120 
non- Archimedean,  107 
of  rational  functions,  106 
of  rational  numbers,  66 
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Ordered  pair,  30 

Ordered  subfield,  133  (Ex.  21) 

Ordering  of  n  numbers,  33 

Origin,  112 

Overlapping  intervals  property,  194 


Partial  sum,  170 
Partition,  71 

Pascal's  triangle,  46  (Ex.  25) 
Peano  axioms,  1,  16 

fifth  of  the,  17 
Period  of  a  repeating  decimal,  184  (Ex.  32) 

77,  189 

Pigeon-hole  principle,  47  (Ex.  30) 

Plus  infinity,  1 1 1 

Point,  9,  110 

Point  set  notation,  9 

Polynomial,  84 

composite,  88 

monic,  96 

prime,  88 
Positive  integers,  1,  15-47,  62 
Positive  numbers,  1 1 

uniqueness  of,  146  (Ex.  7) 
Power,  26,  65,  141,  150 
Power  function,  142,  154 
Prime,  48,  88,  143 

relatively,  50,  72,  88 
Primes,  twin,  55  (Ex.  15) 
Product,  2 

of  functions,  33 

of  n  numbers,  22 

of  rational  functions,  104 
Progression,  arithmetic,  39 

geometric,  39 
Proof  by  mathematical  induction,  24 
Proper  subset,  10 
Properties  of  absolute  value,  112 
Properties  of  natural  numbers,  18 
Property,  Archimedean,  51,  63,  122,  202 

Bolzano- Weierstrass,  194 

Cauchy,  202 

Dedekind,  195 

finite  intersection,  194 

Heine-Borel,  195 

intermediate  value,  200 

nested  intervals,  203 

overlapping  intervals,  194 


Quadratic  polynomial,  86 
Quartic  polynomial,  86 
Quaternary  system  of  notation,  159 
Quintic  polynomial,  86 
Quintic  system  of  notation,  159 
Quotient,  3,  51,  90 
of  functions,  33 


Radix,  159 

Range  of  values,  31 

Rational,  decimal,  166 

Rational  exponent,  139,  141 

Rational  function,  101 

Rational  number,  66 

Rational  roots  theorem,  98  (Ex.  20) 

Real  axis,  109 

Real  exponent,  149 

Real  number  system,  1,120 

extended,  1 1 1 
Reciprocal,  3 
Recursion  formula,  41 
Recursive  definition,  41 
Reflexive  relation,  70 
Relation,  31 

equivalence,  70 

identity,  69 

transitive,  69 
Relatively  prime,  50,  72,  88 
Remainder,  51,  90 
Remainder  theorem,  92 
Repeating  decimal,  178 
Representation  of  a  polynomial,  85 
Reverse  sense  of  an  inequality,  1 1 
Right,  109 
Ring,  75 
Root,  nth,  136 

of  a  polynomial,  92 
Root-mean-square,  158  (Ex.  13) 


Schwarz  inequality,  147  (Ex.  12) 
Sense  of  an  inequality,  11 
Separated  sets,  191 
Sequence,  38 

arithmetic,  39 

bounded,  168 

canonical,  187 

Cauchy,  202 

convergent,  169,  192 

decreasing,  42 

defined  inductively,  41 

divergent,  169 

Fibonacci,  42,  47  (Ex.  31),  55  (Ex.  18), 
148  (Ex.  19) 

geometric,  39 

increasing,  168 
Series,  171 

convergent,  171 

divergent,  171 

geometric,  172 
Set,  9 

closed,  191 

compact,  204 

countable,  185 

denumerable,  185 

empty,  9 
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108  (Ex.  3) 


finite,  36 

inductive,  16 

infinite,  36,  37 

open,  191 

uncountable,  185 
Set-builder  notation,  127 
Set  notation,  9 
Set  of  n  points,  21 
Sets,  union  of,  46  (Ex.  24), 
Simple  Simon,  82  (Ex.  25), 
Simply  ordered  system,  190 
Solution,  79,  114 
Solving  inequalities,  113 
Square  root  algorithm,  180 
Square  root  of  2,  124 
Strictly  decreasing  sequence,  42 
Strictly  increasing  sequence,  168 
Strictly  monotonic  function,  137 
Subfield,  ordered,  133  (Ex.  21) 
Subsequence,  192 
Subset,  9 

proper,  10 
Subtraction,  2 

of  functions,  33 

of  rational  functions,  104 
Sum,  2 

of  a  geometric  sequence,  40 

of  an  arithmetic  sequence,  40 

of  a  series,  171 

of  functions,  33 

of  n  numbers,  22 

of  rational  functions,  104 
Supremum,  119,  132(Exs.  7-8),  133  (Ex.  16) 
Symmetric  relation,  70 


Term,  38,  85,  171 

Terminating  decimal,  167 

Ternary  system  of  notation,  159 

Theorem,  binomial,  47  (Ex.  27) 
factor,  92 

Ferrnat's,  83  (Ex.  33) 
fundamental,  of  arithmetic,  53 
fundamental,  of  Euclid,  51,  68  (Ex.  13), 

89 
fundamental,  of  mathematical  induction, 

18,  30  (Ex.  33),  68  (Ex.  12) 
rational  roots,  98  (Ex.  20) 


remainder,  92 

unique  factorization,  53,  94,  143-146 
Topological  mapping,  205 
Totally  ordered  system,  190 
Transcendental  number,  188 
Transfinite  induction,  17 
Transitivity,  12,  14  (Ex.  11),  69,  190 
Triangle  inequality,  112,  116  (Ex.  2) 
Trichotomy,  12,  190 
Twin  primes,  55  (Ex.  15) 

Unbounded,  118 

above,  118 

below,  118 
Uncountability  of  the  irrational  numbers, 

188 
Uncountability  of  the  real  numbers,  187 
Uncountable  set,  185 
Uniformly  continuous  function,  205 
Union  of  sets,  46  (Ex.  24),  192 
Unique  factorization,  53,  94,  143-146 
Uniqueness,   of  canonical   decimal   repre- 
sentation, 175 

of  positive  numbers,  146  (Ex.  7) 

of  the  negative,  6  (Ex.  1) 

of  the  reciprocal,  6  (Ex.  8) 

of  unity,  6  (Ex.  6) 

of  zero,  3 
Unit,  143 
Units  digit,  160 
Unity,  2 
Upper  bound,  118 


Values  of  a  function,  32 
Variable,  31 

dummy,  43 
Vertical  line,  33 


Weierstrass  (Bolzano-Weierstrass),  194 
Well-ordering  principle,  18 
Whole  number,  62 


Zero,  2 

of  a  polynomial,  92 
Zero  polynomial,  85 
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